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A B S T R A C T 

Ionization balance in the intergalactic medium (IGM) underpins the interpretation of quasar absorption spectra by linking 
observed ionic columns to the underlying gas density, temperature, metallicity, and ionizing radiation field. Yet the relevant 
microphysical time-scales (ionization, recombination, and cooling) can be comparable to the time-scales over which the 
ultraviolet background (UVB) and thermodynamic state evolve. As a result, ion populations may exhibit strong history 
dependence. We present a fast, metals-inclusive, zero-dimensional framework to evolve the IGM across redshifts. The 
framework follows a coupled thermal and ionization evolution of a Lagrangian gas parcel in a redshift-dependent UVB. 
The model integrates stiff, time-dependent rate equations for H, He, and 107 metal ions (C, N, O, Ne, Mg, Si, S, and Fe) 
while self-consistently evolving the thermodynamics via photoheating and standard cooling channels. We validate the 
approach by comparing its predictions to full three-dimensional hydrodynamical non-equilibrium calculations, finding 
that it recovers the IGM thermal and ionization histories to good accuracy over a wide redshift range, including the 
characteristic heating associated with He ii reionization. The framework efficiently maps ionization histories into cosmic 
metal-ion abundances and ionization corrections relevant for metallicity inference. As an application, we predict the 
cosmic C iv density parameter, �CIV , and use it to infer the origin of metal ions in the IGM and IGM metallicities from 

observational measurements, obtaining values in reasonable agreement with literature constraints. We also discuss the 
possible implications for the non-equilibrium ionization in the IGM. Our framework is designed for rapid parameter 
studies, enabling controlled tests of how reionization timing, UVB spectral hardness, self-shielding, and spatial UVB 

inhomogeneity (e.g. patchy reionization and local sources) propagate into the IGM thermal/ionization history and metal- 
line observables, providing a practical bridge between micro-physical modelling and absorption-line analyses. 
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 INTRODUCTION  

he thermal evolution of the intergalactic medium (IGM) is gov- 
rned by a complex interplay of heating and cooling processes. 
he dominant mechanisms shaping the temperature–density re- 
ation of the IGM include photoheating from the metagalactic 
ltraviolet background (UVB), balanced against adiabatic cooling 
ue to cosmic expansion. Additional processes, such as shock 
eating, compressional heating, and radiative cooling, also con- 
ribute, particularly at higher densities. A key characteristic of 
he IGM’s thermal state is its mean temperature and the power- 
aw temperature–density relation, which encodes the cumulative 
mpact of these physical processes at moderate overdensities ( δ � 

0 ) (L. Hui & N. Y. Gnedin 1997 ; T. Theuns et al. 1998 ; J. Schaye
t al. 2000 ; S. R. Furlanetto & S. P. Oh 2009 ; E. Puchwein et al.
 E-mail: bhaskararya4@gmail.com (BA); kcsarkar@rrimail.rri.res.in 
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015 ; M. McQuinn 2016 ; P. R. Upton Sanderbeck, A. D’Aloisio &
. J. McQuinn 2016 ). 
Understanding this thermal history is essential not only for 

heoretical models of cosmic reionization and structure forma- 
ion but also for interpreting observational tracers such as the 
y α forest. The Ly α forest, a series of H i absorption features
n the spectra of distant quasars, serves as a sensitive probe of 
he IGM at low-to-moderate overdensities ( δ ∼ 10 ; R. A. C. Croft
t al. 1998 ; M. Rauch 1998 ; L. Hui 1999 ; D. H. Weinberg 2003 ;
. A. Meiksin 2009 ; M. McQuinn 2016 ). However, accurate inter-
retation of such data relies heavily on precise modelling of the
nderlying thermal state of the IGM. 
A major source of uncertainty in current models arises from 

he treatment of radiative transfer during the epoch of reion- 
zation (I. T. Iliev et al. 2006 ; E. R. Tittley & A. Meiksin 2007 ;
.-A. Faucher-Giguère et al. 2009 ; M. McQuinn et al. 2009 ;
. Y. Gnedin & P. Madau 2022 ). Most cosmological hydrody-
amical simulations assume photoionization equilibrium (PIE), 
hereby neglecting transient non-equilibrium effects that can 
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/by/4.0/), which permits unrestricted reuse, distribution, and
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1 We distinguish the fit parameter γfit from the conventional adiabatic 
index γ ( = 5/3 for monoatomic gas). 
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ignificantly alter the thermal history. These effects are par-
icularly important during reionization, when rapid changes
n ionization state can lead to excess heating that equilibrium
odels fail to capture. To compensate, simulations often arti-
cially boost photo-heating rates to match observational con-
traints, but such approximations may not capture the full phys-
cal picture (J. Schaye et al. 2000 ; E. Puchwein et al. 2015 ; J. S.
olton et al. 2016 ; P. R. Upton Sanderbeck et al. 2016 ; P. Gaikwad
t al. 2021 ). 
From the observational side, metallicities and densities in IGM
bsorbers are usually inferred with single-zone CLOUDY models
nder PIE and a spatially uniform UVB (typically F. Haardt & P.
adau 2012 ; hereafter HM12 ), which provide the ionization cor-
ections (ICs) applied to measured column densities (A. Aguirre,
. Schaye & T. Theuns 2002 ; J. Schaye et al. 2003 ; V. D’Odorico
t al. 2010 ; R. A. Simcoe 2011 ; J. K. Werk et al. 2014 ; M. Fumagalli,
. M. O’Meara & J. X. Prochaska 2015 ; N. Lehner et al. 2016 ). This
pproach is standard for Lyman-limit and partial Lyman-limit
ystems and for low- z circumgalactic medium (CGM) analyses
e.g. Cosmic Origins Spectrograph (COS)-haloes), where suites of 
ow/high ions (C ii/iii/iv , Si ii/iii/iv , and O vi ) are fit in PIE to
ecover metallicity ( Z), ionization parameter ( U ), and hydrogen
umber density ( nH ) (N. Lehner et al. 2013 ; J. K. Werk et al. 2014 ;
. Fumagalli et al. 2015 ; C. B. Wotta et al. 2019 ; G. J. Ferland et al.
017 ). However, PIE can misestimate ion fractions and thus bias
, nH , and T when gas undergoes rapid heating/cooling, shocks,
r time-variable illumination; non-equilibrium calculations for
ooling gas and fluctuating radiation fields demonstrate history-
ependent departures from equilibrium (O. Gnat & A. Stern-
erg 2007 ; E. O. Vasiliev 2011 ; B. D. Oppenheimer & J. Schaye
013 ; A. J. Richings, J. Schaye & B. D. Oppenheimer 2014a , b ).
.g., flickering active galactic nucleus (AGN) produces long-lived
proximity-zone fossils’ in which high ions (notably O vi ) remain
ver-ionized for ∼ 107 yr, boosting column densities by factors
f a few and leading to order-unity discrepancies if analysed
ith PIE (B. D. Oppenheimer et al. 2017 ; M. C. Segers et al.
017 ). Given today’s high-S/N, multi-ion spectra and precise NH I 
easurements from Lyman-limit coverage, ionization model sys-
ematics now dominate the error budget. Therefore, testing non-
quilibrium ionization (NEI) (or isolating phases where PIE is
alid) is required for robust metallicity inferences (M. McQuinn
016 ). 
On the simulation side, these concerns have motivated

ully time-dependent, self-consistent treatments: cosmological
moothed particle hydrodynamics runs that evolve the H/He ion-
zation state via rate equations under an evolving, homogeneous
VB capture the excess heating and thermal ‘memory’ that PIE-
ased heating boosts cannot reproduce. Notably, E. Puchwein
t al. ( 2015 ) (hereafter P15 ) implemented an NEI ionization mod-
le on P-GADGET3 simulation and tracked H & He (with metals
xcluded) all the way from z ∼ 16 to the present day. This more
hysically motivated treatment allows for a more accurate repre-
entation of the IGM’s thermal history as well as ionization struc-
ure, enabling improved interpretation of Ly α forest statistics and
ther IGM observables. Relative to equilibrium treatments, P15
redicts a systematically higher temperature at mean density, T0 ,
uring reionization and a delayed response of the gas to ionizing
adiation, allowing for realistic heat injection due to reionization
ronts. This can amount to differences of order a few ×103 K ( ∼
0 per cent ) in mean-density temperature at z ∼ 3 − 5 , shifting
NRAS 552, 1–18 (2026)

2

M

he inferred T − � parameters ( T0 , γfit ) 1 in ways that impact the
y α line widths and flux power spectrum inferences. Addition-
lly, it also leads to more reliable estimates of heating and cooling
ates, since they are computed from the correct ionization state of 
he gas. 
B. D. Oppenheimer et al. 2016 , building on B. D. Oppen-
eimer & J. Schaye 2013 , evolved a metals-inclusive, time-
ependent ionization/cooling network ( ∼136 ions of 11 el-
ments) coupled to the hydrodynamics from z < 0 . 5 under
n evolving metagalactic UVB, thereby avoiding PIE post-
rocessing. They demonstrate that NEI lags in cooling or shock-
eated CGM gas, substantially shifting the predicted abundances
f high ions (e.g. O vi , N v , and Ne viii ) relative to PIE, yielding
ore self-consistent low- z column density distributions, covering
ractions, and line-width statistics, and linking high-ion phases to
ecent feedback, mixing, and cooling flows (including the persis-
ence of over-ionization after transient heating). The work quan-
ifies systematic biases that arise when inferring Z, U , nH , and T 
ith PIE where NEI effects are non-negligible. 
Notwithstanding the benefits, 3D cosmological simulations in-
orporating metals-inclusive, NEI, and thermal evolution entail
ignificant computational expense. This high cost arises from the
eed to resolve both spatial structure and time-dependent mi-
rophysical processes across large dynamic ranges. Consequently,
15 ignored the self-consistent evolution of metals, which must
e treated via equilibrium post-processing, limiting predictive
ower for CGM/LLS metal absorbers. On the other hand, in B. D.
ppenheimer et al. ( 2016 ) the NEI metals module is typically
ctivated only at late times ( z � 0 . 5 ), so time-dependent metal
onization is not followed through earlier epochs. As a result,
omprehensive scans over reionization histories, UVB models,
nd auxiliary heating mechanisms become intractable at scale.
he need for multiple realizations and high-resolution runs fur-
her amplifies the cost, impeding rigorous tests of new physics. 
To mitigate these challenges, we develop a zero-dimensional

