Chapter 2

Theoretical analysis of the
electrooptic response of a hybrid
aligned nematic (HAN) cdll

In this Chapter we will analyse theoretically the dynamic response o a hybrid
aligned nematic cell under the action of an AC electric field. An AC field applied to
a hybrid aligned nematic cell (described later) gives rise to an electrooptic response.
Thisin turn can be used to describe the dynamical response of the director in such
acell.

The orientation of nematic liquid crystals by solid interfaces is of considerable
interest. The surface interaction is usually characterised by two parameters, the
easy axis at the interface and the anchoring energy. Easy axis is the direction of
n which minimises the energy of the surface layers of nematic in the absence of
external torques.

As discussed in chapter 1, in the case of a planar director field the strength of
the anchoring is in general expressed by the anisotropic part of the interfacial free
energy density Fi.

Fy(0) = %Wg sin? (6 — 6,) (2.1)

where § and 8 are the polar angles made by the director n and the easy axis
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Fig. 21 Energy density is shown as . function of 8-6, in the case of a) strong
anchoring b) weak anchoring.

direction with the surface normal respectively. Wy is the anchoring energy for the

tilt orientation of the director.

The extrapolation length(L) isdefined as K;;/W [1], theratio of an appropriate
elastic constant and anchoring energies. The anchoring is strong when the extrapo-
lation length is of the order of 'molecular dimensions. On the other hand when the
extrapolation length is much larger than the molecular dimensions the anchoring
Is weak. In the case of weak anchoring there is a competition between surface and
bulk torques, and strong bulk forces can change the surface alignment. The energy

density has a shallower minimum when the anchoring is weak as shown in Fig. 2.1

The nematic medium does not exhibit spontaneous polarisation. Asdescribed in
Chapter 1 however, if the nfield hasasplay or bend type of distortion, a flexoelectric

polarisation Py can result [4]:

/

P;=emn(V-n)+e3(V xn)xn. (2.2)
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Fig. 2.2. Meyer's model o flexoelectricity. The nematic composed of asymmetric
polar molecules has no net polarisation in the undeformed state (a) and (c), but

develops a polarisation under splay (b) and bend (d) deformations.
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(a) (b)

Fig. 2.3: (a) In the undeformed state thereisno net polarisation due to the symmetry
o the stacking of quadrupoles. (b) The structure becomes polarised when subjected
to a splay distortion.

In the absence of an external field the distribution of the dipoles in an undistorted
nematic liquid crystal has a non-polar cylindrical symmetry and there is no net po-
larisation (Fig. 2.2a) and (Fig. 2.2c), but developsa polarisation on splay (Fig. 2.2b)
or bend (Fig. 2.2d) deformation. Thereisno net polarisationin the undistorted state
because of equal probability of opposite orientations of the dipole moments of the
molecules. However a polarisation arises when subjected to a splay deformation,
even in the case of non-polar molecules from the quadrupolar moments [11] of the
molecules (see Fig. 2.3a and 2.3b).

In analysing dynamical responses, the viscous torque which opposes the director
rotation hasto beincluded. Rotational viscosity isone of the important parameters
involved in electrooptical effects. The dynamics of nematic liquid crystals can be
described by the director field n(r,t) and by the velocities of the centre of masses of

the molecules v(r,t). The viscous stress tensor derived by Ledlie [12] is given by

Ok = ingniApgnpng + aongN; + a3n; N + g Ak

+asnEgNm Ami + 06 AgmNmT (2.3)
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where 4;; = %(3—;’;4' g—';f) and N = ["’a—'t‘ +(v. V)n] - [(%curlv) x n]. N represents
the rate of change df the director with respect to the background fluid. «; are the

Ledie coefficients. The rotational viscosity is given by v1 = as — as.

2.1 Hybrid aligned nematic (HAN)

The orientation o the director in a nematic liquid crystal cell can be controlled
by the bounding surfaces treated appropriately as discussed in section 1.8. In
a hybrid aligned nematic(HAN) cell one o the glass plates is treated with long
ODSE molecules for homeotropic alignment and the director aligns perpendicular
to the glass plates. The other glass plate is treated with polyimide and rubbed
for homogeneous alignment and the director aligns parallel to the glass plates. In
the case of HAN cdl the orientation o the director in the bulk will be tilted. The
director field is given by n=(sin 0, 0, cos0). The director distribution will depend
on the thickness as well as the anchoring strengths o the two surfaces. The director
profile in a hybrid aligned nematic cell can have two types of domains as shown

Fig. 2.4 as both are energetically equivalent.

