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Abstract

The 21 cm bispectrum (BS) offers a powerful probe of the Epoch of Reionization (EoR), but its observational
access is severely hindered by dominant astrophysical foregrounds. Considering Murchison Widefield Array
observations at 154.2MHz (zc = 8.2), we mitigate foregrounds with smooth component filtering (SCF) and
estimate the 21 cm BS. We validate the pipeline using a simulated 21 cm signal and show that the input BS is
recovered for modes k k 0.135 Mpcf

1[ ] = . Applied to actual data, the SCF produces substantial foreground
suppression, reducing the amplitude of the cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) by 3–4 orders of magnitude.
Artifacts due to missing frequency channels in the data are also suppressed. The resulting EoR window is
significantly cleaner at small k⊥. We adopt the region (k1⊥, k2⊥, k3⊥) � 0.026Mpc−1 and
(k1∥, k2∥, k3∥) > 0.135Mpc−1 to evaluate the 3D spherical BS and constrain the EoR signal. By combining
estimates over all triangle shapes, we place the lower and upper limits on the mean cube brightness temperature
fluctuations Δ3. The estimates are consistent with statistical fluctuations from system noise. The most stringent
lower limit 1.25 10 mKLL

3 4 3 3( )= × and upper limit 1.22 10 mKUL
3 4 3 3( )= × are obtained at

k1 = 0.281Mpc−1. Additional observing time will reduce the noise level and enable substantially tighter
constraints on the EoR signal.

Unified Astronomy Thesaurus concepts: Reionization (1383); Non-Gaussianity (1116); Observational cosmology
(1146); H I line emission (690); Diffuse radiation (383); Astronomy data analysis (1858); Radio interferometry
(1346); Interferometric correlation (807); Astrostatistics (1882)

1. Introduction

The Epoch of Reionization (EoR), when the hydrogen in the
intergalactic medium (IGM) transitioned from the neutral (H I)
to the ionized (H II) state, marks an important transition in
cosmological evolution that is closely related to galaxy
formation and several other related astrophysical processes.
The 21 cm signal originating from the spin-flip transition of the
H I is a promising probe of the rich EoR physics. Considerable
observational efforts are underway to extract this information
by measuring the power spectrum (PS) of the 21 cm brightness
temperature fluctuations using radio telescopes such as the
upgraded Giant Metrewave Radio Telescope (uGMRT)4
(G. Swarup et al. 1991; Y. Gupta et al. 2017), Murchison
Widefield Array (MWA)5 (S. J. Tingay et al. 2013), Low
Frequency Array (LOFAR)6 (M. P. van Haarlem et al. 2013),
and Hydrogen Epoch of Reionization Array (HERA)7
(D. R. DeBoer et al. 2017), and the upcoming SKA-Low8

(L. Koopmans et al. 2015). Despite these efforts, we still do
not have a detection of the EoR 21 cm PS, with the major
obstacle posed by the astrophysical foregrounds that are 4–5

orders of magnitude brighter than the expected 21 cm signal.
At present, the different instruments only provide upper limits
on the 21 cm PS. The best upper limit on the mean-squared
21 cm brightness temperature fluctuations comes from the
HERA experiment, which reported [Δ2] � (21.4)2 mK2 at
k = 0.34 h Mpc−1 at z = 7.9 (HERA Collaboration et al.
2023). The high volume of data from the upcoming SKAO is
expected to yield tighter upper limits and potentially detect the
signal.
The PS can only encapsulate the full information of a

Gaussian random field. Nonetheless, the 21 cm signal
originating from the EoR exhibits strong non-Gaussianity,
attributed to the emergence and growth of ionized regions
(S. Bharadwaj & S. K. Pandey 2005; R. Mondal et al. 2015;
S. Majumdar et al. 2018). To capture the additional
information encoded in the non-Gaussian features, we need
to consider higher-order statistics. The bispectrum (BS) is the
lowest-order statistic sensitive to non-Gaussianity and also
captures mode coupling. Theoretical models and simulations
have shown that the BS captures crucial information about the
EoR 21 cm signal that is missed by the PS (S. Yoshiura et al.
2015; H. Shimabukuro et al. 2016; S. Majumdar et al.
2018, 2020; C. M. Trott et al. 2019; A. Hutter et al. 2020;
A. Saxena et al. 2020; C. A. Watkinson et al. 2021;
C. S. Murmu et al. 2023; S. S. Gill et al. 2024; J. Raste
et al. 2024). It offers a powerful means to refine theoretical
models and probe the underlying IGM physics. Measuring the
21 cm BS during the EoR yields tighter constraints on
reionization parameters (H. Shimabukuro et al. 2017;
H. Tiwari et al. 2022; C. A. Watkinson et al. 2022) and
reveals the IGM heating and ionization history (M. Kamran
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et al. 2021, 2022; C. A. Watkinson et al. 2021; S. S. Gill et al.
2024). As the H I topology evolves during the EoR, the BS
undergoes two characteristic sign reversals—first, early in the
EoR when ionized bubbles begin to emerge in a largely neutral
IGM (S. Majumdar et al. 2018), and second, near the end of
reionization as the H I regions fragment into isolated islands
embedded in a largely ionized background (S. S. Gill et al.
2024; J. Raste et al. 2024). Moreover, the quadrupole moment
of the BS is especially sensitive to the reionization scenario,
and it can discriminate between “inside-out” reionization,
where ionized regions grow outward from high-density
sources, and “outside-in” scenarios, in which low-density
regions ionize first (S. S. Gill et al. 2024).

The observational study of the EoR 21 cm BS is still in its
infancy. An earlier work by C. M. Trott et al. (2019) has
analyzed 21 hr of 167–197 MHz (z = 6.2–7.5) MWA Phase II
EoR project data to estimate the 21 cm BS for a few triangle
configurations and presented the upper limit on the BS to be
∼1012 mK3Mpc6 on large scales. In a series of work
advancing observational BS studies, we first developed a fast
estimator for the angular BS from single-frequency radio-
interferometric visibility data (S. S. Gill et al. 2025a,
hereafter Paper I). We subsequently generalized this estimator
to multifrequency observations and introduced the AMBER
estimator, which computes the multifrequency angular BS
(MABS) and the 3D 21 cm BS from visibility data (S. S. Gill
& S. Bharadwaj 2025, hereafter Paper II).

