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ABSTRACT

The peculiar motions of galaxies are powerful cosmological probes that trace the growth of structures and the distribution
of matter in the universe, providing a means to investigate the nature of dark energy and test gravity on cosmological scales.
However, their direct observation is extremely challenging, as it requires independent and precise distance measurements
to galaxies. We present a Bayesian approach to estimate the radial component of peculiar velocities of galaxies hosting
Type Ia supernovae (SNe Ia), relying solely on the background cosmological model and the precision of the SN Ia data.
Unlike other peculiar velocity estimators based on Hubble residuals, our method does not assume local linearity of
the magnitude-redshift relation or a fixed cosmology, reducing potential bias even for large peculiar velocities and self-
consistently avoiding bias due to a wrong cosmology. We validate our method using simulated supernova data with the
precision of current and upcoming surveys, and further compare it with the linearized estimator to test its efficacy. We
show that our estimator has lower bias than the standard estimator and remains consistent even for peculiar velocities
comparable to the Hubble flow. We also present a Bayesian derivation for the linearized estimator generalized to include

the supernova magnitude covariance.

Key words: methods: statistical - cosmological parameters - large-scale structure of Universe.

1 INTRODUCTION

Observations of Type Ia supernovae (SNe Ia) have been pivotal
in shaping our understanding of the cosmos, particularly the
dynamics of the late-time universe. Their discovery provided the
first direct evidence for the accelerated expansion of the uni-
verse (A. G. Riess & others 1998; S. Perlmutter & others 1999),
a phenomenon attributed to dark energy or a cosmological con-
stant. As standardizable candles, SNe Ia serve as precise distance
indicators, enabling measurements of cosmic expansion across a
wide redshift range and placing tight constraints on cosmological
parameters. Analyses of magnitude-redshift data, for example,
have yielded precise estimates of the Hubble constant, such as
Hy = 73.04 +1.04km s~!Mpc~! (A. G. Riess & others 2022). De-
spite the growing number of observed supernovae, the precision
of cosmological inference from SNe Ia remains limited by sys-
tematic uncertainties in their standardization and photometric
calibration (M. Vincenzi & others 2024; S. Dhawan, B. Popovic &
A. Goobar 2025; G. Efstathiou 2025; M. Ginolin & others 2025).
Nevertheless, current analyses have achieved percent-level pre-
cision on key cosmological parameters using SN Ia data alone. A
significant source of uncertainty arises from the peculiar motions
of supernova host galaxies (R. A. Vanderveld 2008; T. M. Davis
et al. 2011; B. Carreres & others 2025) that are deviations from the
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pure Hubble flow caused by gravitational interactions with large-
scale structure (P. J. E. Peebles 1980). These motions perturb the
observed redshifts and introduce additional scatter in distance
measurements. Understanding the redshift dependence of these
effects is crucial not only for refining cosmological constraints
from SNe Ia, but also for probing growth of structures and testing
gravity on cosmological scales (D. Huterer & others 2015).

The peculiar motions arise from the gravitational interaction
of overdense regions and consist of a large-scale coherent compo-
nent and small-scale random motions. From linear perturbation
theory, the coherent velocities can be predicted from the density
contrast on very large scales (P. J. E. Peebles 1980; M. A. Strauss
& J. A. Willick 1995; F. Bernardeau et al. 2002); however, this
approximation fails on small, nonlinear scales where the random,
virialized motions of individual galaxies dominate (M. Davis &
P. J. E. Peebles 1983). Since gravitational instabilities give rise to
both the density contrast and peculiar motions, the latter con-
tain roughly half of the information in the phase space of the
matter distribution, especially on non-linear scales (M. A. Strauss
& J. A. Willick 1995; C. Howlett, L. Staveley-Smith & C. Blake
2017). Moreover, while the observed galaxy distribution repre-
sents only baryonic matter and must be converted to the total
matter density using bias modelling, peculiar velocities directly
trace the gravitational potential and are therefore free from such
bias (N. Kaiser 1984; V. Desjacques, D. Jeong & F. Schmidt 2018).
As aresult, independent measurements of peculiar velocities can
provide complementary information to galaxy clustering surveys.
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At quasi-linear and nonlinear scales, peculiar velocities and their
statistical measures, such as the mean pairwise velocity of matter,
can be computed from state-of-the-art cosmological N-body (V.
Springel et al. 2005; E. Jennings 2012; T. Okumura et al. 2014).
When combined with higher-order galaxy clustering statistics,
these peculiar velocities become powerful probes for constraining
modified gravity and dark energy models (N. Kaiser 1987; E. V.
Linder 2005; T. Clifton et al. 2012). In particular, while many
of these models predict similar background cosmological evolu-
tions, they exhibit distinct signatures in perturbations, especially
on small scales (K. Koyama 2016). Since dark energy began to
dominate only recently, such features cannot be effectively con-
strained using the CMB, which primarily probes the early uni-
verse and large scales. Therefore, peculiar-velocity measurements
provide a unique and essential probe of small-scale physics in the
late universe (C. Howlett et al. 2017).