0D) simulation framework that evolves a single Lagrangian gas
arcel over time (based on the NEI package of K. C. Sarkar,
. Sternberg & O. Gnat 2021 , hereafter S21 ), as opposed to a
ull 3D hydrodynamic simulation. The approach uses redshift-
ependent UVB and captures the full range of relevant heating
nd cooling mechanisms, such as photoheating, adiabatic expan-
ion, gravitational compression/decompression, inverse Comp-
on cooling, and radiative cooling, while significantly reducing
he computational cost. We track the thermal history of the gas
ensities as well as the abundance and ionization states of hy-
rogen and helium, and ions of carbon in the IGM by solving
he time-dependent rate equations. 2 By focusing on the thermal
nd ionization evolution of a single gas parcel without spatial
omplexity, this controlled setup allows for efficient exploration
f a wide parameter space (e.g. reionization epoch, UVB, etc.) and
acilitates the inclusion of additional physical processes (e.g. self-
hielding, dust heating, local radiation field, etc.) that would be
omputationally infeasible to test in full 3D simulations. 
It also enables controlled, repeatable experiments that we can
alidate against NEI hydrodynamic runs and analytic expecta-
ions, providing a baseline for interpreting full 3D results. E.g.,
 However, in principle we can also track other relevant metals (N, O, Ne, 
g, Si, S, and Fe). 
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n most cosmological hydrodynamics codes, metallicity is carried 
s an advected scalar (often element-by-element) set by subgrid 
nrichment: newly formed stars return metals according to stellar 
ield tables and feedback prescriptions; the metals are then trans- 
orted by galactic winds and mixed numerically or via explicit 
iffusion models (R. P. C. Wiersma, J. Schaye & B. D. Smith
009 ; S. Shen, J. Wadsley & G. Stinson 2010 ; M. Vogelsberger
t al. 2013 ; K. C. Sarkar et al. 2015 ; J. Schaye et al. 2015 ; P. F.
opkins et al. 2018 ; A. Pillepich et al. 2018 ). Because simulations
rack total metal mass rather than ion states, comparisons to data 
ypically convert (Z, nH , T ) into observables through equilibrium 

onization post-processing with a chosen UVB (e.g. CLOUDY + 

M12 ), sometimes adding metallicity floors or tuning feedback 
o match global relations such as the galaxy mass–metallicity rela-
ion (F. Haardt & P. Madau 2012 ; P. Torrey et al. 2012 ; C. B. Hum-
els, B. D. Smith & D. W. Silvia 2017 ; G. J. Ferland et al. 2017 ).
ur metals-inclusive, one-zone NEI framework helps refine this 
ipeline by mapping a parcel’s density/temperature/UVB history 
o time-dependent ion fractions and emissivities, thereby quanti- 
ying biases that arise when PIE is assumed in non-equilibrium 

egimes (B. D. Oppenheimer & J. Schaye 2013 ; A. J. Richings
t al. 2014a , b ; B. D. Oppenheimer et al. 2016 ). In practice, it
an allow (i) NEI corrections to infer Z from multi-ion columns,
ii) benchmarking metallicity in hydrodynamic simulations, and 
iii) generation of NEI lookup tables/emulators for snapshot post- 
rocessing across plausible thermodynamic histories. 
In this work, we demonstrate the robustness of our approach 
y (i) recovering the IGM thermal and ionization history in close 
greement with state -of-the -art 3D NEI hydrodynamical simula- 
ions, and (ii) deriving metallicities from C iv absorbers. Section 
 introduces the 0D NEI model and details all the physical pro-
esses included in our framework. Section 3 presents results: the 
emperature–density parameters and their sensitivity to density, 
VB, reionization redshift, and self-shielding, along with C iv 
redictions and the resulting metallicity estimates. Further, we 
iscuss the implications of these results in Section 4 . Finally, 
n Section 5 , we conclude with a summary and implications for
pplying NEI ionization modelling to IGM inference. 

 THE  0D  FRAMEWORK  

n this section, we model the ionization and heating exclu- 
ively from the metagalactic UVB within a spatially uniform 

pproximation. The radiation field is represented by the angle- 
veraged specific intensity Jν (z, t ) from the cosmological UVB 

odel HM12 throughout this work, without the contributions 
rom local sources or geometric radiation transport. The C iv 
bsorption in our modelling arises predominantly from moder- 
tely over-dense environments, with characteristic overdensities 
∼ 10 and T ∼ few × 104 K. In this regime, neutral hydrogen 

olumns can be sufficiently large that the gas is no longer guaran-
eed to be optically thin at the Lyman edge, and H i self-shielding
an significantly attenuate the incident metagalactic UVB. Be- 
ause the C iv -bearing gas may therefore experience a reduced 
onizing flux relative to the uniform-background limit, we explic- 
tly bracket the UVB treatment with two cases. (i) Optically thin
VB: as a fiducial case (and unless stated otherwise), we adopt the
patially uniform, optically thin UVB ( HM12 ) without attenua- 
ion. (ii) Self-shielded UVB: a case variation where we model local 
ttenuation by neutral hydrogen via an effective shielding factor. 
e discuss this in more detail in Section 3.3 . These two limiting
ases provide a controlled estimate of the sensitivity of the in-
erred C iv ionization state (and derived �C IV ) to self-shielding 
n the over-dense gas that dominates the signal. 
Photoionization by the metagalactic UVB sets the ion fractions 
nd provides a source term for thermal energy via photo-heating. 
he gas temperature evolution is governed by adiabatic processes 
Hubble cooling and localized expansion/compression in over- 
ensities) plus non-adiabatic heating and cooling terms, includ- 
ng UVB photo-heating and radiative losses (and inverse Comp- 
on cooling where relevant). We evolve a full H/He + metals
on network; however, in the thermal energy budget, we include 
hoto-heating only from H i , He i , and He ii , and neglect metal
hoto-heating in this work. We have tested the photo-heating 
rom metals in some cases and found it to be negligible. Shock
eating is noticeable around massive haloes and is dependent on 
he mass of the halo and distance from it, a feat not achievable by
D evolution. Therefore, we exclude modelling shock heating at 
he expense of limiting the applicability of our results to only the
GM regions ( δ � 50 ). Additionally, this omission is appropriate
or our application, as the observed Doppler parameters of C iv
bsorbers ( bCIV ∼10 km s−1 ; N. Lehner et al. 2016 ) indicate that
he bulk of the C iv population resides in low-temperature pho-
oionized gas (T.-S. Kim et al. 2013 ). 

.1 Photoionization and photo-heating from the UVB 

he hydrogen and helium photoionization rates (per ion number) 
re given by 

i =
∫ ∞ 

νi 

d ν
4 πJν
hν

σi (ν) , (1) 

here h is the Planck constant, ν is the frequency, Jν is the space-
nd angle-averaged monochromatic intensity, the subscript i de- 
otes the relevant ion species, hνi is the ionization energy, and 
i (ν) is the photoionization cross-section. Therefore, the spatially 
niform photoheating rate (per ion number) is given by 

i =
∫ ∞ 

νi 

d ν
4 πJν
hν

h (ν − νi ) σi (ν) . (2) 

he total photoheating rate per unit volume is then given by 

 =
∑ 

i 

ni Hi , (3) 

here ni is the number density of each ion species. Since 
e do not consider heating from metals in this work, i ≡
H i , He i , He ii ) . 

.2 Evolution of pressure 

n contrast to the standard approach in the literature (L. Hui &
. Y. Gnedin 1997 ; M. McQuinn 2016 ; P. R. Upton Sanderbeck
t al. 2016 ), which evolves the temperature of a Lagrangian gas
lement, we instead use the pressure, P , as the primary evolution
ariable: 
d P 
d t 

= −3 γHP + γP 
1 + δ

d δ
d t 

+ (γ − 1)
d Q 

d t 
, (4) 

here H is the Hubble parameter, δ is the density contrast, kB 
s the Boltzmann constant, γ is the adiabatic index ( = 5 / 3 for
 monatomic ideal gas), and Q denotes the net energy per unit
olume where 
d Q 

d t 
= d Q 

d t 

∣∣∣∣
ph 

+ d Q 

d t 

∣∣∣∣
ct 

+ d Q 

d t 

∣∣∣∣
rc 

+ d Q 

d t 

∣∣∣∣
ic 

. (5) 
MNRAS 552, 1–18 (2026)
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he first and second terms on the right-hand side of equation
 4 ) describe adiabatic effects: cooling from the Hubble expansion
nd heating (or cooling) from local gravitational compression (or
ecompression), respectively. The third and final term aggregates
ll non-adiabatic sources and sinks, as detailed in equation ( 5 ).
he first two terms herein provide heating from photoheating and
harge transfer (with photoheating dominating at all redshifts),
he third term corresponds to loss via radiative cooling calcu-
ated based on the local non-equilibrium ion density following O.
nat & G. J. Ferland 2012 . The final term represents cooling off
nverse Compton scattering as given in S. Seager, D. D. Sasselov &
. Scott ( 2000 ): 

d T 
d t 

∣∣∣∣
ic 

= (γ − 1) 
nb kB 

d Q 

d t 

∣∣∣∣
ic 

= −8 σT U ne 
3 me cnb 

(T − TCMB ) , (6) 

here T is the temperature of the gas, TCMB is the temperature
f the cosmic microwave background (CMB), σT is the Thomson
cattering cross-section, U = aR T4 

CMB is the radiation energy den-
ity with aR = 8 π5 k4 B 

15 h3 c3 being the radiation constant, h is Planck’s
onstant, me is the electron mass, and c is the speed of light.
nverse Compton scattering is relevant at z � 10 during reion-
zation of H + He; therefore, one can safely assume hydrogen
s completely ionized, and helium is singly ionized, nb ≈ 2 ne ,
nd T � TCMB .The temperature is then calculated under the as-
umption of ideal gas, T = P 

nb kB 
= P 

ρ

μmp 
kB 
, where μ is the mean

olecular weight and is calculated based on the local ionization
ractions of H, He, and other metals. 