In a recent work (S. S. Gill et al. 2025b, hereafter Paper III),
using the AMBER estimator, we have analyzed the 17 minutes
of single pointing of the MWA Phase II drift-scan observation
centered at frequency νc = 154.2 MHz over the redshift range
[7.4, 9.2], with a central redshift of zc = 8.2. That extensive
work has provided the estimates for the 21 cm BS across all
possible triangle configurations. We have found that the
cylindrical BS exhibits a “foreground wedge” that is very
similar to the cylindrical PS. As the foregrounds are mostly
restricted to a wedge, we have shown that there is an “EoR
window” in the cylindrical BS. Nonetheless, the periodic
pattern of missing frequency channels in the MWA data
is found to cause severe foreground leakage in the EoR
window, and the estimates presented in Paper III are
dominated by foregrounds. The best 2σ upper limits on
mean cube brightness temperature fluctuations were found to
be 1.81 10 mKUL

3 3 3 3( )= × at k1 = 0.008Mpc−1 and
2.04 10 mKUL

3 3 3 3( )= × at k1 = 0.012Mpc−1 for equilat-
eral and squeezed triangles, respectively. Mitigating fore-
ground contamination in the data is crucial for advancing
toward the detection of the signal.

In the present work, we mitigate foreground contamination
using the smooth component filtering (SCF) technique. SCF
has been introduced earlier to constrain the 21 cm EoR PS by
K. M. A. Elahi et al. (2025), who have demonstrated that SCF
mitigates foreground contamination, reduces leakage in the
EoR window, and eliminates artifacts arising from missing
channels. Here, we use SCF on the same observational data
that was used in Paper III, and utilize the AMBER estimator on
the residual-filtered visibilities to compute the 21 cm BS. We
report improved upper limits and also present the lower limits
on the EoR 21 cm BS.

The paper is organized as follows. In Section 2, we describe
the observational data and the simulation of system noise.
Section 3 briefly revisits our BS estimation pipeline. Section 4

provides the details of the SCF technique, its validation, and
results obtained by implementing it on the actual observational
data. Section 5 presents the parameterization of the spherical
BS, the statistics of the estimated BS, the final results of the
mean cube brightness temperature fluctuations, and constraints
on the EoR BS signal. Finally, Section 6 summarizes the
findings and concludes the paper.
The cosmological parameters used in this work are taken

from Planck Collaboration et al. (2020).

2. Data

We use data from the MWA Phase II drift-scan observations
(Project ID: G0031) described in A. K. Patwa et al. (2021).
The same dataset was used in S. Chatterjee et al. (2024)
and K. M. A. Elahi et al. (2025) to estimate the multifrequency
angular PS (MAPS) and the cylindrical PS, and also
used in Paper III to compute the MABS and the 3D BS.
The data corresponds to a single pointing centered at
R.A.,decl. 6.1, 26.7( ) ( )= ° ° , which is observed for a total of

≈17 minutes across 9 nights and 11 time stamps (refer
to Paper III for details). The observation comprises Nc = 768
frequency channels with a frequency resolution of Δνc = 40
kHz, resulting in a total bandwidth of Bbw = 30.72 MHz,
centered at frequency νc = 154.2 MHz. This dataset probes the
H I 21 cm line across the redshift range [7.4, 9.2], with a
central redshift of zc = 8.2. The full bandwidth is divided into
24 coarse bands, each containing 32 fine channels. Within each
coarse band, four edge channels at both ends and one central
channel are flagged. The resulting flagging pattern is periodic
with a frequency spacing of 1.28 MHz. In addition, different
channels may be flagged at each baseline to avoid radio
frequency interference (RFI). The baselines in the data are
mostly (∼99%) within U = 250 (S. Chatterjee et al. 2024).
Here, we restrict our analysis to baselines in the range
5�U� 277. For each baseline U and frequency ν, separate
measurements are available for two orthogonal polarizations,
namely XX and YY, respectively denoted V U,XX( ) and
V U,Y Y( ). We treat these as independent measurements and
combine them when gridding the visibility data.
To quantify the system noise contribution to the BS

estimates, we perform dedicated “noise-only” simulations.
We have modeled the noise in the real and imaginary parts of
the visibilities as Gaussian random variables (A. R. Thompson
et al. 2017; S. Chatterjee et al. 2024) with zero mean and
standard deviation computed using

k T

A t

1 2
, 1

Q c
N

B sys

eff int

( )=

where the effective area Aeff = 21.4 m2, the system temper-
ature Tsys = 400 K, the quantization efficiency ηQ = 1, and the
integration time tint = 90 s, yielding σN ≈ 20 Jy (A. K. Patwa
et al. 2021). Note that at low frequencies Tsys is dominated by
Tsky, the sky temperature. For each baseline, frequency
channel, time stamp, and polarization, the simulated visibility
is randomly drawn from a Gaussian distribution of variance N

2

and mean zero. The noise in the simulated visibilities is
assumed to be uncorrelated. The simulated visibilities are
generated using the same baseline and frequency configura-
tions as the actual data, and they incorporate identical flagging
information. To ensure the expected statistical fluctuations in

2
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the measured BS due to system noise, we produce 100
independent realizations of the noise-only visibility simula-
tions. These simulations are used to quantify the uncertainty in
the measured BS due to system noise.

3. Revisiting the Estimator

Our analysis here employs AMBER, which is a visibility-
based 21 cm BS estimator that we used in our earlier analysis
of the same MWA data (Paper III). The estimator approx-
imates the MWA primary-beam pattern A(θ) as a Gaussian,
i.e., A exp 2

0
2( ) ( )/= and θ0 = 0.6θF, where θF ≈ 24.°68 is

the FWHM of the MWA primary beam (Paper I, Paper II). In
this section, we briefly revisit the formalism of AMBER, the
21 cm BS estimator. The reader is referred to Paper II for
details of the estimator.

The estimator operates through a three-step procedure,
which we briefly describe below.

I. Gridding the visibilities. First, we grid the radio-
interferometric visibility data V U ,i( ). For each frequency
channel, we introduce a square grid with a spacing of

U ln 2 1g 0/= in the U-plane, and assign each
visibility V U ,i( ) to the grid point Ug nearest to Ui using

V VU U U Uw F, , . 2g
i

N

g i i i

g

( ) ˜ ( ) ( ) ( ) ( )
( )

=

Here, U Uw 1g i˜ ( ) = for the nearest grid point and 0
otherwise. The factor F(Ui, ν) accounts for any flagged data,
taking a value of 0 if the data at baseline Ui and frequency ν is
flagged, and 1 otherwise. We also define Ng ( ) =

U U Uw F ,g i i˜ ( ) ( ), which quantifies the number of
visibilities contributing to any grid point g at frequency ν.
Note that we have calculated the baselines at the central
frequency, and neglected their migration with frequency.