2.2 Molecular fidd

In the absence of external fields, the condition for equilibrium can be obtained by
minimising the free energy density (F) with respect to all variations of the director

field n. A relevant 'molecular field' is given by [1]

oF oF
_ _OF oF 2.4
hs ong * 0 (3.%5) 24)

where the gradient g,3=0,ns. In equilibrium the director must be parallel to the

molecular field at each point. When n and h are not parallel, the director experiences
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Fig. 2.4. Schematic representation of thedirector profilein an hybrid aiigned nematic
cell. Two types of domains are possible in a HAN cell.

a torque which tends to make them collinear. The torque density is given by
I'=nxh (2.5)

The various torques arising in a HAN cell are: a) the anchoring torque at both the
surfaces, b) the flexoelectric torque acting mainly on the surfaces, c) the viscous
torque in the bulk of the medium, d) the dielectric torque in the bulk of the medium
and e) the elastic torque acting in the bulk as well ason the surface. The dissipative
viscous torgue is equated to the rest of the reactive torques acting in the bulk to

find the equations of motion of the director.

2.3 Theoretical Analysis

The AC response of a HAN cell gives rise to an 'f' signal at the frequency of the

applied voltage and a ‘2f” signal at twice that frequency. The flexoelectric coupling
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depends linearly on the electric field and hence gives rise to the f signa whereas
the dielectric coupling depends quadratically on the electric field and produces the
Z signal. In the present work we are interested only in the flexoelectric effect and
hence in the f signal. We now describe the equations for the various contributions

to the bulk torque on the director.

Hydrodynamic torque:

In calculating the hydrodynamic torque, we have ignored the backflow effects
as the amplitude o oscillations of polar angle # (defined in Fig. 2.4) is quite small.
The molecular fidld due to hydrodynamic dissipation is given by

on;
hy _ o 2 )

where ; is the rotational viscosity coefficient. The components of molecular field

are
hM = ~, cos H—é—t-, (2.7)
a9

By = —msingqr. (2.8)

The hydrodynamic torque is given by

a9

hy — v —. 2.9
r gj! ot (2.9)

Elastic torque:

In the present geometry, thereis no twist of the director. The elastic free energy
density is given by

_Kun

fet 3 (dz’v n)2 + %(n X curl n)z. - (2.10)

The components of the molecular field are

0*n,

het = .
= =HKn 022

(2.11)
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0?n,

022

h;l = K33 (212)

Writing in terms of polar angle O, the components of the molecular field are given

20 80\’
hzl = —Ku [sin 6%;5 + cos (5;) ] (213)
2 6\ 2
he = K33[coseg—zg- —sin® (%) ] (2.14)
The elastic torque is given by
. 80\ ? - 526
re = (Ku_Ks)sin20( = | + (Kusin®0 + K3 cos?0) —. (2.15)
2 0z 022

Dielectric torque:

Assuming the electric field has a component only along the z-direction, the

dielectric free energy density is given by

Ae

foiet = — i E?(2)n?. (2.16)

z

The components of the molecular field are given by

a A
et 4_7: E2(2)n,, (2.17)
pdiel = 0, (2.18)

Expressing A% in terms of polar angle 0 we get

hdiel — EE2(z) cos 4. (2.19)
4T
The dielectric torque is given by
peiel — _ € pagin on, (2.20)
m

Flexoelectric torque:
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The flexoelectric free energy density is given by
fl'=-P¢-E (2.21)

The component of the flexoelectric polarisation along the z direction is given by

on, on,

Pf(z) = elnz—a—z— — €3TL$E (2.22)
The components of the molecular field are given by
OE(z
hit = —ein, 82 ), (2.23)
Bt = egn, 22 (2.24)
0z

The components of the molecular field in terms d polar angle O are given by

E
hil = —el cosﬂaaiz), (2.25)
. E
L aiZ)' (2.26)
The flexoelectric torque is given by
pro (et es) 08 g o (2.27)