.3 Evolution of density 

volution of the density is represented by the d δ/ d t term in equa-
ion ( 4 ). Since there are no particles in our framework, we evolve
he Lagrangian baryon overdensity directly as a continuous vari-
ble rather than following mass elements in an N-body sense.
e implement two complementary prescriptions for the density
rajectory: (i) first-order Lagrangian perturbation theory (1LPT),
here the overdensity follows the linear growth factor, (ii) spher-
cal collapse model (SCM), using the standard top-hat evolution
o capture nonlinear compression/expansion. While these for-
alisms are classically applied to dark matter, we use them for
aryons as a controlled approximation at the parcel level. On
ufficiently large scales, the baryon field tracks the dark matter,
nd deviations at small scales (e.g. pressure/Jeans smoothing and
elayed collapse) are ignored in our thermal/pressure terms. This
etup lets us prescribe plausible density histories for the gas parcel
nd cleanly isolate the impact of heating/cooling physics. 
We begin with the linear-theory description of density evolu-

ion, in which the density contrast grows as 

(a ) = D (a ) 
D (ai ) 

δ(ai ) , (7) 

here a is the scale factor, ai is the initial scale factor, and D (a ) is
he linear growth factor given by 

 (a ) = 5 
2 
�m , 0 E(a )

∫ a 
0 

da′ 

(a′ E(a′ ))3 
, (8) 

ith 

(a ) =
√ 

�m , 0 /a3 + �
, 0 . (9) 
NRAS 552, 1–18 (2026)
nder these assumptions, the rate of growth of the density con-
rast is 

˙ = �m , 0 H0 

2 a2 E(a ) 

(
5 − 3

D (a ) 
a 

)
δ(ai ) 
D (ai ) 

. (10) 

Henceforth, we refer to this linear density evolution as the
ducial case because of its simplicity, its ability to reproduce the
arge-scale density field, and its avoidance of shell crossing. We
iscuss these advantages further in Section 3 . 
For comparison, we also consider the non-linear spherical col-

apse model for the evolution of the density contrast, following
. Fosalba & E. Gaztanaga ( 1998 ) and A. Mandal & S. Nadkarni-
Ghosh ( 2020 ): 

¨+ 2 H δ̇ − 4δ̇2 

3(1 + δ) 
− 3 
2 
H2 �m 

(a ) δ(1 + δ) = 0 . (11) 

.4 Initial conditions 

e initialize the calculation at zi = 19 ( ai = 0 . 05 ), and assume
he gas is fully neutral. The initial temperature is set to the CMB
emperature at that epoch, Ti = TCMB , 0 /ai = 2 . 725 K / 0 . 05 =
4 . 5 K , which fixes the initial pressure. The metagalactic UVB
s switched on at z � 15 . 1 following HM12 , and metals are intro-
uced at z = 7 . We adopt a constant metallicity (log Z/Z	 = −3 )
t all redshifts, although a redshift-dependent prescription can
e incorporated straightforwardly. We have tested that increas-
ng the metallicity of the IGM to even log Z/Z	 = −1 does not
ffect radiative cooling or photo-heating. For consistency with
15 , we adopt a flat Lambda cold dark matter cosmology with
m 

= 0 . 305 , �
 = 0 . 695 , �b = 0 . 0481 , and H0 = 67 . 9 . We solve
he evolution of 45 overdensity points uniformly distributed over
 range of δ ∼ −0 . 05 to 60 at z = 19 . 

.5 Ionization network 

e evolve the ionization state of the gas by following the ion
ractions xk,i of ionization stage i of element k in a Lagrangian
as parcel, as described in O. Gnat & A. Sternberg ( 2007 ); K. C.
arkar et al. ( 2021 ). Since our framework is zero-dimensional, it
oes not include any spatial advection term. Therefore, the ion
ractions satisfy 

d xk,i 
d t 

= Sk,i , (12) 

here Sk,i is the net source term for ion i . For a given element, the
ource term Sk,i may be written schematically as 

Sk,i = ne [ xk,i +1 αk,i +1 − xk,i ( ξk,i + αk,i ) + xk,i −1 ξk,i −1 ] 
− xk,i 	k,i + Ak,i . 

(13) 

ere, αk,i denotes the total recombination coefficient from ion
(k, i ) to (k, i − 1) , ξk,i is the collisional ionization rate coefficient
rom ion (k, i ) to (k, i + 1) , 	k,i is the photoionization rate, Ak,i 
s the Auger ionization rate contribution from lower ionization
tates into the current ion, and ne is the electron number density.
n our calculation, the total recombination coefficient includes
oth radiative and dielectronic recombination, while the ioniza-
ion and recombination rates also include charge-transfer contri-
utions. We refer the reader to S21 for further details. 
The evolution of each ion is therefore coupled to neighbouring

onization states of the same element, while the full network is
urther coupled through the electron density and temperature.
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Figure 1. Evolution of T0 w.r.t. redshift for our zero-dimensional NEI 
simulation (shown in red curve) compared to full 3D NEI hydro sim- 
ulation (as taken from P15 ; shown in black dashed line). Overlaid are 
observational constraints on T0 as shown in circles (J. Schaye et al. 2000 ; 
G. D. Becker et al. 2011 ; J. S. Bolton et al. 2012 ; E. Boera et al. 2014 ). 
We find that the zero-dimensional model reproduces the 3D NEI thermal 
history to within a few ×103 K ( ∼ 15 per cent ) over the entire cosmic time, 
including the timing of the He ii reionization bump. 
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e integrate the coupled ionization-thermal equations using an 
daptive Cash-Karp method of order 4(5) (J. R. Cash & A. H. Karp
990 ), which adjusts the timestep to resolve rapid changes in the
on fractions and temperature. At each step, the electron density 
s updated self-consistently from the instantaneous ion fractions, 
nd we monitor the normalization condition ∑ 

i 

Xk,i = 1 (14) 

or every element to ensure abundance conservation to numerical 
ccuracy. Although the framework is designed to evolve a broad 
etal-ion network, in the present work we restrict the metal 
volution to carbon only, and defer the full metal-ion network to
uture work. 

 RESULTS  

.1 Recovery of thermal and ionization history 

n Fig. 1 , we present our inferred T0 , i.e. temperature at mean IGM
ensity, as a function of redshift from the 0D model (red solid)
nd compare it with full 3D NEI simulations (black dashed). 
e additionally overlay observational constraints on T0 (coloured 
ircles). We find close agreement in T0 (z) across redshift, with 
oth simulations tracing the same thermal history. Temperature 
ises sharply when the UVB is switched on, driven by H i and
e i reionization, and then enters a broad plateau as hydrogen be-
omes ionized and helium singly ionized. During this phase, the 
iffuse IGM is well described by PIE (expansion cooling versus 
hoto-heating), until the UVB hardens sufficiently to ionize He ii ,
roducing a second, more prominent heating peak at z ∼ 3 . 5 .
nce the gas is fully ionized, the temperature declines gradually 
owards lower z owing to the dominance of the Hubble expan- 
ion. Our recovered temperatures are fully consistent with the 
ull 3D NEI simulations within the observational T − � scatter, 
ndicating that the simplified 0D model captures the dominant 
eating/cooling balance seen in full 3D NEI simulations. Modest 
eviations appear near the two reionization peaks, but the overall 
ormalization and timing of features are well matched. 
Our framework also recovers the temperature–density relation 
f the diffuse IGM, which is generally modelled as 

 (�, z) = T0 (z) �γfit (z) −1 , (15) 

here � ≡ (1 + δ) = ρb /ρ̄b is the baryon overdensity, and γfit 
ncodes the slope set by the balance of photoheating and cooling.
he pair (T0 , γfit ) captures the IGM’s recent heating history and
ressure smoothing, and directly informs Ly α observables such 
s line widths and the small-scale flux power. Fig. 2 shows the
ecovered equation of state index, γfit , for which we evolve an
nsemble of density trajectories using 1LPT and SCM, assuming 
nly dark matter. At each timestep, we record the corresponding 
�, T ) pairs in the diffuse IGM limit ( 10−0 . 5 ≤ � ≤ 2 ), and fit the
ower-law relation T (�) = T0 (�) γfit −1 to infer γfit . We compare 
hese results with those obtained using full 3D hydrodynamical 
imulations in P15 . 
Both 0D curves track near identical thermal history: γfit rises 

rom near-isothermal values at high z (indicating heating), flat- 
ens during the H i /He i reionization plateau, and increases again
owards γfit ∼1 . 4- 1 . 6 as the UVB hardens and pressure smoothing
trengthens around the He ii epoch. The large dip at z ∼ 4 is due
o the He ii reionization, when a part of the photo- and compres-
ional heating is going towards ionizing He ii and, as a result, the
ise in temperature slows down. Our results agree remarkably 
ell with the full 3D hydrodynamical simulations, with devia- 
ions of � 2 per cent over most of cosmic time. This indicates that
he choice of density trajectory primarily adjusts small residual 
MNRAS 552, 1–18 (2026)
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Figure 3. Evolution of ion fractions of H i and He ii w.r.t. redshift at 
mean density, for our zero-dimensional NEI simulation (shown in red 
curves) compared to the full 3D NEI hydro simulation (as taken from P15 ; 
shown in black curves). We also show He i fraction for our model (dotted 
red). We again see that the zero-dimensional model recovers the ion 
fractions in very good agreement with 3D NEI simulations. 
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ifferences rather than altering the overall evolutionary trend (M.
cQuinn & P. R. Upton Sanderbeck 2015 ). It is worth noting that
he inferred γfit can depend on the density interval over which
he fit is performed, with this sensitivity becoming more pro-
ounced at higher redshifts ( z � 5 ). We also caution that a direct
omparison with P15 is not entirely straightforward. In the paper,
he authors determine the local slope, γ − 1 , at overdensity �
sing an iterative procedure (as described in Appendix E of P15 ),
hereas in our analysis, we instead infer a density-independent
lope by fitting a single power-law relation over a finite density
ange. 
In Fig. 3 , we compare the redshift evolution of neutral hy-
rogen, H i , and singly ionized helium, He ii , ion fractions. The
olid curves show the H i fraction, xH I , and the dashed curves
how He ii , xHe II , with results from the 0D model and the 3D NEI
imulation overlaid. For completeness, we also show the neu-
ral helium fraction, xHe I , for our 0D model; this quantity is not
vailable in the 3D NEI simulation and is therefore only plotted
or the 0D case. At high redshift, xH I ≈1 until the UVB turns
n, after which it drops sharply and settles at xH I ∼ 10−5 - 10−6 .
n contrast, xHe II climbs to ∼ 1 following the first reionization
hase (H i /He i ), remains elevated through the plateau, and then
eclines rapidly at z � 3- 4 during He ii reionization. The 0D (red)
nd 3D (black) curves are in close agreement for both species:
he onset and timing of the H i drop, and the He ii decline align
ell, with only minor, localized offsets near the transition edges,
ndicating that the simplified one-zone treatment reproduces the
ey ionization history captured by the full simulations. 