II. MABS estimation. In the second step, we compute the
MABS BA(ℓ1, ℓ2, ℓ3, ν1, ν2, ν3) by utilizing its relation with
three visibility correlations, given as

V V VU U U U Q

U B

, , , 3

exp 3 , , , , , , 3A

1 1 2 2 3 3 0
2 3

2
0
2 2

1 2 3 1 2 3

( ) ( ) ( ) ( )
[ ] ( ) ( )

/

/

+ =

×

where the Rayleigh–Jeans factor, Q = 2kB/λ2, converts
brightness temperature to specific intensity. The values of θ0
and Q are fixed at the central frequency νc, assuming the
bandwidth is sufficiently small. The three baselines
(U1, U2, U3) form a closed triangle i.e., U1 + U2 + U3 = 0,
where ℓ = 2πU and ΔU is the deviation from a closed triangle
configuration.

The estimator, AMBER, evaluates Equation (3) on the
gridded visibilities Vg( ). For each frequency channel, the
gridded U-plane is divided into several concentric annular
rings. An estimate of the binned MABS BA(ℓ1, ℓ2, ℓ3, ν1, ν2, ν3)
is obtained from the combination of three annular rings of
radius (ℓ1, ℓ2, ℓ3) respectively at the frequencies (ν1, ν2, ν3).
Furthermore, we assume that the 21 cm signal is ergodic along
the frequency axis, or equivalently, along the line-of-sight
(LoS) direction. As a result, the MABS depends only on the
frequency separations, i.e., we can then express the MABS as
BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2), where Δν1 = ν1 − ν3 and
Δν2 = ν2 − ν3.

III. 3D BS estimation. In the third step, we obtain the 3D
cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) by performing a 2D
Fourier transform of the MABS over (Δν1, Δν2), as given by
S. Bharadwaj & S. K. Pandey (2005):

B k k k k k

r r d d

ir k k

B

, , , ,

exp

, , , , , 4A

1 2 3 1 2

4 2
1 2

1 1 2 2

1 2 3 1 2

( )

( ) ( )

[ ( )]
( ) ( )

=

× +
×

where r is the comoving distance corresponding to the 21 cm
signal received at νc, which can be calculated from the redshift

z 1c
1420 MHz

c
( )= , and r dr

d
= . For the present data at

zc = 8.2, we have r ≃ 9210Mpc and r 17 Mpc MHz 1. The
cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) is a function of five
independent variables, where k⊥ = ℓ/r and k∥ are respectively
the components of k perpendicular and parallel to the LoS
direction. The k3∥ component can be determined by the closed
triangle condition k3∥ = −k1∥ − k2∥. The 3D cylindrical BS
exhibits ripples along (k1∥, k2∥) that originate from the Fourier
transform in Equation (4), caused by the abrupt truncation of
the MABS at the frequency-domain boundaries. We introduce
a 2D Blackman–Nuttall window function (A. H. Nuttall 1981)
that smoothly tapers the MABS at the boundaries, which
suppresses the edge effects and mitigates the ripples along
(k1∥, k2∥).
Paper III has implemented AMBER—namely steps I, II, and

III—to analyze the same dataset considered in the present
paper and described here in Section 2. Paper III presents
measurements of the 3D BS for all possible triangle
configurations available from the data, along with a detailed
investigation of the “foreground wedge” and the “EoR
window” for the 21 cm BS. It was found that, similar to the
estimated 21 cm PS (S. Chatterjee et al. 2024), the estimated
21 cm BS exhibits substantial foreground leakage into the EoR
window. A detailed analysis of the 21 cm PS (K. M. A. Elahi
et al. 2025) has shown that this leakage arises due to a
combination of the strong frequency-dependent foreground
contamination present in the data, and the periodic pattern of
missing frequency channels characteristic of the MWA, and
they have proposed SCF as a technique to mitigate this
contamination.
In the present work, we apply SCF to the gridded data. This

appears as an additional step between steps I and II discussed
above.

4. Smooth Component Filtering

The details of the SCF technique can be found in
K. M. A. Elahi et al. (2025); here, we provide a brief
overview. After gridding the visibility data Vg( ) in step I in
Section 3, we calculate its smooth component through a
convolution:

V V

V

H

H n m , 5

g
s

n g n

m

N

g m
1

c

( ) ( )( )

( ) ( ) ( )

=

=
=
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where Vg( ) is convolved with a Hann window function H(n),
defined as

H n
N

n

N
N n N

1

4
1 cos 2

2
,

, 6

( )

( )

= +

and H(n) = 0 otherwise. The smoothing scale in H(n) is set by
the width of the window 2N + 1. Here we use N = 50, which
corresponds to a smoothing scale of half-width 2MHz. The
rationale for the choice of 2MHz has been discussed in detail
in K. M. A. Elahi et al. (2025). Next, we obtain the filtered
component by

V V V 7g
f

g g
s( ) ( ) ( ) ( )=

and use this in step II of Section 3 to estimate the MABS
(Equation (3)). We note that the missing channels also affect the
convolution (Equation (5)), and to ensure a correct normalization,
we divide V g

s ( ) obtained from Equation (5) with (F*H)(ν), where
F is the flagging function defined earlier. Also, the convolution
fails at the edges of the band, and we discard N channels from both
ends of Vg

f ( ) to account for this. The final MABS is obtained

over the bandwidth B B N2 26.72 MHzf
cbw bw= = .

In summary, we first grid the visibilities (Equation (2)),
obtain the filtered visibility data (Equation (7)), and then use it
to compute the MABS (Equation (3)) and the 3D BS
(Equation (4)). Before implementing the estimator on actual
data, we first validate it using a simulated 21 cm signal to
ensure that it does not cause any signal loss beyond the
smoothing scale.

4.1. Validation

We simulate visibility data for a non-Gaussian sky signal.
First, we generate a Gaussian random field δTG(x) using the
input model PS P(k) = k−2, and then obtain the non-Gaussian
field δTb(x) using a local nonlinear transformation,

x x x xT T T Tb G G
2

G
2( ) ( ) [ ( ) ( ) ]= + . We use δTb(x) to

simulate the visibilities on the same MWA baseline distribu-
tion as the actual data (implementing Equation (4) of Paper I),
and generate 100 such realizations. The reader is referred
to Paper II for details of the simulations.