2 0z

2.4 Insulating nematic

Bulk torque balance equation:

For the sake of simplicity we ignore the ionic contributions to the conductivity
of the nematic liquid crystal. We assume the nematic to be an insulator. The torque

balance equation in the bulk in this case is given by

0 (K1 — Ks3) . 80\’ L, Y
%a = -—2——s1n29 a2 +(K1181n 8 + K33 cos 9)5‘2'5

A o ginpo+ (&1 e) OF

s 2 Oz

n 20 (2.28)
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where v, is the rotational viscosity coefficient, Ae the dielectric anisotropy, Ki; the
splay elastic constant and K33 the bend elastic constant. In the present section we
assume that the nematic is an insulator which turns out to be a reasonable approx-
imation when the temperature is not too high. Hence from the Maxwell equation
V-D=0 and as all the variations are only along the z-direction the z component of
the displacement vector D, isa constant. Note that the flexoelectric effect does not
contribute to the bulk torque, when the electric field is uniform (see equation 2.28).

The applied voltage V = V, sinwt is given by

d

V= /0 Edz. (2.29)

D, = (eLsin’9%+ ¢ co?0)E(z) t 4nP;(2) (2.30)
= constant

where ¢, and ¢ are the dielectric constants parallel and perpendicular to the direc-

tor. The z dependent local electric field is given by

D, sinwt 4 P2, 1)
_ _ ! 2.31
Bz 1) €L T Aecos?0(z,t) e T Aecos?6(z,t) (2:31)
where the flexoelectric polarisation
(e1+es) . a0
= - —. 2.32
P > sm2982 (2.32)
Surf ace torque balance equation:
The surface torque due to anchoring is given by
_61;;0(6) = -W,sin0, cosd, (2.33)

where s stands for either surface and W; is the corresponding anchoring energy.

The elastic torque at the surface is given by

of° . 09
B(J;) = (Ku sin? 0, + K33 cos® 05) (-(-9;> (2.34)
Oz s
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The flexoelectric torque at the surface is given by
8ffl _ (61 + 63)

3(-3—2) = E sin 20, (2.35)
The net surface torque balance equation is written as
Ws . . 2 2 15/) (61 +€3) . .
7sm203— (Kusln 0, + K33 cos 03) (_8—:5 s— 5 Esin268, =0. (2.36)
The polar angle 0 can be written as
8(z,t) = 0,(2) + 8:(z, 1) - (2.37)

where 6, is the time independent part and 6; the time dependent part. Aswe are
only interested in the signal due to flexoelectric coupling at the frequency o the
applied field we write

0.(z,t) = 0, (z) sinwt T 8(2) coswt. (2.38)

Asthef signal isvery small 8, has a small amplitude. Hence we expand 0 dependent
functionsin equations 2.28,2.31,2.32and 2.36 to thefirst power in 8;. It is useful
to define

€ = €1 + Aecos’, (2.39)

and
D, t 2 (e1 + e5) (sin 20,2 + 20526, %%26,)

€eff

E,

(2.40)

Time independent part:

The time independent part of the surface torque balance equation is given by
9,
0z
The time independent part of the bulk torque balance equation is given by
820, _ Aesin(29,)D?

822 16me2;

2
_ K=K o0, (aoo) L (242)
2 0z

(Kus:nza;,s+K33cos29w)< ) = Ws §noe,,. (2.41)

2

(Ku sin? 6, + K3 cos? 00)
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Time dependent part:

The in phase component (i.e. sinwt-dependent part) of the surface torque

balance equation is given by

06
{Kll Sinz eos + K33 COSZ 005 + (61 + 63)2 WSin2(2005)/66ff} <—5§-> N

04,
W c0s(20,5)015 — (K11 — K33) sin(20,5)015 (82: )

_ (61 + 63)
2€cs

0,
sin 26, {Dz + 47 (e1 + e3) cos 26,5 (b?) 913} ) (2.43)

The out of phase component of the surface torque balance equation is given by

06,

(K11 sin2 003 + K33 COS2 003) (—52—> = Ws COS(2005)625

0,
(K11 - K33) sm(2003)023 (%Z) . (244)