.2 Prediction of C iv abundance and metallicity 

s an example use of our framework, in this section, we estimate
he C iv abundance in the IGM and provide implications for the
GM metallicity. Since our 0D runs evolve individual Lagrangian
as parcels, one trajectory cannot reproduce the observed cosmic
NRAS 552, 1–18 (2026)
 iv abundance, which is an integral over absorbers sampling a
ide range of column densities (A. Songaila 2001 ; M. Pettini et al.
003 ; R. A. Simcoe, W. L. W. Sargent & M. Rauch 2004 ; K. L.
ooksey et al. 2009 ; V. D’Odorico et al. 2010 ; R. A. Simcoe 2011 ;
. L. Davies et al. 2023 ; X. Yu et al. 2025 ) 

CIV (z) ≡ ρCIV (z) 
ρcrit, 0 

= H0 mC 

cρcrit, 0 

∫ 
N(z) f (N, z) d N, (16) 

here f (N, z) is the column density distribution function of C iv ,
CIV is the mass density of C iv in comoving units, and ρcrit, 0 is
he critical density of the Universe at z = 0 . To emulate a realistic
GM density field while retaining computational efficiency, we
herefore run an ensemble of 0D simulations for N� = 45 repre-
entative overdensities { � j } spanning the diffuse and non-linear
egime. For every � j , we evolve the full NEI thermochemistry
nd record xC IV (� j , z) . We then assign each density a redshift-
ependent weight wj (z) proportional to the baryon density prob-
bility distribution function (PDF) found in a full hydrodynamic
imulation. The PDFs used in this calculation are gas density
DFs extracted from two hydrodynamical simulations. Specifi-
ally, they give the fraction of gas mass in bins of overdensity �
t each redshift. We use these density PDFs to weight the C iv
bundance predicted by our 0D model at each �, assuming a
niform metallicity. Integrating over the full density distribution
hen yields the predicted cosmic C iv density parameter, �CIV .
he density PDF makes sure that our 0D Lagrangian parcels
re attributed to a relative volume in the universe at any given
edshift. This allows us to expand our 0D simulations to make
redictions about several quantities of the IGM, from a statistical
oint. 
The comoving C iv density parameter for a single gas parcel
ith overdensity, � j , is 

CIV (� j , z) ≡ ρCIV (� j , z) 
ρcrit 

= xCIV (� j ,z) ρC (� j ) 
ρcrit 

(17) 

= xCIV (� j ,z) nC (� j ) mC 
ρcrit 

(18) 

= xCIV (� j ,z)[ nH (� j ) ZXC ] mC 
ρcrit 

, (19) 

here XC = 2 . 45 × 10−4 is the abundance of carbon relative to
ydrogen for a solar-metallicity gas and Z is the metallicity (in
olar units). Thus, the PDF-weighted prediction for the C iv mass
raction is approximated by 

 �C IV (z) 〉 �
∑ 

j 

wj (z)�CIV (� j , z) . (20) 

y design, the approach preserves the primary density de-
endence with negligible expense. At the same time, it also
solates the key systematics: the chosen set { � j } , the relia-
ility of the underlying PDF, and any evolution of Z with
edshift. 
We compare our estimates of the C iv density parameter to an
nsemble of observational measurements. For ease of compari-
on, we compress the observed redshift evolution of �CIV into a
imple quadratic relation in the { z, log �CIV } plane (Fig. 4 ), 

log �CIV, fit (z) =
2 ∑ 

i =0 
ci zi , (21) 

here ci are best-fitting coefficients obtained from the compila-
ion of data. Fig. 4 shows the solid-line fit to the data points. The
rey band represents the 1 σ uncertainty in the fit. In future plots,
e will use this fit to represent the broad behaviour of the �CIV 
ata. 
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The top panel of Fig. 5 compares this empirical fit (black 
ashed) to the PDF-weighted cosmic C iv abundance predicted 
y our model, allowing a direct assessment of how well the sim-
lated redshift evolution reproduces the observed �CIV (z) . To 
how that our results are insensitive to the choice of weights,
e take the PDFs from two different simulations, namely, the 
llustris-TNG (A. Pillepich et al. 2018 ; D. Nelson et al. 2019 ) (red
olid) and the Sherwood (J. S. Bolton et al. 2016 ) (red dashed)
imulations. 
We see that �CIV remains high till z ∼ 4 when the universe

s moderately ionized and then declines sharply with the onset 
nd all the way up to the end of He ii reionization. This is be-
ause He ii has a similar ionization energy as C iv , and therefore,
e ii → He iii transition is also associated with the C iv → C v
ransition. Realistically, the metals in IGM would increase with 
ime due to outflows. This leads to a constant C iv abundance
ver 1 � z � 3 reflecting a balance between outflows and He ii
eionization. We suspect that the continued rise of C iv in our
odel after the end of He ii reionization is at least partly driven
y our ignorance of additional local ionizing sources, which are 
ikely to become increasingly important at these redshifts and 
verdensities. 
The mismatch in the predicted �CIV (red lines) and the ob- 
erved �CIV (black dashed line) is mainly because of our as- 
umption of a constant metallicity (i.e. Z = 10−3 Z	) of the gas
arcels. In fact, we can turn this to our advantage to estimate
he amount of metals in the IGM that is required to match
ur predicted �CIV to the observed one. In the bottom panel of 
ig. 5 , we translate the measurements of �CIV into metallicity 
nferences by comparing the observed �C IV to the 0D model 
rediction (normalized to the fiducial Z/Z	 = 10−3 ), plotted as 
og Z/Z	 = log [�obs / (�0D / 10−3 )] . The inference using Illustris- 
NG weights is shown in red solid, and the one with Sherwood
s shown in red dashed. We see that the metallicity requirement
n the IGM increases with time till z ∼ 2 − 3 when the universe
as at its peak of star formation. The metallicity requirement 
aturates afterwards, probably because of the decline in the star 
ormation rate and a lack of metal escape from the galaxies, as
he galaxies also become more massive to trap the metals in their
wn CGM. For comparison, we also show the reported metallicity 
blue circles) for partial Lyman-limit systems and Lyman-limit 
ystems (pLLS + LLS), i.e. log NHI /cm−2 < 18 . 3 in N. Lehner
t al. ( 2016 ), the regions likely to be the primary reservoir of 
 iv . Cyan star and orange plus markers represent metallicity
easurements from blazar observations as reported in T. Dalton 
t al. ( 2021 ) and Gatuzz, E. et al. ( 2024 ), respectively. The sole
reen triangle shows the metallicity reported by M. Fumagalli 
t al. ( 2015 ). Both inferred bands corresponding to the differ-
nt surveys match the observational constraints very well at z ∼
 − 3 , while at lower redshifts, z < 1 , we infer somewhat lower
etallicities, driven by the higher C iv content discussed above. 
dditionally, in this work, the abundance ratio of C iii to C iv
s 1.2, which is slightly higher than the observational value of 
0 . 7+0 . 43 

−0 . 20 ) reported in J. M. Shull, C. W. Danforth & E. M. Tilton
 2014 ). However, we overestimate the carbon IC factor by approx-
mately a factor of three. We suspect that this discrepancy may
rise, at least in part, from our neglect of local galactic ionizing
ources at low redshift. Nevertheless, these values remain within 
he substantial scatter of the observational measurements. Again, 
ur framework remains successful in predicting the metal con- 
ent in the universe. 
One limitation of our framework could be the presence of 
hocked gas in the CGM around host galaxies. In fact, C iv resides
redominantly in overdensities � � 100 (see Section 4.1 ), with 
he maximum overdensity in our model reaching � ∼ 103 by 
 ∼ 0 . One might therefore naively identify C iv as a tracer of the
GM. However, the C iv -bearing gas is photoionized with tem-
eratures of a few ×104 –105 K, as indicated by their very low line
idth, bCIV . It is certainly possible that CGM of the host galaxies
ould contribute to some of the observed �CIV . However, haloes 
ith virial temperatures in this range (typically, Mvir � 1011 M	) 
ie in the regime where the radiative cooling time-scale, tcool , is
horter than the free-fall (dynamical) time-scale, tff , i.e. tcool � tff , 
o that a quasi-static hot atmosphere is thermally unstable and 
annot be maintained (Y. Birnboim & A. Dekel 2003 ). Addition-
lly, even if a temporary CGM is created by strong supernova
eedback in these galaxies to overcome radiative cooling, the 
GM would have to be hot, and therefore, inconsistent with the
bserved bCIV . Consequently, although C iv is associated with rel- 
tively dense gas in the vicinity of haloes, it is unlikely to originate
ainly from a long-lived, volume-filling hot CGM phase. Instead, 
t appears to predominantly trace photo-ionized gas in halo out- 
kirts, consistent with the picture supported by I. Bromberg et al.
 2026 ). Our framework therefore provides a useful first-order way
o infer the mean metallicity from a single metal-ion observation. 
owever, this estimate implicitly assumes that the relevant gas 
t a given density is entirely photo-ionized. In reality, a fraction
f the gas may instead reside in a shock-heated phase, and the
esulting effect on C iv is not necessarily monotonic. Gas heated
o T ∼ 105 K can enhance C iv , since at these temperatures col-
isions efficiently ionize lower carbon states into C iv , while the
as is not yet hot enough to ionize most carbon to higher stages
uch as C v ; in this case, a lower metallicity could reproduce
he observed �CIV . Whereas gas heated to higher temperatures, 
MNRAS 552, 1–18 (2026)



8 B. Arya, K. C. Sarkar and S. K. Sethi

M

Figure 5. Top: C iv density parameter, �CIV , obtained using our 0D framework in the IGM using full NEI thermochemistry with Illustris-TNG weights 
(red solid) and Sherwood weights (red dashed) assuming constant metallicity, Z = 10−3 Z	. The black dashed curve represents the empirical fit for 
various observations of C iv density parameter, as mentioned in Fig. 4 . The grey shaded region denotes the 1 σ uncertainty. Bottom panel: Metallicities 
inferred for the observational samples shown in the top panel, with solid (dashed) curve showing TNG-(Sherwood-) weighted metallicities. Blue circles 
denote directly reported metallicities in N. Lehner et al. ( 2016 ) using multiple metal lines in pLLs and LLS systems; cyan stars and orange plus markers 
represent IGM metallicities from blazar observations as found in T. Dalton et al. ( 2021 ) and Gatuzz, E. et al. ( 2024 ), respectively; and the single green 
triangle reports the metallicity found in M. Fumagalli et al. ( 2015 ). 
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 ∼ 106 − 107 K would ionize carbon to higher stages such as C v
nd above, thereby reducing the C iv fraction. Thus, the inferred
etallicity under a single-phase assumption may shift either up-
ard or downward depending on the thermal distribution of the
hocked gas. 