Figure 1 shows the results for the 3D BS obtained from
the simulated visibility data, both before and after applying
the SCF. The top row presents the cylindrical BS B(k1⊥, k2⊥,
k3⊥, k1∥, k2∥) as a function of (k1⊥, k1∥), considering equilateral
triangles k1⊥ ≈ k2⊥ ≈ k3⊥ and k1∥ = k2∥ = −k3∥/2. The left
and right panels show the results before and after the SCF,
respectively. Although the SCF effectively filters out the
smooth frequency-dependent component from Vg( ), it
suppresses the 21 cm signal at small k∥; however, we expect
to recover the 21 cm signal at large k∥ where k k f[ ] .
K. M. A. Elahi et al. (2025) used a conservative value
k r2 2 MHz 0.185 Mpcf

1[ ] ( )/= = , which corresponds to
the half-width of the Hann filter. However, it may be argued
that k 0.093 Mpcf

1[ ] = , corresponding to the full width of
the Hann filter, is a more appropriate choice, as it allows the
21 cm signal to be probed over a broader k∥ range. Simulations
show that the range k k 0.135 Mpcf

1[ ] = can be used to
reliably estimate the 21 cm PS without significant signal loss
due to SCF (S. Sarkar et al. 2026). For the present analysis, we

adopt k 0.135 Mpcf
1[ ] = , indicated by the red dashed line in

the upper right panel of Figure 1. The comparison of the
cylindrical BS before and after applying the SCF shows that
the values of B(k1⊥, k1∥) appear to remain unchanged in the
region k k f[ ] , which we use to estimate the 21 cm BS. In
contrast, we see that the SCF largely erases the signal below
the dashed line. Furthermore, K. M. A. Elahi et al. (2025) have
noted, in the context of the PS, that SCF is not effective at
large baselines, where the oscillations due to baseline

10−2 10−1

k1⊥ Mpc−1

10−2

10−1

100

k
1‖

M
p

c−
1

Before SCF

10−2 10−1

k1⊥ Mpc−1

After SCF

100 102 104 106 108

| B(k1⊥, k1‖) | K3 Mpc6

k1 Mpc−1

104

105

106

107

108

B̄
(k

1)
K

3
M

p
c6

Analytical B̄Ana

After SCF

100

k1 Mpc−1

−0.25

0.00

0.25

δ

Figure 1. Validating the SCF. The top row of panels shows the cylindrical BS
B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) plotted as a function of (k1⊥, k1∥) for the cases before
(left) and after (right) applying the SCF. Here we consider the equilateral
triangles, k1⊥ ≃ k2⊥ ≃ k3⊥, and set k1∥ = k2∥ = −k3∥/2. The horizontal red
dashed line marks the scale k 0.135 Mpcf

1[ ] = ; the signal in the k1∥ modes
below this line is effectively suppressed by the filter. The middle panel shows
the 3D spherical BS B̄ as a function of k1, obtained by combining estimates for
all triangle shapes. The orange markers indicate the values measured from the
simulations after the SCF, while the green solid line shows the analytical
prediction for the BS BAna¯ of the simulated signal. The error bars on the
estimates are obtained from 100 independent realizations of the simulations.
The bottom panel shows the fractional deviation, B B BAna Ana( ¯ ¯ ) ¯/= . The
brown dashed line corresponds to the zero level, while the two black dotted
lines represent δ = ±0.1. The shaded region shows the expected 2σ statistical
fluctuations.
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migration have a period shorter than the 2MHz smoothing
scale employed by SCF. Consistent with their findings, the BS
analysis of the actual data in later sections also shows
relatively strong foreground contamination at larger k1⊥, even
after applying SCF. Motivated by this, we only utilize the
modes satisfying (k1⊥, k2⊥, k3⊥) � 0.026Mpc−1, together with
the condition k k k k, , f1 2 3( ) [ ]> , to estimate the 21 cm BS.

Further, we spherically bin the BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥)
estimates to evaluate the spherical BS B k k k, ,1 2 3¯ ( ), where

kk k k1 1 1
2

1
2= = + , etc., and k1� k2 � k3. The middle panel

of Figure 1 shows B k k k, ,1 2 3¯ ( ) as a function of k1, the triangle
size. We have combined the estimates corresponding to all
(k2, k3) values, essentially adding results across all triangle
shapes. The orange markers are the estimates obtained from the
simulated visibilities after the SCF, and the error bars are
computed from 100 realizations of the simulations. The solid
green line represents the analytical predictions of the BS BAna¯
obtained using Equation (21) of Paper II. Note that the analytical
predictions do not include any information on the baseline
distribution, missing frequency channels, or the SCF. We see that
the input signal is recovered with very high accuracy. The bottom
panel shows the fractional deviation of the estimates from the
analytical predictions, B B BAna Ana( ¯ ¯ ) ¯/= . The fractional
deviations are below 20% over the entire range of k1. The
shaded region shows the expected 2σ statistical fluctuations. We
see that the fractional deviations are well within the predicted 2σ
statistical fluctuations, validating our estimator.

4.2. Implementation on Data

We implement the BS estimation procedure on the actual
observational data and discuss the results at each step below.

4.2.1. MABS

For the current dataset, we estimate the MABS,
BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2) for 647 distinct (ℓ1, ℓ2, ℓ3) triplets that
together cover all triangle configurations possible with this data.
For each triangle (ℓ1, ℓ2, ℓ3), we have the estimates on a regular
grid in the (Δν1, Δν2) plane with spacing Δνc = 40 kHz over the
range B f

bw to B f
bw. The region with B f

2 1 bw>
remains unsampled (see Figure 2 of Paper II), so we restrict the
analysis to B B2 , 2f f

bw 1 2 bw/ / for ease of subse-
quent analysis. Additionally, the MABS exhibits the symmetry
BA(ℓ1, ℓ2, ℓ3, −Δν1, −Δν2) = BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2); conse-
quently, it is sufficient to consider only the upper half-plane

B B2 2f f
bw 1 bw/ / and B0 2f

2 bw/ .
The top panels of Figure 2 show BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2) as a

function of (Δν1, Δν2) for an equilateral configuration
ℓ1 = ℓ2 = ℓ3 = 210. The left panel shows the results before
SCF (see Paper III for a detailed discussion), while the right
panel shows the results after SCF. The SCF effectively
removes the dominant foreground contribution, and the MABS
amplitude falls from ∼106 mK3 to ∼102 mK3. The periodic
square grid pattern seen in the right panel is a manifestation of
the irregular sampling of the (Δν1, Δν2) plane (Figure 2
of Paper II) due to the periodic pattern of missing frequency
channels present in the MWA data. Such a pattern is also
present in the left panel, but it is not visible due to the
dominant, smoothly varying foreground component. Note that
there are no missing (Δν1, Δν2) values due to the flagging.
The bottom panels show BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2) as a function
of Δν1 at fixed Δν2 = 0, which corresponds to a 1D slice

along the Δν1 axis of the MABS shown in the top row. We see
that the SCF effectively removes the spectrally smooth trend in
the MABS, and the residual MABS exhibits fluctuations of
order ±102 mK3.