The in phase component of the bulk torque balance equation is given by

620
{Ku sin? 8, + K33 cos® 6, +(el+63) 7 sin®(26,) /Ceff} - =

86, 96, 00,\* . 526,
_'Ylw02 — (Ku — K33) {sm 20 a L 9z COS(290)01 <az ) + Sln(2t90) 1 922 }

3Aecos(20,)0,D,% _ (e; + e3)’ ™ o 09, 6,
+ ! 17 o3 T
16me? €eff lzsm 460 8z 9z

2 2
—4sin?(26,) (ﬁ) 6 +sin(400)018 9"}

0z 0z

(e1+ ) 2090, E,0e 22, .
2€csf 0z KRR AN

(2.45)

The out of phase component of the bulk torque balance equation is given by

(Ku sin? 6, + K33 cos? ) 86,2022 =

86, 00 80,\*> 820,
1w, — (K11 — K33) {sm 20,— 55 2 5, -+ cos(26,)62 (3 ) + sin(26,)0; 552 }

z

Ae cos(26,)0,D,*
+ 3
16megsp

(2.46)
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In the above equations the physical parameters involved are the surface anchor-
ing energies Wi(l stands for lower surface) and W, (u stands for upper surface), the
flexoelectric coefficient (e; + e3), the rotational viscosity v,, the elastic constants
K1, and K33 and the dielectric constants €, and Ae. For the compound chosen the
last four parameters have been measured. W;, W, (e, + e3) and 7, are treated as
unknown parameters and for an assumed set of the unknown parameters the director

profileis theoretically computed using the following procedure.

The Bulrisch Stoer [13] method was used for solving the differential equations. It
isan excellent method for solving differential equations containing smooth functions.
When the step size is small the round off error increases. Each step involves an
error which gets added up when the number o iteraiions become large. But the
truncation error increases if a large step size is used. Most of the true solutions
require infinite number of iterations. However the solutions are computed using
finite number of iterations which increases the truncation error. The method used
triesto strike a balance between the round off errors and truncation errors asit isan
extrapolation method which uses a variable stepsize to evolve from one boundary
to the other. It gives very accurate solutions to ordinary differential equations
with minimal computational effort. In Bulrisch Stoer method the integrations are
performed using the modified midpoint method. The modified midpoint method
which is an ordinary differential equation integrator method advances a vector of
dependent variables y(x) from a point x to a point x+H by a sequence dof n substeps
each o sizeh (h=H/n). A single Bulrisch Stoer step which consistsof many substeps
o modified midpoint method, isthen extrapolated to zero stepsize using Richardson
extrapolation. Richardson extrapolation uses the idea of extrapolating a computed
result that would have been obtained if the stepsize had been very much smaller

than the actual step size. A largeinterval H isspanned by different sequences of finer
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Fig. 2.5: Theflow chart of the algorithm used for obtaining the profilesof §,, 8; and
6.

and finer substeps. Their results are extrapolated to an answer that is supposed to
correspond to infinitely fine substeps or in other words extrapolation to zero stepsize
is the desired goal. Error control is enforced by monitoring internal consistency and

adapting stepsize to match a prescribed bound on the local truncation error.

To solve equation 2.42 we use the above mentioned Bulrisch Stoer method.
We have found that the accuracy of the resulting 8, profile is quite adequate for
further calculations. For a given value o D,, we use some reasonable §, at the
lower plate(i.e. 6,) as an initial guess. Using the boundary condition given by
equation 2.41 the derivative 86,/0z at the lower plate (i.e. (06,/02);) iscalculated.
The Bulrisch Stoer procedure leads to the values of 6, and 96,/0z at the upper
plate (i.e. 8,, and (06,/0z),). (06,/0z), at the upper plate is also calculated from
0, USINg equation 2.41. The value o B is adjusted such that the two values of
(06,/0z), are equal. Hence the 6, profile is obtained for a given value o D,, i.e.
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for a given voltage. This §, profile is used in equations 2.43-2.46to calculate the
profiles of 6, and 6,. Equations 2.45 and 2.46 are solved numerically using the
Bulrisch Stoer method adjusting the values of both 8, and 8, at the lower surface
so that the boundary conditions given by equations 2.43 and 2.44 are satisfied
simultaneously. Since equations 2.45 and 2.46 are coupled differential equations
involving both #; and 6,, a globally convergent Newton Raphson method 13} is used
to solve them simultaneously. The flow chart o the algorithm used for obtaining
the profilesof 6,, 6, and 8, isshown in Fig. 2.5. The resulting profilesd 64,, 8, and
f, for a given value of D, are used in equation 2.29 to calculate the voltage across

the cdll.

