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Preface

This book is intended for current practitioners in quantum gravity, as well begin-
ners to research in the field. It aims to give a broad overview of the contours of
the causal set approach, starting from the main hypothesis, through some well-
established results, arriving all the way to the frontiers of our understanding. It
presents some of the key results in causal set theory, with enough detail to make
it possible for the interested reader to begin working in the subject. Scattered
throughout the book are exercises that will give the reader simple practice with
causal sets.

Chapter 1 offers a non-technical overview of Causal Set Theory (CST) within
the context of quantum gravity, while Chap. 2 introduces the causal set hypoth-
esis, foundational theorems in Lorentzian geometry, and the discrete-continuum
approximation that supports CST’s core ideas. Chapter 3 explores how contin-
uum geometry and topology are approximated by random causal sets, showcasing
CST’s ability to encode continuum spacetime structures in a discrete substratum.
Chapter 4 examines quantum scalar fields on causal sets, discussing the poten-
tial effects of discreteness on quantum fields and introducing a causal set based
calculation of entanglement entropy. CST dynamics, covered in Chap. 5, leverages
nonlocality in the non-perturbative CST path sum, to prove that the most dominant
non-spacetimelike contributions are suppressed. This chapter also elaborates on the
Lorentzian state-sum models and the more fundamental sequential growth models.
The final Chap. 6 is a brief discussion of CST’s phenomenological implications,
starting with Sorkin’s surprisingly accurate 1987 prediction for the cosmological
constant, and the discreteness induced particle “swerves”, ending with a short list
of open questions.
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No one can teach you aught but that which lies half asleep in the
dawning of your knowledge.

—Khalil Gibran
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Notations

General Notation

N Natural Numbers

R Real Line

C  Complex Plane

|A| Cardinality of the set A

A¢  Complement of a subset A C B in the set B
A Closure of a set A

Continuum Notation

Irreflexive causality relation x <y, x £ x

Reflexive causality relation, withx <y <x=x=y
Irreflexive chronology relation x <<y

Horismotic or light-like relation x — y, reflexive
Spacelike relation

Chronological future and past, respectively, of an event p
Causal future and past, respectively, of an event p

= {r|p < r < ¢} is an Alexandrov interval

Spacetime volume of the region X in a spacetime (M, g)
= vol(I/(p, q)), spacetime volume of I(p, q)
d-dimensional Minkowski spacetime

Minkowski metric

=1I(p,q) C M for some p, g € M

Proper time from p to ¢

=Lat(p, tll)j

= Sd*2d<d—1)

XV



Xvi Notations

Sd—2 = %, the volume of the round (d — 2)-dimensional unit sphere
Sd—Z ’
Sd =Si—2 ﬁ

Causal Set Notation

< Irreflexive order relation

I Incomparable or spacelike: e || e’ = e £ &' &e' £ e

C Causal set with an irreflexive order relation <

Fut(e) = {e’ € Cle < €'}, Future of ¢

Past(e) ={e € Cle < e}, Pastof e

IFut(e) = {e’ € Cle < €'}, Inclusive future of ¢

IPast(e) = {¢’ € Cl|e’ < e}, Inclusive past of ¢

(e, €) ={e¢" € Cle < €" < €'} = Fut(e) N Past(e’), Order interval

[e, '] = {e"” € Cle < " < €'} = IFut(e)NIPast(e’), Closed order interval

Mc(e, ¢) Causal Matrix element

C,(M,g) Ensemble of causal sets generated from a Poisson sprinkling into
(M, g) at density p

A€ Causal complement of the subcausal set A C C in C



Examples of Causal Sets

In this appendix we provide a list of different types of causal sets, some of which
can be used as alternatives for the excercises.

An explicit enumeration of the set €2, of unlabelled posets is known upto n = 16
[238] and the values of |€2,| are available as Sequence A000112 of “The On-Line
Encyclopedia of Integer Sequences” [239]. The enumeration of the set €, of the set
of labelled posets is known upto n = 18 and the values of |2, | are available as the
Sequence A001035 in the same reference [240]. Figure A.1a shows |2, | and |§n|
as a function of n.