.3 Variations in reionization and UVB 

ne of the hallmarks of our model is its speed and flexibility,
hich lets us systematically probe how key IGM ingredients
hape observables. In what follows, we exploit this to vary the
eionization timeline and self-shielding assumptions, which in
urn affect the radiation field, and quantify their impact on the
hermal and ionization histories, the cosmic C iv abundance, and
he metallicities inferred from C iv . The variations are as follows:

(i) Reionization epoch (Fig. 6 ): Varying the reionization
poch is essential because the IGM retains strong thermal mem-
ry (L. Hui & N. Y. Gnedin 1997 ; L. Hui & Z. Haiman 2003 ;
. R. Tittley & A. Meiksin 2007 ; F. Nasir, J. S. Bolton & G. D.
ecker 2016 ): Once photoheating occurs, the gas cools gradually
ia adiabatic and radiative losses, so the timing of reionization
an imprint on T0 (z) , γfit (z) and, the ion fractions. Furthermore,
NRAS 552, 1–18 (2026)

O
verlaid are observational constraints on T0 , identical to Fig. 1 . 
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he true nature of reionization, its onset, duration, relative con- 
ribution of ionizing sources, and spectral hardness remains un- 
ertain. Therefore, adopting a single history risks biasing thermal 
nd metallicity inferences. Keeping this in mind, we try a late 
eionization model, where the UVB is switched on at z ∼ 9 . 
(ii) Self-shielding : At higher column densities (e.g. in 
LS/DLA-like regions; NHI � 1018 cm−2 ), IGM is no longer 
ptically thin, and the UVB begins to attenuate (J. Miralda- 
scudé, M. Haehnelt & M. J. Rees 2000 ; J. Schaye 2001 ).
his self-shielding effect increases neutral fractions, reduces 
emperatures, and causes a departure from the diffuse IGM T –�
elation by reducing the local photoionization and photoheating 
ates. This, in turn, can shift metal ion balances towards lower 
tages (e.g. C iv over C v ) and increases the contribution of dense
as to �C IV , thereby reducing metallicity inferences. To test 
he effect of self-shielding, we assume the following attenuated 
adiation field: 
eff 
ν = JUVB ν e−τHI (ν) , (22) 

here τHI (ν) is the H i optical depth given by, τHI (δ, ν) =
HI (δ) σHI (ν) where NHI is the local H i column density and σHI 
s the photoionization cross-section of H i . However, in our zero-
imensional runs, there are no physical sightlines and hence no 
ell-defined absorber column densities to compute τHI (ν) from 

rst principles. Therefore, we refer to Eq. (10) in J. Schaye ( 2001 )

HI ∼ 2 . 7 × 1013 cm 

−2 (1 + δ)3 / 2 T−0 . 26 
4 	−1 

12 (23) 

×
(
1 + z 
4 

)9 / 2 (
�b h2 

0 . 02 

)3 / 2 ( fg 
0 . 16 

)1 / 2 

(24) 

o compute column density and in turn, optical depth from 

verdensity, temperature, and hydrogen photoionization rate 
 	). Here, T4 ≡ T / (104 K) , 	12 ≡ 	/ (10−12 s−1 ) is the photo-
onization rate, and fg is the baryonic fraction. 

The evolution of T0 with these variations is shown in Fig. 6 
dashed red line). In the self-shielding case, we notice a delay 
n ionization due to the large optical depth at z ∼ 14 , thanks to
he high H i fraction in the early universe. The higher H i fraction
nitially further increases the IGM temperature after the ioniza- 
ion is complete. The effects of the enhanced heating persist all 
he way until the beginning of He ii reionization, albeit with
ecreasing differences. Similarly, a later reionization also causes 
 sharp initial rise in temperature owing to the strong redshift
ependence of H i optical depth, after which temperature quickly 
eclines to converge with the fiducial case. 
We further examined the impact of self-shielding on the C iv
ensity parameter and found it to be negligible: The resulting 
C IV differs from the optically thin case by less than a per cent
t all redshifts. This is readily understood from how self-shielding 
nters our calculation. The local radiation field is attenuated once 
he H i optical depth at the Lyman limit reaches unity, τHI (ν =
3 . 6 eV ) ∼ 1 , corresponding to a column density NHI ∼ 1 . 6 ×
017 cm−2 . For fiducial parameters at z ∼ 3 , with T4 ≡ T / 104 K ∼
 and 	12 ≡ 	HI / 10−12 s−1 ∼ 1 , equation ( 24 ) reduces to 

HI � 2 . 7 × 1013 (1 + δ)3 / 2 cm−2 , (25) 

mplying that H i self-shielding becomes important at overdensi- 
ies δ ∼ 200 . 
The ionization potential for C iv is roughly four times higher

han that of H i . Since the H i photoionization cross section scales
s σHI ∝ ν−3 , achieving τ ∼ 1 at the C iv edge would require a
actor of ∼ 43 � 64 higher NHI , corresponding to an overdensity 
arger by a factor of ∼ 15 . Thus, C iv -bearing gas would only
ecome self-shielded at δ ∼ 3000 . Gas at such high densities, 
owever, is unlikely to host a significant fraction of C iv , since
apid recombination drives carbon into lower ionization states 
also see Section 4.1 ). 
We confirm this explicitly in Fig. 7 , where we compare the

otal �CIV obtained when including gas up to a maximum density 
ontrast δmax ∼ 1000 at z ∼ 0 with two restricted cases in which
e truncate the integral at δmax = 600 and δmax = 300 , respec-
ively. Limiting to δmax ∼ 300 underestimates �CIV by about half a 
ex, but extending to δmax ∼ 600 recovers the full result to within
 few per cent. It is therefore safe to conclude that essentially all
f the C iv arises from gas with δ � 1000 , well below the densities
t which C iv -bearing gas would be significantly affected by self-
hielding. 

 DISCUSSIONS  

.1 Implications for observations 

ost observational studies of C iv indicate that a large fraction of 
he cosmological C iv budget resides in low-to-moderately over- 
ense, photoionized gas, as indicated by measurements of C iv 
mpact parameter, bCIV ∼ 10 km s −1 . At higher temperatures, 
here collisional ionization is relevant, carbon naturally shifts 
o higher ionization stages C v / vi / vii . These C iv -bearing regions
re typically associated with the progenitors of the Ly α forest and
yman-limit systems rather than the dense, virialized interiors 
f haloes. Pixel optical depth analyses (S. L. Ellison et al. 2000 ;
. Aguirre et al. 2002 ; J. Schaye et al. 2003 ; A. Aguirre et al. 2008 ;
. L. Turner et al. 2016 ) show that C iv is routinely detected down
o Ly α-forest overdensities ( δ ∼ 10 ), and that the inferred [C/H]
t these densities is of order 10−3 to 10−2 at z ∼ 2 –3. T.-S. Kim
t al. ( 2013 ) explicitly separate ‘enriched’ and ‘unenriched’ H i
orest and find that C iv -producing gas spans a wide range of NHI ,
ostly in the forest/LLS regime rather than in classical damped 
yman- α (DLA) columns. Additionally, large blind surveys that 
easure the cosmic C iv density parameter �C IV (A. Songaila 
MNRAS 552, 1–18 (2026)
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M

Figure 8. Normalized C iv abundance (see text for definition) in our 0D 

model w.r.t. overdensity at given redshifts. The black vertical line denotes 
virial overdensity for a Lagrangian density point (refer to Appendix B for 
calculation and assumptions). 
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997 , 2001 , 2005 ; V. D’Odorico et al. 2010 , 2013 , 2022 ) mostly tar-
et intervening C iv systems identified in high-resolution quasi-
tellar object (QSO) spectra, typically outside obvious DLAs and
ub-DLAs. Yet they recover essentially the full �C IV quoted in the
iterature from z � 1 . 5 up to the reionization epoch. This strongly
ndicates that DLAs and sub-DLAs do not dominate �C IV : they
ost important metal reservoirs in neutral gas but are too rare in
ath length to supply most of the cosmological C iv mass. 
To illustrate where in the density field the global C iv budget