4.2.2. Cylindrical BS

Figure 3 shows the 3D cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥)
computed from the MABS shown in Figure 2. The top row
shows B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) as a function of (k1∥, k2∥) with
(k1⊥, k2⊥, k3⊥) = r−1 (ℓ1, ℓ2, ℓ3) = 0.023Mpc−1 fixed. The left
panel shows the results before the SCF. While a full discussion of
these results can be found in Paper III, we provide a brief
summary here. The cylindrical BS peaks at k1∥ = k2∥ = 0 and
drops rapidly at larger values of (k1∥, k2∥). The bottom left panel,
which plots B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) as a function of k1∥ along
the diagonal k2∥ = k1∥, shows a peak of ∼1027 mK3Mpc6

at k1∥ = 0. At higher k1∥, the amplitude drops to
∼1021−1022 mK3Mpc6. In addition to the central peak, the top
left panel shows three pronounced bands aligned with k1∥ = 0,
k2∥ = 0, and k1∥ = −k2∥ (k3∥ = 0), respectively. Both the central
peak and these dark bands are characteristic signatures of the
spectrally smooth foreground contamination. Furthermore, a
periodic square grid pattern extends across the entire (k1∥, k2∥)
plane, arising from the periodic flagging present in the MWA
data, combined with the strong foreground contamination.
Considering the results after the SCF shown in the right

panels, we observe that the overall amplitude of the BS is
significantly reduced. The values now fluctuate at the level of
±1019 mK3Mpc6, as shown in the bottom right panel. The
central peak remains roughly twice the amplitude of the
surrounding fluctuations at larger k1∥. Nonetheless, this feature
lies within the region k f[ ]± (green dotted lines), where the
SCF removes the EoR 21 cm signal, and it is excluded from
our final 21 cm BS estimation. Moreover, the three pronounced
bands visible in the top left panel (before SCF) are
considerably diminished after the SCF. Three thin strips still
persist along k1∥ = 0, k2∥ = 0, and k1∥ = −k2∥, which are
likewise confined to the discarded region k f[ ]± . Furthermore,
the periodic grid-like pattern has nearly disappeared. Together,
these results demonstrate the effectiveness of SCF in
mitigating foreground contamination.

4.2.3. Foreground Wedge

Figure 4 shows a comparison of the cylindrical BS
B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) before and after the SCF. The top
panels consider equilateral triangles where k1⊥ = k2⊥ = k3⊥
while the bottom row considers squeezed triangles where
k1⊥ ≈ k2⊥, and k3⊥ → 0. In all the cases, we consider k2∥ = k1∥
with k3∥ = −2k1∥, which allows us to study B(k1⊥, k1∥). The
panels in the left column show B(k1⊥, k1∥) before the SCF, for
which the results for the equilateral triangles have been
considered earlier in Figure 5 of Paper III. Here, for both the
equilateral and squeezed triangles, we clearly see a foreground
wedge. The dashed line shows the theoretically predicted
foreground wedge boundary computed using the horizon
condition k r r kH c1 1[ ] [ ( )]/= . Above this boundary
k k H1 1( [ ] )> , all three sides of the triangle are outside the
foreground wedge, and the foreground contamination is less
severe here. The interpretation of the region k k H1 1[ ] is a
little more complicated, as it depends on the shape of the
triangle. For equilateral triangles, all three triangle sides are
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within the foreground wedge in this region. However, for the
squeezed triangles, we also need to consider the dotted line
k r r kH c3 3[ ] [ ( )]/= where k3⊥ corresponds to the smal-
lest value of k⊥ available in our data. The region
k k kH H1 1 3[ ] [ ]> corresponds to a situation where two
sides (k1, k2) are within the foreground wedge while the
smaller side k3 is outside the foreground wedge, whereas all
three sides are within the foreground wedge for k k H1 3[ ] .
For squeezed triangles, the distinction between these two
regions within the foreground wedge is clearly visible in the
difference in the level of foreground contamination.

We now focus on the results after the SCF, shown in the
panels of the middle column. We see that, for both triangle
shapes, the foregrounds are significantly suppressed after the
SCF. The suppression is particularly significant at small k1⊥;
however, it is not so effective at large k1⊥. This behavior after
the SCF is very similar to that of the 21 cm PS presented in
Figure 4 of K. M. A. Elahi et al. (2025), to which the reader is
referred for a detailed discussion. Similar considerations also
hold for the 21 cm BS, and consequently, we restrict our
attention to the region k1⊥ � 0.026Mpc−1 for constraining the
EoR signal. We demarcate the selected region with white
dashed lines and use the modes within this box for the
subsequent analysis. Note that the results here are

demonstrated for only two representative triangle configura-
tions; nonetheless, the subsequent analysis and resulting
constraints on the EoR signal employ the same selected
region for the full set of possible triangle configurations. The
right panels show the 1D slice of the heatmaps along
k1⊥ = 0.019Mpc−1, plotting the cylindrical BS as a function
of k1∥. It clearly shows a reduction in the amplitude of the BS
after the SCF (blue lines) compared to the amplitude before the
SCF (green line). Not only is there an overall reduction in the
amplitude, but the SCF also mitigates the periodic pattern of
spikes that arise due to the missing frequency channels
(K. M. A. Elahi et al. 2025).

4.3. Statistical Fluctuations from System Noise

We use 100 realizations of the noise-only visibility
simulations described in Section 2 to calculate δBN, the rms
statistical fluctuations expected in the estimated B(k1⊥, k2⊥,
k3⊥, k1∥, k2∥). The noise-only visibility simulations are
analyzed in exactly the same way as the actual visibility data.
First, we compute the MABS for each realization of the noise-
only visibilities (Equation (3)) and then evaluate the
cylindrical BS (Equation (4)). We use the 100 independent
estimates of the BS to calculate the rms δBN, which quantifies
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Figure 2. MABS BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2) before SCF (left column) and after SCF (right column) for the equilateral configuration ℓ1 = ℓ2 = ℓ3 = 210. Top panels: BA

plotted as a function of (Δν1, Δν2). Bottom panels: 1D slices of the corresponding top-row heatmaps, showing BA as a function of Δν1 at fixed Δν2 = 0.
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the expected statistical fluctuations due to system noise. In the
following section, we analyze the statistics of the estimates and
present the final results for the 3D spherical BS.