As we have discussed earlier in the text, the ratio R, = |S~2n |/1€2,| can be com-
pared to n!, the number of relabellings on n elements, as shown in Fig. A.1b. As
n becomes larger, the two approach each other with the “error” (n! — R,)/R, in
Fig. A.lcdipping to 0.123611 atn = 16. The difference is caused by the possibility
of non-trivial automorphisms in a labelled causal set. Let C = [(C) be a labelling
of C and consider a relabelling L : C — C'of C.IfC' = C, then L is said to be an
automorphism of C. Such automorphisms exist whenever there are indistinguish-
able pairs ¢, ¢’ € C, i.e., for which Past(e) = Past(e’) and Fut(e) = Fut(e').
Starting with any labeling C = [(C) the switching of labels of indistinguishable
pairs, [(e) <> [(¢') gives back the same labelled causal set C. Hence the number
of labelings is less than n!—one must instead divide n! by the number of automor-
phisms.

© The Editor(s) (if applicable) and The Author(s), under exclusive license to Springer 173
Nature Switzerland AG 2025

S. Surya, The Causal Set Approach to Quantum Gravity, Lecture Notes in Physics 1036,
https://doi.org/10.1007/978-3-031-84420- 1


https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1
https://doi.org/10.1007/978-3-031-84420-1

174

Appendix A: Examples of Causal Sets

Fig.A.1 a A log-log plot of
the cardinality of the set of
causal sets as a function of
the size n of the causal set,
forn = 1ton = 16. The
points in dark grey are the
unlabelled causal sets, i.e.,
|€2,,], while those in light
grey are the labelled causal
sets |,]. b A log-log plot of
the ratio of the number of
labelled to unlabelled posets
(dark grey) compared to n!
(light grey). As n becomes
larger, the two graphs merge.
¢ The “error” as a function
of n
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107 -

Ratio
10M4-

101+

109+

100

Error
0.8}

0.6~

0.4+

0.2+




Appendix A: Examples of Causal Sets 175

n [191] it was shown that

Theorem A.1 (Promel) There exists a constant s such that for all n,

IQI s
1] < I+ 57

This implies that

Corollary A.1 (Promel) Almost all partial orders are rigid, i.e., have no non-trivial
automorphism.

The following figures are examples of unlabelled causal sets that can be used to
supplement the exercises in the book (Figs. A.2, A.3, A4, A5, A.6, A7, A8, A.9).

(a) c2 (b) az

Fig. A.2 The set 2 of n = 2 unlabelled posets, |Q22| = 2 consists of a the chain ¢, and b the
antichain a,. The number of naturally labelled n = 2 posets |Q§“D| = 2 as well, since there is only
one natural labelling each for both the ¢z and the a;. The number of labelled posets on the other
hand is |€27| = 3: c; allows 2! relabellings but a, whose automorphism group is also of cardinality
2, does not admit any relabellings

SN S R

(@) c3 (e) a3

Fig. A.3 The set 23 of n = 3 unlabelled posets, has cardinality |©23] = 5. The posets a, b, d and
e allow only one natural labelling each, while ¢ admits three. Hence, |Q("l)| 7. The number of
all possible labellings is distributed as follows: a has 3! = 6, b has 3!/2! = 3 since the number of
automorphism is 2, ¢ has 3! = 6, d has again 3!/2! since the number of automorphims is 2 and
finally e has 3!/3! = 1 since the number of automorphims is 3!. Thus, 193] =19
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PPLOPY
OHOGODP
& H <

Fig.A.4 The set of n = 4 posets

Fig.A.5 The set of
n =4, 6, 8 crown posets

Fig.A.6 An example of a
dominant n = 16 bilayer
order with dn? = énz

relations

Fig.A.7 An example of an
n = 16 KR order with
dn? = %nz relations




Appendix A: Examples of Causal Sets 177

il

SV

i
/‘/
%/r/ !

s

R

J /“
SEIN
4RSI

7 oKX S
w»,.«.«»w ¢

%
N

2

é
DRI KIR
W 5,
YIS HOR

Fig.A.8 Random 2d orders of size n = 4, 8, 16, 32, 64. As the density of sprinkling increases, the
connectivity does as well, and hence captures more of the continuum geometry
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eeooee

Fig. A.9 Examples of 2d orders of size n = 32 which embed into the causal diamond but not
faithfully. They are not continuumlike. The two causal sets at the bottom are layered and maximally
linked, and do not therefore represent the dominant bilayer posets or the KR posets of [20,21,50]
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