esides, and how this partition evolves with time in this work, we
how in Fig. 8 , the cumulative C iv density parameter, �C IV (< �)
ormalized by the total C iv density parameter, as a function of 
verdensity at several redshifts. As evident, the dominant source
f C iv at higher redshifts is the diffuse IGM with � � 10 re-
ions contributing more than 50 per cent of the content even
p to z ∼ 3 . This picture is further supported by the scarcity of 
assive galaxies at high redshift, which implies shallower po-
ential wells from which metals can more easily escape, and by
he smaller physical size of the Universe at early times, which
acilitates the mixing of outflowing metals into the surround-
ng IGM (E. Scannapieco, A. Ferrara & P. Madau 2002 ; B. D.
ppenheimer & R. Davé 2006 ; L. Tornatore, A. Ferrara & R.
chneider 2007 ; V. Bromm & N. Yoshida 2011 ). With time, this
icture changes, as more massive haloes assemble and the cosmic
eb becomes increasingly non-linear, an ever-larger fraction of 
 iv originates in moderately to highly overdense environments
ssociated with near-galaxy regions and group-scale haloes rather
han the diffuse IGM. By z ∼ 2 , more than half of the total C iv
udget already arises from gas at � � 100 , and by the present
poch this fraction exceeds 90 per cent, indicating a progres-
ive migration of C iv from diffuse IGM into dense, halo-linked
nvironments. 
This picture is further reinforced by the kinematics of C iv
bsorbers. Firstly, by construction, blind surveys identify C iv
ystems directly from absorption features along random quasar
ightlines, without requiring any pre-selected galaxy counterpart.
alaxy associations are then established a posteriori by search-
ng for nearby galaxies in redshift surveys around each absorber,
NRAS 552, 1–18 (2026)
ypically within projected separations of order a few ×100 kpc
nd line-of-sight velocity offsets | �v | � few × 100 km s−1 (e.g. M.
andoni et al. 2016 ; E. Banerjee et al. 2023 ). In practice, many
bsorbers either have multiple plausible galaxy matches within
hese windows or no secure counterpart at all. Combined with the
elatively high C iv covering fractions out to, and in some cases
eyond, the virial radius, this strongly indicates that a substantial
raction of �C IV resides in an extended, metal-enriched IGM sur-
ounding haloes, rather than being confined to the inner CGM of 
ndividual galaxies. 
Secondly, if C iv predominantly traces such low-density gas,

ts redshift-space clustering around galaxies is expected to show
nly weak line-of-sight elongation on small scales, i.e. suppressed
inger-of-God features in the 2D galaxy-C iv correlation func-
ion. Conversely, the clustering signal on Mpc scales may be
trengthened, as C iv traces large-scale structure and filamentary
ccretion flows rather than the virialized motions of gas within
ndividual haloes. In this picture, the distribution of absorber-
alaxy velocity offsets, | �v | , should also be comparatively narrow,
ith fewer absorbers at large | �v | than in a population dominated
y virialized halo gas. On larger, quasi-linear scales, the redshift-
pace signal should be shaped mainly by coherent infall towards
verdense regions rather than by random virial motions within
aloes. In that case, C iv would trace the large-scale cosmic web
nd filamentary velocity field more closely than the disturbed
nternal kinematics of halo gas. Observational studies provide
ome suggestive support for this picture, with C iv absorbers of-
en found within a few hundred km s−1 of nearby galaxies and,
n some cases, interpreted as tracing filamentary or accreting
tructures (E. Banerjee et al. 2023 ). However, current evidence
s not yet sufficient to establish that the redshift-space signal
s generically dominated by coherent infall rather than virial
otions in halo gas. 

.2 Ionization balance in the IGM 

iven this environmental and kinematic picture, a natural next
tep is to ask where in density space the usual PIE assumption
emains valid. In particular, if most C iv arises in low- to mod-
rately overdense, photoionized gas in the near-galaxy IGM, we
eed to quantify over which ranges of � and redshift PIE provides
n adequate description, and where non-equilibrium effects or
ime-dependent radiation fields become important. We therefore
ow turn to a detailed comparison of our 0D ionization model
ith standard PIE-based ICs as a function of z and �. Accurate
odelling of the IC is essential for predicting the metallicity us-
ng observations of column densities, as shown in the following
quation: [
X 
H 

]
= log 10 

(
NXi 

NHI 

)
− log 10 

(
xXi 
xHI 

)
− log 10 

(
X 
H 

)
	

, 

here NXi is the column density of ion X i (e.g. C iv ), NHI is
he neutral hydrogen column density, xXi ≡ nXi /nX and xHI ≡
HI /nH are the ion fractions from a photoionization model,
(xXi /xHI ) is the IC, and (X/ H)	 is the solar abundance, and [ X/ H]
s the metallicity in dex relative to solar. 
To quantify non-equilibrium effects, the left panel of Fig. 9
hows, for each density track in our calculation, the ratio of the
C predicted by the NEI model to that obtained under PIE, 

IC NEI 

IC PIE 
≡ (xCIV /xHI )NEI 

(xCIV /xHI )PIE 
. 
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Figure 9. Left: Colourmap of the ratio between our ionization correction and the standard PIE-based correction used in observational metallicity 
estimates, (xCIV /xHI )NEI / (xCIV /xHI )PIE , shown in the z–� phase space. The dotted black curves trace the trajectories of a representative set of density 
points used in our analysis. The grey dashed curves show overdensities containing 25 and 75 per cent of global C iv content, showing why non-equilibrium 

does not have much impact on the overall C iv density parameter for z � 2 . The missing pixels towards low- z and low- �, and high- z and high- � indicate 
extremely small ion fractions for C iv and/or H i . Right: Time evolution of global C iv density parameter relative to H i density parameter in our 0D 

model (NEI), under the assumption of PIE, and assuming total equilibrium (TEQ) (see text for details). The NEI treatment predicts enhanced C iv 
abundances relative to PIE over 3 . 5 � z � 5 , broadly coincident with He ii reionization. After this phase, the C iv -bearing gas progressively relaxes 
towards photoionization equilibrium, and the difference between the NEI and PIE predictions decreases. In contrast, the C iv TEQ model remains in 
significantly better agreement with the NEI calculation both across this redshift interval and at later times. 
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his ratio is evaluated along the full trajectory of each density
lement and then interpolated in the two-dimensional density- 
edshift phase space to construct a continuous colourmap. To 
void regimes where the ratio is dominated by numerical noise, 
e restrict the plotted samples to xCIV > 10−9 and xHI > 10−7 . 
ith this cut, only a small number of pixels remain undefined,
rimarily at the high-density end and at high redshift. 
However, the global impact of these local non-equilibrium de- 
iations cannot be inferred directly from the left panel alone, 
ince different density regimes contribute with different weights 
nd may respond differently to the evolving UVB and thermal 
istory. Since �x can be regarded, up to a normalization factor, 
s a density-weighted ion fraction (since it is found only after
ntegrating over the gas density PDF), �CIV / �HI would roughly 
epresent the average ion fraction ratio of C iv and H i . The right
anel of Fig. 9 shows the redshift evolution of �CIV / �HI . We com-
are the NEI prediction with the corresponding PIE and total- 
quilibrium (TEQ) estimates to assess how the density-dependent 
Cs propagate into the integrated C iv -to-H i abundance ratio.
nlike PIE, which balances only photoheating and radiative cool- 
ng, TEQ also includes the additional terms entering the full 
hermal evolution, namely Hubble cooling, the density-evolution 
erm d�/ d t, and the inverse Compton cooling. We first focus
n the PIE case, since this approximation is more commonly 
dopted in the literature, such as CLOUDY -based models, and 
efer a more detailed discussion of the TEQ model to the next
ubsection. 
The figure shows that IC NEI /IC PIE varies with both density and 

edshift. Over a large part of the density-redshift phase space, the
atio remains close to unity, indicating that the NEI and PIE ICs
re broadly similar for much of the parameter range relevant to
ur calculation. The departures from unity are therefore localized 
o specific regimes rather than reflecting a systematic offset be- 
ween the two treatments. At z � 4 the diffuse and under-dense
as tends to show larger ICs in the NEI calculation than in PIE,
orresponding to higher xCIV /xHI . This behaviour arises because 
ecombination time-scales in under-dense regions are relatively 
ong compared to the time-scales over which the UVB and ther-
al states evolve, so the gas does not fully relax to instantaneous
IE and can remain over-ionized relative to the PIE solution. At
igher densities, recombination becomes more efficient, allowing 
he ion fractions to more closely track the instantaneous ioniza- 
ion assumption in PIE. In these regions, the NEI and PIE ICs ei-
her converge or, in some parts of the phase space, the NEI correc-
ion becomes smaller than the PIE value. However, this behaviour 
hould not be interpreted solely as evidence that long ioniza- 
ion or recombination time-scales drive the gas far from equilib- 
ium. For the C iv -bearing gas considered here, the relevant pho-
oionization and recombination time-scales are generally shorter 
han both the time-scale over which the UVB evolves and the
ubble time. Thus, the gas can remain close to an ionization-
quilibrium state even when the NEI and PIE predictions 
iffer. 
This point is particularly relevant around 3 . 5 � z � 5 , where

he NEI and PIE predictions show localized departures in the 
onization-correction map. At z � 5 , the NEI and PIE carbon ion
ractions are broadly similar, with most of the carbon residing 
n C iii . At lower redshifts, as the UVB and thermal state evolve
hrough the He ii reionization era, the thermal history followed 
y the NEI calculation begins to differ from that assumed in the
IE calculation mainly due to the Hubble cooling term present 
n the NEI calculation. This changes the relative populations of 
 iii , C iv , and higher ionization states such as C v , C vi , and
 vii , as shown in Fig. C1 . The resulting enhancement or suppres-
MNRAS 552, 1–18 (2026)
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ion of C iv in the NEI case therefore reflects both the thermal
istory of the gas and the ionization balance associated with that
hermal state. 
This behaviour helps explain the structure seen in the

onization-correction ratio. Regions with IC NEI /IC PIE > 1 ,
ncluding parts of the 3 . 5 � z � 5 regime, occur where the NEI
alculation yields an enhanced C iv abundance relative to PIE.
onversely, regions with IC NEI /IC PIE < 1 , including parts of the
igh-redshift phase space, indicate that the NEI IC is smaller
han the PIE value. These regions can, respectively, raise or lower
he predicted contribution of C iv relative to the PIE expectation.
We caution, however, that the ionization-correction ratio alone
hould not be over-interpreted. In particular, �CIV / �HI depends
n both the carbon and hydrogen ionization states. A lower value
f �CIV / �HI in NEI may arise from a suppression of C iv , an en-
ancement of H i , or a combination of both relative to PIE. Sim-
larly, uncertainties in the weighting and interpolation of the ion
ractions over the density field and redshift can affect the precise
agnitude of the difference. In the next subsection, we compare
EI, PIE, and TEQ more directly in order to separate genuine
ime-dependent ionization effects from differences caused by the
ssumed thermal state. 