5. Results

5.1. Spherical BS and Parameterization

Finally, we spherically bin the 3D BS B(k1⊥, k2⊥,
k3⊥, k1∥, k2∥) using the modes within the region (k1⊥, k2⊥,
k3⊥) � 0.026Mpc−1 and (k1∥, k2∥, k3∥) > 0.135Mpc−1,
and evaluate the spherical BS B k k k, ,1 2 3¯ ( ), where

k k k1 1
2

1
2= + , etc. Here, (k1, k2, k3) denotes the lengths of

the three sides of a triangle (k1 � k2 � k3), which uniquely
specifies its shape and size. In this work, we adopt a
convenient parameterization (S. Bharadwaj et al. 2020), which
uses the largest side k1 to quantify the size and the two
dimensionless parameters

k k
k k

t
k

k
, , 81 2

1 2

2

1

· ( )µ = =

to quantify the shape. The values of the parameters (μ, t) are
bounded in the range

t t0.5 , 1 and 2 1. 9( )µ µ

The appendix of Paper II and several earlier works present a
detailed description of this parameterization, and we do not
repeat it here.
The estimated values of the spherical BS B k t, ,1¯ ( )µ c do not

sample the (k1, μ, t) space uniformly. In order to obtain a more
uniform coverage and also enhance the signal-to-noise ratio
(SNR), we perform an additional binning in the (k1, μ, t) space.
The k1 range [0.135Mpc−1, 9.25Mpc−1] is divided into nine
equal logarithmically spaced bins. Note that the number of
triangles for k1 ≳ 4.7 Mpc−1 is very small; consequently, the
last bin is excluded from the analysis. The bin-averaged k1
values for which the BS estimates are reported therefore span
the interval [0.281Mpc−1, 4.699Mpc−1]. The μ and t ranges
[0.5, 1] are each divided into five linearly spaced bins. For
each (k1, μ, t) bin, we compute a weighted average of the
estimated spherical BS using the number of triangles as
weights. We then have uniformly spaced estimates of
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Figure 3. The 3D cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) before SCF (left column) and after SCF (right column) for the equilateral configuration
k1⊥ = k2⊥ = k3⊥ = 0.023 Mpc−1. This is computed via a 2D Fourier transform (Equation (4)) of the MABS shown in Figure 2. Top panels: the BS plotted as a
function of (k1∥, k2∥). Bottom panels: 1D slices of the corresponding top-row heatmaps, showing the BS as a function of k1∥ with k2∥ = k1∥ and k3∥ = −2k1∥. The
green dotted lines in the bottom right panel mark the scales k f[ ]± ; SCF filters out the signal from the k∥ modes inside this band (see the top panels of Figure 1).
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B k t, ,1¯ ( )µ . Because of our selected region in (k1∥, k2∥, k3∥) and
(k1⊥, k2⊥, k3⊥) space, not all triangle shapes are available. We
see (Figure 4) that the (k1, k2, k3) modes are primarily
dominated by (k1∥, k2∥, k3∥), whereby the resultant triangle
shapes are nearly all linear (μ = 0.95), for which the three
sides are aligned along k∥. In the subsequent analysis, we
present results only for linear triangles, i.e., the bins
with μ = 0.95.

5.2. Statistics of the BS Estimates

We begin by assessing the statistics of the estimated
B(k1⊥, k2⊥, k3⊥, k1∥, k2∥). S. Pal et al. (2020) have introduced a
quantity X to analyze the statistics of the estimated cylindrical
PS. This is defined as the ratio of the estimated value P(k⊥, k∥)
to the expected statistical fluctuations due to the system noise
δPN(k⊥, k∥). The values of X are expected to be symmetrically
distributed with mean μX ≈ 0 and variance 1X

2 if the
estimated values of the cylindrical PS are consistent with the
predicted system noise. Deviations from μX ≈ 0, or an

asymmetric distribution, could indicate the presence of
systematics, such as residual foregrounds, etc. Deviations from
σX ≈ 1 could indicate that the amplitude of the system noise,
which depends on the sky temperature Tsky, has been
incorrectly predicted (S. Pal et al. 2022; K. M. A. Elahi
et al. 2023a, 2023b, 2024, 2025; S. Chatterjee et al. 2024).
In the present work, we introduce the quantity

X
B k k k k k

B k k k k k

, , , ,

, , , ,
10

N
3

1 2 3 1 2

1 2 3 1 2

( )
( )

( )=

to quantify the statistics of the estimated cylindrical BS.
Similar to X, X3 is the ratio of the estimated value to the
expected statistical fluctuations due to system noise.
We have an X3 value for every estimate of the cylindrical

BS. The estimated spherical BS B k t, ,1¯ ( )µ combines the
contribution from several different estimates of the cylindrical
BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥). Here, for each (μ, t) bin, we
consider X t3 ,{ }µ , which is the set of X3 values corresponding to
all the different cylindrical BS estimates that correspond to this
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particular (μ, t) bin, irrespective of the value of k1. We then
analyze (top row of Figure 5) the distribution of X3 for every
(μ, t) bin, and compute the mean X3

µ and standard deviation
X3
. We expect X3 to have a symmetric distribution with

0X3
µ and 1X3 , if the estimated cylindrical BS values are
consistent with the statistical fluctuations predicted due to
system noise. We expect any systematics like residual
foregrounds to make the distribution of X3 asymmetric with

0X3
µ > . Furthermore, a symmetric distribution with 1X3 >
implies that the actual uncertainties in the estimated BS are
larger than those predicted from the noise-only simulations,
possibly due to Tsky being underestimated or due to the
presence of unknown factors that contribute to the statistical
fluctuations.

The top row of Figure 5 shows the probability density function
(PDF) of X3 for different possible triangle shapes, with μ = 0.95
fixed and t varying from 0.95 (squeezed configuration) to 0.55
(stretched configuration). We observe that the histograms of X3,
shown in black lines, are symmetric with the mean remaining
very close to zero 0.002, 0.007X3

[ ]µ and the standard
deviation 1.79, 1.81X3 [ ]. For all cases, it follows a Gaussian
distribution. The green solid lines in each panel show the fit to the
Gaussian distribution.

The values 1X3 > indicate that the measured BS has
fluctuations that are larger than those predicted from the
system noise only. Such excess uncertainties have previously
been found in PS analysis from the same data (S. Chatterjee
et al. 2024; K. M. A. Elahi et al. 2025), and also in other
datasets at low redshifts (S. Pal et al. 2022; K. M. A. Elahi
et al. 2024). The fact that the sky temperature Tsky actually
varies for different parts of the sky, whereas it has been held
fixed for predicting the system noise contribution, can possibly

account for 1X3 > . It is also possible that additional,
unknown sources of fluctuation are present in the data. Either
way, X3 has values that are close to unity, which indicates that
these effects are small. Here, we account for these effects by
scaling the noise predictions, δBN, by X3. In the subsequent
analysis, we use B BN X N

True
3= × to predict the statistical

fluctuations expected in the estimated BS. We note that these
results indicate that the cylindrical BS estimates considered
here are largely noise-dominated, with the residual foreground
contamination being subdominant.

5.3. BS Estimates for Various Triangle Configurations

The bottom row of Figure 5 shows the mean cube brightness
temperature fluctuations, defined as

k t
k B k t

, ,
, ,

2
. 113

1
1
6

1
2 2

( )
¯ ( )
( )

( )µ
µ

=

The black circles show the estimates obtained in this study
after applying the SCF. The corresponding error bars show the
±2σ statistical fluctuations, where k B2 N

2 2
1
6 True( ) ¯= .