The intensity of the transmitted light beam which propagates in a uniaxial

medium between crossed polarisers is given by

1 - cosA¢

> (2.47)

I, = I,sin? 2y (
where A# the optical phase difference introduced by the sample , I, the incident
intensity, and ¢ the azimuthal angle made by the effective optic axis with the plane
of polarisation of the incident beam. The intensity is maximum when the angle
made by the effective optic axis with the plane o polarisation of the incident beam

IS45°. In this setting the transmission coefficient is given by

__ 1-cosA#
2

where | is the normalised intensity with respect to the incident intensity I,.

| (2.48)

The optical phase difference is due to the different propagating speeds of the

extraordinary and the ordinary rays in the LC medium and is given by

2 rd
A==,

where n.; = no/\/l — Rsin?4(z), R = (n.? — n,%)/n.? and n. and n, are the extra

(nep(2) —mo)dz (2.49)

ordinary and ordinary refractive indices of the nematic which are available in the
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literature [14] for the compound studied. A¢ can be written as
Ap =Ag¢, + A¢, (2.50)

where A¢, > A¢dy = A sinwt+A¢, coswt. Thetimeindependent phase difference

IS given by
2mn, [d 1
Ag, = T2 n (2.51)
A o | a—Retg — 1) do
_ _ 1 - Rsip® 6,
The time dependent phase differencesare given &/
d | .
Ap; = W;lo/ Rsin 26,0 _dz (2.52)
0 (1 - Rsinzeo)2
where i=l and 2 for the in phase component and the out of phase component
respectively. The DC transmission coefficient is given by
1- cosAg,
Ipc = %"5 (2.53)

The amplitude of the normalised AC optical signal is given by

B SiNAgoy/Ad? + Al (2.54)

Iic = >

The phase of the AC optical signal is given by

Ads

o (2.55)

d)AC = tan‘l

From equations 2.51 and 2.52 the phase differences can be calculated using 6, , 6,
and &, profiles for a given voltage. Hence by using equation 2.53 to equation 2.55,
the normalised DC optical intensity and the magnitude as well as the phase of the
AC optical signal are calculated. The value of D, isincreased in steps so that the
calculations are repeated for different voltages. As a result we obtain the intensity

profiles for a given set of assumed parameters.
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2.5 Conducting nematic

In the present section, the nematic is treated as a conductor. From Maxwell's

equations

divD =p (2.56)
where p is the total charge density.
oD
Hence
div(j + %?—) =0 (2.58)

as the divergence of the curl of a vector is zero. The total current density J=j 122

is a constant. As all the variations of the director are along the z-direction only:

9%z — . (2.59)

ie J,=j, 7T 6;)‘ = constant for all z, at any given time. (2.60)
The z component o the displacement vector can be written as
D, (z,t) = D,(2) * D,(z)sinwt + Dy(z) coswt. (2.61)

where w is the frequency o the applied voltage across the HAN cell. As we assume
that the ionic charges screen the flexoelectric polarisation D,=0. The z component

o the current density vector can be written as
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J2(2,1) = jo(2) +j1(z) sinwt +j2(z) coswt.

The z component of the total current density vector can be written as

J(t) = Jo + JiSinwt + J, coswt.

Substituting equation 2.61-2.63 in equation 2.60 we get

Jo = j07
J1 = ji(z) —wDsy(z),

J2 = j2(2)+&)D1(Z).
As the current density can be related to the electric field

J1(z) = oE4(2)

J2(2) = 0 Es(2)

It is useful to define

€eff = €L+ Aecos®6,

Oeff = 0y + Aocos®d,

where the conductivity anisotropy A ais given by

Ao =) -0;.

37

(2.62)

(2.63)

(2.64)
(2.65)

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)
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o, and o are the perpendicular and the parallel components of conductivitir
respectively. From equation 2.31 the inphase and out of phase components of the

local electric field are given by

_ Dy(z) - 47 P(2)
Ceff
where i=1, 2 for the inphase component and out of phase component respectively.