.3 Non-equilibrium ionization versus photoionization 

quilibrium versus total equilibrium 

his comparison is useful because the differences between NEI
nd PIE are not necessarily caused only by delayed ionization or
ecombination. They can also arise because the two calculations
orrespond to different thermal states. 
To illustrate this, we consider gas with overdensity � ∼ 10 at

 ∼ 3 . 5 , a regime that contributes significantly to C iv absorption
t these redshifts. The relevant time-scales are 

ph ≡ 	−1 
CIV , trr ≡ ( αCV ne ) −1 , trad ≡

∣∣∣∣d ln 	CIV 

d t 

∣∣∣∣
−1 

, tH ≡ H−1 , 

here tph and trr are the photoionization and recombination time-
cales of C iv and C v , respectively, trad is the characteristic UVB-
volution time- scale, and tH is the Hubble time. For the C iv -
earing gas considered here, we estimate 

ph ∼ 107 yr , trr ∼ 3 × 106 yr , trad ∼ 5 × 108 yr , tH ∼ 109 yr , 

o that 

rr � tph � trad � tH . 

his hierarchy shows that the ionization state can adjust much
aster than either the UVB or the cosmological background
volves. Thus, the gas can remain close to ionization equilibrium.
The difference between PIE and TEQ is instead mainly ther-
al. PIE obtains the equilibrium temperature by balancing pho-
oheating against radiative cooling alone. TEQ, on the other
and, also includes the additional terms entering the full thermal
volution, including Hubble cooling, the density-evolution term
�/ d t, and inverse Compton cooling. Towards lower redshift,
ubble cooling becomes increasingly important relative to pho-
oheating, as shown in Fig. 10 . Here, R denotes a volumetric cool-
ng/heating rate (erg s−1 cm−3 ), i.e. a contribution to the change
n thermal energy per unit volume per unit time and should not
e interpreted as the inverse of a microscopic time-scale. The
ubble cooling term is 

H = 3 γHP, 
NRAS 552, 1–18 (2026)
here H is the Hubble parameter and P is the gas pressure. The
hotoheating contribution is 

ph = (γ − 1)
∑ 

i 

ni Hi , 

here the sum runs over all the ions considered ( i =
i ,He i ,He ii , etc.), ni is the number density of species i ,
nd Hi is the photoheating rate per ion. Thus, although the
icroscopic photoionization time-scale can be much shorter
han the Hubble time, the total volumetric photoheating rate can
till be small when the relevant absorbing species are rare, as is
he case once hydrogen and helium are highly ionized. 
To maintain thermal equilibrium in the presence of this ad-
itional cooling channel, the gas settles to a lower temperature,
roducing a higher H i fraction, which further contributes to
igher photo-ionization heating. Thus, both PIE and TEQ de-
cribe equilibrium ionization states, but at different equilibrium
emperatures. The closer agreement of TEQ with NEI around
 ∼ 3 . 5 therefore suggests that much of the PIE-NEI discrepancy
s driven by the thermal state assumed in the equilibrium calcula-
ion, rather than by a breakdown of ionization equilibrium. It also
uggests that the total equilibrium is an acceptable equilibrium in
he IGM ionization calculations. 

.4 Effect of patchy reionization 

hroughout this work, we have assumed a homogeneous UVB.
owever, observations have shown that hydrogen did not reion-
ze everywhere at once (S. R. Furlanetto, M. Zaldarriaga & L.
ernquist 2004 ; G. D. Becker et al. 2015 ; M. McQuinn & P. R. Up-
on Sanderbeck 2015 ; A. Mesinger 2016 ). Ionization fronts from
alaxies and quasars carved expanding bubbles that overlapped
ver a range of times, so each region has its own reionization
edshift and spectral hardness history. This spatial-temporal in-
omogeneity is crucial for modelling the IGM thermal history
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ecause the impulsive heating at reionization (to ∼ 1 - 3 × 104 K )
nd the long cooling time imprint a thermal memory , increasing
 − � scatter and driving the gas towards an isothermal state and 
ltering pressure-smoothing scales (L. Hui & N. Y. Gnedin 1997 ; 
. Schaye et al. 2000 ; L. Hui & Z. Haiman 2003 ; L. Gleser et al.
005 ; M. McQuinn et al. 2009 ; G. Kulkarni et al. 2015 ; F. Nasir
t al. 2016 ; A. Rorai et al. 2017 ). The same patchiness also shapes
nferred metallicities and the cosmic C iv abundance: tempera- 
ure variations directly change recombination rates, fluctuations 
n UVB hardness shift the carbon charge balance (C ii /C iii /C iv ),
nd neutral/self-shielded islands suppress C iv even at fixed 
etal mass. Ignoring patchiness, therefore, biases metallicity es- 
imates (low or high depending on local conditions) and can 
isestimate �C IV and ion ratio statistics. Hence, realistic mod- 
ls must track reionization timing and spatial UVB variations 
o connect observations of C iv to the true metal content of the
GM. This is significantly complicated to implement in our 0D 

ramework since a relation between local overdensities and the 
ass of the host galaxies has to be established first, a job that we
eep for the near future. 

.5 Local galactic radiation field 

 strong local galactic radiation field (from a nearby star-forming 
alaxy or QSO) raises both the photoheating and the photoioniza- 
ion rates, thereby reshaping the thermal and ionization histories 
f the surrounding CGM/IGM gas (S. Cantalupo, S. J. Lilly & 

. G. Haehnelt 2012 ; B. D. Oppenheimer & J. Schaye 2013 ; A.-
. Eilers et al. 2017 ; J. Tumlinson, M. S. Peeples & J. K. Werk
017 ; F. B. Davies, J. F. Hennawi & A.-C. Eilers 2019 ). The ex-
ra photoheating drives gas to higher temperatures immediately 
fter illumination and delays subsequent cooling, increasing the 
ressure-smoothing scale. When the source fades, finite recombi- 
ation/cooling times leave non-equilibrium (‘fossil’) zones that 
emain over-ionized for Myr. The extra ionizing photons from 

tars and AGNs can efficiently drive C iii → C iv and, if very
ard/hot, can push C iv → C v . Consequently, the net impact
n C iv is environment-dependent: moderate heating with mod- 
st spectral hardness can increase xC IV and the C iv incidence 
or the covering fraction), while very hot gas or extremely hard
pectra can deplete C iv in favour of higher ions. For metallicity
nferences, a local field thereby alters the ICs. Erroneous esti- 
ates of C iv under the assumption of a spatially uniform UVB
ay overestimate (or underestimate) metallicity depending upon 
pectral hardness. In fact, one can turn our 0D framework into
 tool to put constraints on the local radiation field for a region
ith known metallicity. For example, assuming that the large- 
cale C iv observations (as shown in Fig. 4 ) and its associate Z(z)
odel (red lines in figure 5 ) represent the true nature of the IGM
etals and the only difference in the local universe ( z ∼ 0 , as
easured by N. Lehner et al. 2016 ) is the radiation field. In that
ase, one needs ∼ 10 times more local radiation field at E > 64
V. In the real world, of course, one would want to fit these two
uantities (metallicity and the radiation field) simultaneously to 
he observed data. 

 CONCLUSIONS  

e have developed and validated a metals-inclusive, non- 
quilibrium, 0D framework that evolves the coupled thermal 
nd ionization state of Lagrangian gas elements exposed to a 
ime-dependent metagalactic UVB. The model integrates stiff rate 
quations for H/He and a network of metal ions, while self-
onsistently accounting for photo-heating and other dominant 
ooling processes. Its central advantage is that it retains the 
istory dependence of ionization balance and thermal evolution 
‘memory’) at negligible computational cost relative to full 3D 

EI hydrodynamical simulations, enabling rapid exploration of 
VB choices, reionization timelines, shielding prescriptions, and 
ensity histories. 
When benchmarked against full 3D NEI hydrodynamical cal- 
ulations, the 0D model reproduces the IGM thermal and ioniza- 
ion histories with good fidelity. The mean-density temperature 
0 (z) is recovered to within a few ×103 K (up to ∼ 40 per cent )
ver a wide redshift range, including the characteristic heat- 
ng feature associated with He ii reionization. The slope of the
emperature–density relation, γfit (z) , is reproduced to within a 
ew ∼ 10 per cent for � � 10 , with most residual disagreements 
oncentrated at z � 6 . The redshift evolution of the H i and He ii
ractions likewise tracks the 3D NEI results closely, showing that 
he simplified 0D treatment captures the dominant ionization- 
ime-scale effects relevant for Ly α-forest applications. 
By evolving an ensemble of overdensities { � j } and weight- 

ng them with baryon density PDFs calibrated from cosmologi- 
al hydrodynamical simulations, we obtain efficient predictions 
or the cosmic C iv density parameter, �CIV (z) , and use them
o infer metallicities from observed �CIV . The predicted �CIV is 
ominated by diffuse-to-moderately overdense IGM gas rather 
han by a predominantly CGM phase. The density range that 
ontributes to the NCIV most evolves with time, shifting from 

ow-density regions at high redshift to progressively more moder- 
tely overdense environments towards lower redshift. This trend 
s quantified by controlled density-cut experiments: truncating 
he density support at δmax ∼300 underestimates �CIV by � 0 . 5
ex, whereas extending to δmax ∼600 recovers the full result 
o within a few per cent, with substantially higher overdensi- 
ies contributing little to the global C iv budget. The metallic-
ties inferred by matching �obs 