Note that, unlike the PS, the BS can have both positive and
negative values. For comparison, we also show the results
before the SCF from Paper III using red squares. This
considers all the triangles for which the three sides lie outside
the foreground wedge, i.e., k ki i H[ ]> with i = 1, 2, 3
(scenario A3 in Paper III), which we denote as “case a” here.
The blue triangles show the results before the SCF,
considering exactly the same set of triangles used in this work,
i.e., (k1⊥, k2⊥, k3⊥) � 0.026Mpc−1 and (k1∥, k2∥, k3∥) >
0.135Mpc−1, which we denote as “case b” here. As expected,
case a spans a wider range of k1 because there is a large variety
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Figure 5. The top panels show the histogram of variable X3 for a set of near-linear triangles (μ = 0.95), with varying t. The X3 statistics quantify how much the BS
estimates exceed the rms of noise δBN. The X3

µ and X3 denote the mean and standard deviation of the X3 distribution, respectively. The green solid curve represents
the best-fit Gaussian. The bottom panels show the mean cube brightness temperature fluctuations Δ3. The black markers with 2σ error bars show the measurements
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of triangles in this case. Considering the results before the
SCF, in both cases, the BS has both positive and negative
values. The magnitudes of these values are much larger than
those after the SCF. Furthermore, the results before the SCF
are all much larger in magnitude compared to the predicted 2σ
error bars, so much so that the error bars are not visible in the
plots. We interpret the estimated spherical BS before the SCF
as arising from foregrounds.

Considering the results after SCF, we see that the k1 range
increases from left to right across the panels. We have the
smallest range of k1 ∈ [1.837, 4.699] Mpc−1 for squeezed
triangles (μ = 0.95, t = 0.95), and the largest range of k1 ∈
[0.281, 4.699] Mpc−1 for stretched triangles (μ = 0.95,
t = 0.55). After the SCF, the B k t, ,1¯ ( )µ estimates have both
positive and negative values. In all cases, there is a substantial
drop in the value of |B k t, ,1¯ ( )µ | after the SCF as compared to
the scenario before the SCF. For nearly all the estimated
values, B k t, ,1¯ ( )µ is much smaller than the predicted 2σ error
bars, and the results are consistent with ±2σ statistical
fluctuations around zero. There are two estimates of
B k t, ,1¯ ( )µ that are not consistent with 2σ statistical fluctua-
tions around zero. Both of these estimates have a negative
value of B k t, ,1¯ ( )µ with k1 in the range 1–2Mpc−1. We note
that both of the estimated values are well within ±3σ, and it is
consequently quite reasonable to also interpret these as being
consistent with the predicted statistical fluctuations.

In summary, the results in the top row and bottom row of
Figure 5 together indicate that all the estimates of the spherical
BS presented here are broadly consistent with the predicted
statistical fluctuations. There is no evidence for significant
foreground contamination.

5.4. Constraints on the EoR Signal

In order to tighten the constraints on the EoR 21 cm BS, we
have combined the estimates of B k t, ,1¯ ( )µ corresponding to
different shapes (μ, t) to obtain B k1¯ ( ). Figure 6 presents the
results averaged over all triangle shapes. The left panel
shows the PDF of X3, which essentially incorporates all
Ns = 18 × 106 estimates of B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) available
from the data. This corresponds to combining all the data in
the different panels of the top row of Figure 5. The resulting
distribution has a mean 0.003X3

µ = and a standard deviation
1.8X3 = . We see that the data is well fit by a Gaussian

distribution (green curve). We now consider the hypothesis
that the measured value of 0.003X3

µ = is consistent with
0X3

µ = , within the predicted statistical fluctuations due to our
finite sample size Ns. These fluctuations are predicted to have a
standard deviation of N 4 10X s

4
3/ = × , which is much

smaller than the measured X3
µ . This rules out our hypothesis

and indicates that the measurements are not consistent with the
statistical fluctuations expected from noise alone. There is
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This work

2σ limits

Figure 6. Combining all triangles of Figure 5. Left: X3 statistics after assimilating all the BS estimates for selected modes. The green line shows the best-fit Gaussian
curve. Right: the black markers with 2σ error bars show the measurements of Δ3 after combining all triangle shapes. The green shaded band marks the constrained
range for the EoR signal, with its lower and upper boundaries indicating the derived lower and upper limits. The red squares show the upper limits obtained before
SCF in Paper III (scenario A3 in Figure 6 of Paper III). The blue triangles also display the results before SCF, but use the same mode selection as for the black
markers.

Table 1
Measurements of Mean Cube Brightness Temperature Fluctuations Δ3(k1, μ, t), Their Corresponding 1σ Systematical Uncertainties, SNR, 2σ Lower Limit

2LL
3 3= , and Upper Limit 2UL

3 3= +

k1 Δ3 1σ SNR LL
3

UL
3

(Mpc−1) (mK3) (mK3) (mK3) (mK3)

0.281 4.00 103 3( )× 9.81 103 3( )× 0.068 1.25 104 3( )× 1.22 104 3( )×
0.449 1.38 104 3( )× 1.79 104 3( )× 0.460 2.41 104 3( )× 2.06 104 3( )×
0.718 2.88 104 3( )× 3.60 104 3( )× 0.513 4.90 104 3( )× 4.11 104 3( )×
1.148 3.91 104 3( )× 7.20 104 3( )× 0.160 9.31 104 3( )× 8.82 104 3( )×
1.837 1.40 105 3( )× 1.51 105 3( )× 0.796 2.13 105 3( )× 1.61 105 3( )×
2.938 1.57 105 3( )× 3.39 105 3( )× 0.099 4.35 105 3( )× 4.20 105 3( )×
4.699 8.93 105 3( )× 7.86 105 3( )× 1.468 6.37 105 3( )× 1.19 106 3( )×
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some residual foreground that is responsible for the excess
value of X3

µ .
The right panel of Figure 6 shows Δ3(k1) obtained after

averaging over triangles of all shapes. The black circles show
the results after SCF. We see that, compared to Figure 5, the
averaging reduces the 2σ error bars for the estimated values.
The estimated values are all well within the ±2σ error bars.
The estimated values Δ3(k1), along with the 2σ upper limits

kUL
3

1( ), and the 2σ lower limits kLL
3

1( ), are all tabulated in
Table 1, which also shows SNR = |Δ3|/σ. We see that the
estimated values are negative and SNR < 1 for all the k1 bins,
except the largest bin at k1 = 4.669Mpc−1 where Δ3(k1) is
positive and SNR = 1.468. We find that excluding the
largest-k1 bin leaves the value of 1.8X3 = unchanged.
However, we have 9 10X

6
3

µ = × , which is considerably
smaller compared to the earlier value of 0.003X3

µ = .
Considering N 7 10X s

4
3/ = × for Ns = 6 × 106, we see

that now the value of X3
µ is consistent with 0X3

µ = . This tells
us that the estimates of B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) within
k1 < 3Mpc−1 are consistent with zero within the statistical
fluctuations expected from the system noise alone. In other
words, considering the estimated values Δ3(k1), the 2σ upper
limits kUL

3
1( ), and the 2σ lower limits kLL

3
1( ) presented in

Figure 6 and Table 1, at the level of sensitivity achieved here,
we expect these to be free of foreground contamination at
k1 < 3Mpc−1.