Ei(z) (2.72)

Py, P, are the inphase component and the out of phase components of flexoelectric

polarisation P;. From 2.32 we get

. 00, 00,
= 9 — . 7
P 7 (e1 + e3) <sm 20, P + 2cos 26, 5 01> (2.73)
. 00 a9,
P2 = 27 (el + 63) (sm 200—872 + 2 cos 200502) . (274)

Using equations 2.72-2.74and equations 2.64-2.68, we get the inphase(E;) and

out o phase (E,) components of the local electric field as

E, = {J]_U'eff + Joweeps + 2 (e + e3) w2eeffsin200%
+47 (€1 + e3) w2eeffcos20(,%%°01 —2r (€1 + e3) waeffsin290%05—
—4m (e1 + €3) waeffcos200%i‘302}/ (afff + wzegff) . (2.75)
and
E, = {JQO'eff — Jiweess + 27 (e1 + €3) w2eeffsin200%
+47 (e + e3) wzegffcos290%92 + 27 (e + e3) cuaeff.s:in20,,%Qzl

06, )
+4m (e1 + e3) waeffcos200—a701}/ (oeff + w%z”) . (2.76)
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The applied voltageV = V,sinwt is given by
d
/0 Edz = V. (2.77)
When a sine wave voltage is applied across the cell
d
/0 Eydz = 0. (2.78)

Time independent part:

The time independent part of the surface torque balance equation is given by

a oS8 S .
(Ku sin20,, + Ks3 0032905) % = W7 8in26,;. (2.79)

The time independent part of the bulk torque balance equation is given by

29
(Ku sin’8, + K3 cos200) (?9220 = {AesinZOo (le + Jf)} /167 (afff + w2€sz)
, 80,\*
- (Ku - Kgg) 8272260 —a—z— . (280)

Time devendent part:

The in phase component of the surface torque balance equation is given by

‘ . 80 8
{Ku 811005 + Kaa €050, + (1 + €3)” mwle,ss 5in*(20,)/ (szf + w2€§ff)} —5i—
o0
2 . 9 2s
— {ww (e1 + €3)” 5in*20050,s5/ (szf + w262ff)} 9z
Wy 052055015 — (K11 — K33) szeoselsagzs

- (e; + e3) sin26,, {Jlo'eff + Joweess
+ 47 (el + es) w2€eff0082603 —aﬁiﬁels

aoos
— 47 (€1 + €3) WO £CO5200s 33 025 }/2 (o2 Fuw2ety,). (2.81)
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The out of phase component of the surface torque balance equation is given by

{Ku 51n20,5 + K33 c05%0,; + (€1 + (33)2 7rw2€eff s1n2(20,5)/ ( O5ts + o eeff)} 33028
z
00
- | + 2 '229038 2 2.2 ls —
(tw (el + e3)” sin Oefs/ (aeff + w eeff)} 9
Ws 0082005023 — (Kll - K33) sin2¢905023%9—0i
z
- (81 + 63) sin2003 {JzO’eff — leeeff
+ 47 (el + es3) w2eeffcos2903%3023
z
6005
+ 4 (el + 63) waeffcos2003¥01s }/2 (osz + wzfgff) (282)
Thein phase component of the bulk torque balance equation is given by
{K11 5in®0, + K3 cos?0, T (e1 T e3)” nwle,ss sin®(26,)/ (0% T e 6,
11 §in®d, 33 05”0, T (e T e3)” mw?e.pp sin’(26,)/ (aeff W eeff)} )
. 020, _
_ {mu (e + 63)2 sm220,,aeff/ (offf + w2efff)} 5——52- —
86, 86, 06, \” 820,
- 0, — (K — K. 2
Nwby — (K1 33){ 37 Bz (82) + s1n20,0, — 572 }

+ Aecos26, [92J1J2 (asz w eeff) + 020 f fwees s (J — Jl)

{(3.]2 + J2) Octf + (3]2 + Jz) w eeff + 4J1Jzaeffweeff} ]/87r ( Octf + o2 eeff>

+ {(el +e5) sin2(200.) % (AaJ; + wAng)} /2 (asz + w%gﬁ)

dz
: 00, a0 a0
+ {— (el T e3)? 27rwsm(400)5 (weeffé—;- — geffa_zz)