CIV are in reasonable agreement 
ith observational constraints (from multiple metal lines) at 
 � 2 -3; at low redshift, we infer somewhat lower metallici-
ies that nevertheless remain consistent within the observational 
scatter. 
The same framework enables rapid, transparent sensitivity 

ests that map astrophysical assumptions into both thermal and 
etal-line observables. In particular, varying the timing of reion- 
zation produces transient differences in the IGM thermal state, 
ut both T0 (z) and γfit (z) converge to the fiducial evolution by z ∼
 , indicating little residual ‘memory’ at later times in these global
iagnostics. We also find that including self-shielding has no 
iscernible impact on the global �CIV , since the highest-density, 
elf-shielded gas contributes negligibly to the cosmic C iv mass 
udget in our calculations. 
The present approach adopts a number of simplifying assump- 

ions, most notably a spatially uniform UVB and prescribed den- 
ity histories in place of fully coupled hydrodynamics, in ex- 
hange for computational speed and physical transparency. Its 
rincipal strength is that it provides a fast and flexible framework
or following the complete ionization state of IGM gas, including 
/He and an extended metal-ion network, self-consistently with 
he thermal evolution. Such ion-by-ion, time-dependent mod- 
lling is difficult to carry out routinely in full 3D cosmologi-
al simulations, making the present framework especially use- 
ul for exploring the impact of microphysical assumptions in a 
ontrolled manner. Although in this work we have focused on 
MNRAS 552, 1–18 (2026)
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 iv because of the abundance of observational data sets across
 wide range of redshifts, the framework is sufficiently general
o be applied to a broader range of metal absorbers in the IGM.
 natural next application is Si iv , which traces broadly similar
hotoionized gas while providing complementary sensitivity to
he ionization state, metallicity, and spectral shape of the UVB (L.
elsh et al. 2025 ). It would also be valuable to extend the model
o ions such as O vi , which can trace a broader and physically
istinct range of environments, including both photoionized gas
nd warmer, lower-density material in which collisional ioniza-
ion may become important, but is not yet included in the present
mplementation. Even though different absorbers can trace envi-
onments distinct from those emphasized here, the flexibility of 
ur framework makes it well-suited for incorporating the relevant
dditional physics. More generally, applying the model jointly to
ultiple ionic species would enable a more complete characteri-
ation of the thermal, ionization, and enrichment state of diffuse
osmic gas. In this sense, the framework serves as a compact
est bed for isolating how specific astrophysical assumptions and
ieces of microphysics propagate into ion fractions and thermal
istories. Natural extensions, which we defer to future work, in-
lude the incorporation of additional physics and sources of in-
omogeneity such as dust heating, local galactic radiation fields,
atchy reionization, and UVB fluctuations, as well as redshift-
ependent enrichment histories. These developments would fur-
her strengthen the connection between microphysical modelling
nd absorption-line inferences. 
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PPENDIX  A:  COMPARISON  OF  IGM  

ROCESSES  

ig. A1 shows the evolution of the main IGM heating and cooling
ates for (i) a homogeneous universe with δi = 0 (top panel) and
ii) an initially overdense region with δi = 1 , evolved using 1LPT
bottom left) and the spherical collapse model (bottom right). 
t the cosmic mean density, photoheating dominates over both 
diabatic and inverse Compton cooling during H i + He i reion-
zation. Thereafter, the gas settles into PIE until the onset of 
e ii reionization. Once helium becomes predominantly doubly 
onized, the thermal evolution is governed mainly by adiabatic 
ooling associated with the Hubble expansion. 
For the overdense region, the 1LPT case shows a broadly simi-

ar qualitative evolution, with only modest differences from the 
ean-density case. The main distinction is the appearance of 
diabatic heating from local gravitational compression, which be- 
omes comparable to photoheating after the end of He ii reioniza-
ion ( z � 3 ). The spherical collapse case, however, exhibits a qual-
tatively different late-time behaviour. At early times, when the 
verdensity remains in the quasi-linear regime, the evolution re- 
embles that in 1LPT. As the collapse proceeds, however, the den-
ity grows increasingly rapidly until shell crossing is reached. In 
his case, photoheating remains the dominant process through- 
ut the evolution. 
Fig. A2 shows the corresponding temperature evolution for 

he δi = 1 trajectory in the 1LPT and SCM prescriptions. The
wo temperature tracks initially agree closely, but the spheri- 
al collapse solution drops sharply around z ∼ 7 . We speculate
hat this decline is caused by enhanced radiative recombina- 
ion cooling, which is not shown in Fig. A1 . Because recombi-
ation cooling scales approximately as �2 , whereas photoheat- 
ng scales only as �, it can become dominant once the over-
ensity grows sufficiently large, thereby driving the temperature 
ownward. 
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M

Figure A1. Comparison of the heating and cooling rates employed in this study for (i) gas at the cosmic mean density (top panel) and (ii) at initial 
overdensity, δi = 1 (bottom panel). The left column shows the density trajectory evolved using 1LPT, while in the right column the density grows using 
SCM. We stop the spherical collapse prescription at z ∼ 6 due to shell crossing. 

Figure A2. Evolution of temperature at initial overdensity, δi = 1 using 
1LPT and SCM. 
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PPENDIX  B:  LOCAL  VIRIALIZED  DENSITY  

n this Appendix, we present the calculations for local virial
verdensity as shown in Fig. 8 . We define the virial radius of a
alo at redshift z by requiring that the mean density inside Rvir 
NRAS 552, 1–18 (2026)
s a fixed overdensity �vir times some reference density ρref (z) ,
sually either the critical density ρcrit (z) or the mean background
atter density ρ̄m 

(z) : 

¯(< Rvir ) ≡ 3 Mvir 

4 πR3 vir 
= �vir ρref (z) . (B1) 

or a given halo mass Mvir and choice of �vir , this immediately
ives 

vir =
(

3 Mvir 

4 π�vir ρref (z) 

)1 / 3 

. (B2) 

e refer to ρ̄vir ≡ ρ̄(< Rvir ) as the virial density . 

1 NFW profile and the virial density 

or an NFW halo (J. F. Navarro, C. S. Frenk & S. D. M. White
997 ), the density profile is 

(r) = ρs 

x(1 + x)2 
, x ≡ r 

rs 
, (B3) 

here rs is the scale radius and ρs is the characteristic density. In-
roducing the concentration parameter c ≡ Rvir /rs , the enclosed
ass is 

(< r) = 4 πρs r3 s 

[
ln (1 + x) − x 

1 + x 

]
. (B4) 
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he mean density inside radius r then becomes 

¯(< r) = 3 M(< r) 
4 πr3 

= 3 ρs 
ln (1 + x) − x/ (1 + x) 

x3 
. (B5) 

valuating at r = Rvir (i.e. x = c ) and imposing the virial defini-
ion ρ̄(< Rvir ) = �vir ρref (z) gives 

vir ρref (z) = 3 ρs 
ln (1 + c ) − c/ (1 + c ) 

c3 
, (B6) 

o that the scale density is 

s = �vir ρref (z) 
3 

c3 

ln (1 + c ) − c/ (1 + c ) 
. (B7) 

quations ( B7 ) and the definition of Rvir fully specify the NFW
arameters (ρs , rs ) for a halo of given (Mvir , �vir , ρref , c ) . 

2 Local versus average virial overdensity 

or a given radius r inside the halo, we distinguish: 

(i) the local overdensity 

loc (r) ≡ ρ(r) 
ρref (z) 

, (B8) 

(ii) the mean overdensity enclosed within r 

¯ (r) ≡ ρ̄(< r) 
ρref (z) 

. (B9) 

For the NFW profile, the ratio of local to mean density at radius
 is 
ρ(r) 

ρ̄(< r) 
= x2 

3(1 + x)2 [ ln (1 + x) − x/ (1 + x)] 
, x = r 

rs 
. (B10) 

valuating equation ( B10 ) at the virial radius, x = c , and using
¯ (Rvir ) = �vir , we obtain the local virial overdensity : 

loc (Rvir ) = ρ(Rvir ) 
ρref (z) 

= �vir 
c2 

3(1 + c )2 [ ln (1 + c ) − c/ (1 + c )] 
. 

(B11) 

quivalently, 

�loc (Rvir ) 
�vir 

= ρ(Rvir ) 
ρ̄(< Rvir ) 

= c2 

3(1 + c )2 [ ln (1 + c ) − c/ (1 + c )] 
. 

(B12) 

For a Milky Way halo with typical concentration, c ∼ 10 , this
atio is ρ(Rvir ) /ρ̄(< Rvir ) ∼ 0 . 2 , so that the local density at the
irial boundary is substantially lower than the average density 
nside Rvir . In other words, even though the average virial over-
ensity is �vir � 180 , 3 the local overdensity experienced by a La-
rangian mass shell that ends up near Rvir is only of order ∼ 30 –40
or an NFW halo with realistic c . 

PPENDIX  C:  IONIZATION  STATES  OF  

ARBON  IN  NEI  AND  PIE  

In Fig. C1 , we show the evolution of different ionization states
f carbon under both NEI (solid), PIE (dashed), and TEQ (dot-
ed) for an initial overdensity of �i ≈ 1 . 1 . We omit C i , as its
ontribution is negligible. This density is chosen because gas in 
his regime is expected to contribute a substantial fraction of 
 iv over z ∼ 3 . 5 . The figure shows that at high redshifts, z � 4 ,
ll three calculations predict C iii / iv to be the dominant carbon
onization states. Around the epoch of He ii reionization, how- 
ver, the treatments begin to show differences. In the PIE case,
he carbon ion fractions respond instantaneously to the evolving 
hermal and ionizing background, shifting a larger fraction of 
arbon into higher ionization states, especially C v , C vi , and
 vii . In contrast, the NEI calculation retains memory of the
revious ionization state, so the transition to these higher ions 
s delayed. As a result, NEI predicts relatively larger fractions of 
 iii and C iv over z � 4 compared to PIE. At later times, once the
onization and recombination time-scales become short enough 
elative to the evolution of the UVB and thermal state, the NEI ion
ractions relax towards their corresponding equilibrium values. 
e also show a TEQ case, in which the equilibrium temperature
s computed by balancing not only photoheating and radiative 
ooling, but also the cosmological terms that enter the thermal 
volution, including Hubble cooling, the density-evolution term 

�/ d t, and inverse Compton cooling. Including these additional 
hermal terms shifts the equilibrium temperature closer to the 
EI thermal state, and therefore brings the corresponding carbon 
on fractions into better agreement with the NEI calculation than 
n the PIE case. 

 The virial overdensity is known to be weakly dependent on cosmology
nd redshift. Given that we are only interested in simple and qualitative
omparison, we assume �m 

= 1 and z = 2 for calculating �loc (Rvir ) . 
MNRAS 552, 1–18 (2026)
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Figure C1. Ionization states of carbon corresponding to initial overdensity, �i ≈ 1 . 1 ( � ≈ 1 . 5 at z ≈ 3 . 5 ), one of the initial densities likely to host the 
majority of C iv at z ∼ 3 . 5 . Additionally, we also show H i (olive green) and the ratio of ion fractions of C iv and H i normalized by 105 (orange). Solid, 
dashed, and dotted curves denote NEI, PIE, and TEQ cases, respectively. 
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