The most stringent lower limit 1.25 10 mKLL
3 4 3 3( )= ×

and upper limit 1.22 10 mKUL
3 4 3 3( )= × that we obtain here

are at the smallest-k bin with k1 = 0.281Mpc−1. The z ≈ 8
EoR 21 cm signal is predicted to be Δ3 ≈ −103 mK3 at
k1 ≈ 0.29Mpc−1 (S. S. Gill et al. 2024), which is
approximately 9 orders of magnitude smaller than the limits
obtained here.

6. Summary and Conclusions

The 21 cm signal from the EoR is highly non-Gaussian due
to the emergence and growth of ionized bubbles (S. Bharadwaj
& S. K. Pandey 2005; S. Majumdar et al. 2018; S. S. Gill et al.
2024). The PS is incapable of accessing the plethora of
information encoded in the non-Gaussianity, and we need to
consider higher-order statistics to exploit the maximum
information present in the observational data. The BS is the
lowest-order statistic sensitive to non-Gaussianity and also
captures the mode coupling and topology of the underlying
H I distribution. While the utility of the BS in gaining valuable
insights about the EoR has been widely explored through
simulations, attempts to measure it using actual observational
data are scarce. C. M. Trott et al. (2019) provided measure-
ments of the BS for a few triangle configurations using the
MWA Phase II data. In Paper III, we reported BS measure-
ments across all possible triangle configurations using drift-
scan MWA data at z = 8.2. However, the BS estimates were
found to be foreground-dominated, even after attempting to
mitigate the foregrounds using several “foreground avoidance”
scenarios.

In this work, we continue the efforts to extract the EoR
21 cm BS from radio-interferometric data used in Paper III.
Here, we employ SCF (K. M. A. Elahi et al. 2025) to mitigate
foreground contamination from the BS measurements. It is a
frequency-based, powerful method that exploits the fact that
foregrounds are spectrally smoother than the H I 21 cm signal.

We proceed by gridding the observed visibility data, identify-
ing the smooth component from these gridded visibilities on a
2MHz scale, and using it to filter out residual visibilities. We
use these residual visibilities as our data and employ them to
estimate the MABS and the 3D 21 cm BS, utilizing the AMBER
estimator (Paper II). We validate the full pipeline using a
simulated 21 cm signal, and show that we are able to recover
the input BS above the smoothing scale ki∥ > 0.135Mpc−1,
where i = 1, 2, 3.
The foreground contamination is significantly reduced in the

estimated MABS BA(ℓ1, ℓ2, ℓ3, Δν1, Δν2) (Figure 2) and the 3D
cylindrical BS B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) (Figure 3) after the SCF.
We see a reduction in amplitude by 3−4 orders of magnitude. It
also reduces the periodic square grid pattern in B(k1∥, k2∥), which
was present before the SCF. Consequently, the SCF reduces the
foreground leakage in the EoR window, and the periodic spikes
along k1∥ caused by missing frequency channels are mitigated
significantly. We have a quite cleaner region in B(k1⊥, k1∥)
(Figure 4) for k1⊥ � 0.026Mpc−1.
We use the B(k1⊥, k2⊥, k3⊥, k1∥, k2∥) measurements within the

region (k1∥, k2∥, k3∥) > 0.135Mpc−1 and (k1⊥, k2⊥, k3⊥) �
0.026Mpc−1 to evaluate the 3D spherical BS B k t, ,1¯ ( )µ , where
k1 and (μ, t) respectively quantify the size and shape of the
triangle (k1, k2, k3). The (k1, μ, t) space is further binned into (9, 5,
5) bins (Figure 5). The resulting estimates are obtained for linear
triangles μ = 0.95, with the squeezed triangles (t = 0.95)
spanning the smallest range of k1 ∈ [1.837, 4.699]Mpc−1 and the
stretched triangles (t = 0.55) spanning the widest range of
k1 ∈ [0.281, 4.699]Mpc−1. The amplitude of the BS is
significantly reduced after the SCF for all cases, and the current
estimates are dominated by system noise. We analyze the X3
statistics to determine how much the BS estimates exceed the
statistical error due to the system noise. For all triangle shapes,
the PDF of X3 follows a Gaussian distribution with the mean
remaining very close to zero 0.002, 0.007X3

[ ]µ and the
standard deviation 1.79, 1.81X3 [ ]. The 1X3 > indicates that
the statistical fluctuations predicted from the system noise–only
simulations are underestimated, and we account for this under-
estimation by multiplying the uncertainties by X3.
We combine the estimates corresponding to all triangle shapes

(μ, t) to place the constraints on the EoR signal (Figure 6). The
combined PDF of X3 for all the estimates has mean 0.003X3

µ =
and 1.8X3 = and follows a Gaussian distribution. The BS
estimates are consistent with the statistical fluctuations due to
system noise, provided we exclude the largest-k1 bin and impose
k1 < 3Mpc−1 whereby X3

µ drops to 9 × 10−6. Table 1 tabulates

the BS estimates, 1σ error bars, SNR, 2σ lower limit LL
3 , and

2σ upper limit UL
3 on the EoR signal. The best lower

limit 1.25 10 mKLL
3 4 3 3( )= × and upper limit UL

3 =
1.22 10 mK4 3 3( )× are obtained at k1 = 0.281Mpc−1. The
z ≈ 8 EoR BS signal is predicted to be Δ3 ≈ −103 mK3 at
k1 ≈ 0.29Mpc−1 (S. S. Gill et al. 2024).
In summary, while the SCF has significantly reduced the

foreground contribution in the data, the BS estimates are still
quite larger than the expected EoR signal and are currently
dominated by system noise. More hours of observations will
help us reduce the system noise contribution and improve the
lower and upper limits on the EoR signal. In future work, we
will include the data corresponding to all pointing centers of
the MWA Phase II drift-scan data and place tighter constraints
on the EoR 21 cm BS.
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