09 06, a0
+ + 2 ] [4 _ 2
(el Tez) 7w sin (200)_8z (Ae W Ao _az)

+ (e; + 63)2 4w sin2(200) (%92 ) (weepfby — Oefsbh)

020,
—(e1 + 63) Tw sin(46,) = 5,7 (weesfbh — Oef0a)
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— sin?(26,) =2 5, (e1+ e3) (Ao0ess + wAcecsy) El} /(0% +weyy) . (2.83)
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The out of phase component of the bulk torque balance equation is given by
. 2 + 2 2 2 . 9 d2€?
{Ku sin0, T K33 cos?8y T (el T e3)* mw?e.s;s sin (290)/( Ootf + .2 eeff)} oz

2
+{aw(el +e3)? sin22()oaeff/( 0%rs +eeff)} 1892?21- =

06, 06,

why — (K1y — Ka3) { sin20, == —= + c0s20,0 %, " 299329
1wt 11 33) 4 Sin 92 02 + €c0520,0- 52 + sin 2572

+ A6008200[01J1J2 ( Oppf — W eeff) + 0,05 sweess (J Jl)
+{(JF +377) 0% + (3 +3J2) w2ely; — 41 Taoepsweers ) 52]/87r (o2 + w2e§ff)2

. a0,
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: 99, 96 960
+ {— (61 + 63)2 27[‘0)3171(400)32— (wfeff—éf + O'effgi_)

+ (1 T e3)? mw sin3(29¢,)%€;‘3 (Ae %9} + Aa%%)

+ (el + e3)’ dmw sin?(26,) (6892:0

2
) (weep0s T 0ops61)
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— (1 +e3)° W sin(46, )%02 (

+ (&1 + e3)’ mw sin.(49 o) sin(26,) (
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a0,

% ) (Aewby + Aoby)

9,
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To solve equation 2.80 we use the above mentioned Bulrisch Stoer method. There
are two unknowns namely J; and J,. To start with, their initial values are guessed.
Similar to the case of an insulating nematic we use some reasonable 8, at the lower
plate(i.e. 6,) as an initial guess. Using the boundary condition- given by equa-
tion 2.79 the derivative 86,/0z at the lower plate (i.e. (96,/0z);) iscalculated. The
Bulrisch Stoer procedure leadsto the values of 8, and 86,/9z at the upper plate (i.e.
6, and (96,/0z),). (88,/0z), is aso calculated from 6,, using equation 2.79. The
vaue of 6, isadjusted such that the two values of (06,/0z), areequal. Hencethe§,
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profileis obtained for a given value of JJ; and J,. This @, profileis used in equations
2.81-2.84 to calculate the profiles of 8, and ,. Equations 2.83 and 2.84 are solved
numerically using the Bulrisch Stoer method adjusting the values of both ; and 8,
at the lower surface so that the boundary conditions given by equations 2.81 and
2.82 are satisfied simultaneously. Since equations 2.83 and 2.84 are coupled dif-
ferential equations involving both 6, and 8, a globally convergent Newton Raphson
method [13] is used to solve them simultaneously. Using a similar procedure as in
the case of the insulating nematic the profiles of 8,, 8; and 8, for a given value of J;
and J, are calculated. Equations 2.77and 2.78 are solved simultaneously using the
above mentioned Newton Raphson programme. Each time Newton Raphson method
tries to adjust J; and J; it has to go through the whole procedure of calculating §,,
6, and 6, profiles. Hence the calculations are more computationally involved than
in the case of insulating nematic. The profiles of 8,, 8, and 8, are used in 2.47 to
calculate the intensity o transmitted light using the same procedure as in the case
of an insulating nematic: By increasing voltages in steps, the values of J; and J;
are obtained and the transmitted light intensity is calculated for the corresponding
values of J; and J, or as a function of voltage.

In the next Chapter we will be describing the experimental setup for measuring
the optical signal from a HAN cell. We will also be describing a numerical fitting
procedure to obtain the best fit between the theoretical data and the experimental

intensity profiles to determine the set of unknown parameters.