Given their unique advantages as cosmological probes, numer-
ous efforts have been devoted to measuring peculiar velocities
with increasing precision. The most common approach for co-
herent motions is velocity field reconstruction, which infers the
peculiar velocity field from the observed galaxy distribution by
converting galaxy densities into total matter overdensities and
applying a linear integral operator, assuming a fiducial cosmol-
ogy, to relate density to velocity (A. Nusser & M. Davis 1994; J.
Carrick et al. 2015). However, since the reconstructed velocity
field is derived from the galaxy density field under an assumed
cosmology, it does not introduce additional independent degrees
of freedom; rather, it reflects the same information encoded in
the density field. Another approach uses empirical relations such
as the Fundamental Plane for elliptical galaxies (S. Djorgovski &
M. Davis 1987; A. Dressler et al. 1987) and the Tully-Fisher rela-
tion for spirals (R. B. Tully & J. R. Fisher 1977) to infer redshift-
independent distances and subtract the Hubble flow; while indi-
vidual measurements are noisy, their correlations ensembled over
many galaxies yield cosmological insights. SNe Ia offer a more
precise probe, as residuals from fitting the magnitude-redshift
relation in a given cosmological model can be translated into
peculiar velocities via standard error propagation (L. Hui & P. B.
Greene 2006; C. Gordon, K. Land & A. Slosar 2007; D. Huterer
et al. 2017). The standard Hubble residual-based peculiar velocity
estimators commonly used in the literature are derived under the
assumption of local linearity of the magnitude-redshift relation
(or distance-redshift relation), which is valid only when the pecu-
liar velocities are very small compared to the Hubble flow (v, <<
CZeos; T. M. Davis et al. 2011; B. Carreres et al. 2023). Moreover, the
estimator has to be evaluated at the unknown cosmological red-
shift, z..s, and with the true cosmological parameters. In practice,
the estimator is evaluated at the observed redshift and with the
fiducial values of the cosmological parameters. For small peculiar
velocities, the first approximation is valid; however, the choice of
a wrong cosmology can significantly bias the velocity estimates.
For v, ~ ¢Zcos, the linear approximation breaks, and the standard
estimator becomes biased even for the correct cosmology (B. Car-
reres et al. 2023) and therefore cannot be used reliably. Although
peculiar velocities can, in principle, be inferred using the exact
nonlinear relation, most practical implementations adopt this
linear approximation, which is the focus of our comparison (A.
Carr et al. 2022; E. R. Peterson & others 2022).

In this work, we present a Bayesian approach to estimating
the line-of-sight peculiar velocities of host galaxies using SN Ia
observations. We employ a method developed in a previous work
(U. Upadhyay, T. D. Saini & S. K. Sethi 2026) for fitting general
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non-linear models with errors in both dependent and indepen-
dent variables. Using the magnitude-redshift relation in the stan-
dard ACDM model without fixing its parameters, we estimate the
peculiar velocities at the redshifts of the observed SNe Ia. The
method is validated with simulated data having the precision of
current and upcoming supernova surveys. We also present a gen-
eralized Bayesian version of the standard linear-approximation-
based peculiar velocity estimator that accounts for the covariance
of SN Ia magnitudes. Using simulated data, we show that our
approach yields consistent estimates even for larger peculiar ve-
locities, where the linear approximation breaks down. Further,
it self-consistently avoids bias due to incorrect cosmology and
is free of the assumption of Gaussianity of the peculiar velocity
distribution and therefore works for both random and coherent
peculiar motion.

This paper is organized as follows. In Section 2, we briefly dis-
cuss the linear theory of peculiar velocities. In Section 3, we dis-
cuss the methodology. First, formulation of the Bayesian method
for fitting general errors-in-variables models and its specializa-
tion for the magnitude-redshift relation in Section 3.1, and then
the linear approximation-based estimator generalized to account
for SN Ia magnitude covariance in Section 3.2. In Section 4, we
present the results of testing and validating our methods using
simulated supernova data and their application to the Pantheon+
sample of SNe Ia. In Section 5, we conclude with a summary
of the work discussing the significance and limitations of our
approach compared to the existing literature on this problem
of peculiar velocity estimation. In Appendix A, we present a
Bayesian derivation of the linear approximation-based estimator
generalized to account for the supernova magnitude covariance.
In Appendix B, we present trace plots of the velocity estimates
at different redshifts and discuss the convergence issues arising
from the sensitivity of the likelihood to small redshift perturba-
tions.

2 PECULIAR VELOCITIES IN LINEAR THEORY

In cosmological theory, peculiar velocities of galaxies arise from
density perturbations. In linear theory, the curl-free velocity field
can be related to the density contrast, in Fourier space, as (P. J. E.
Peebles 1980):

ia(H)k 08(k, t)
k2 ot
In linear theory, the spatial and time dependence of the density
contrast are separable: §(k, t) = D (¢)8(k), where D*(¢) is the

growing mode of density contrast. This gives us:

ia(t)k dD*(¢)
k2 dt
The peculiar velocities of galaxies cannot be computed using
only the linear theory, as non-linear effects become important
at the scale of galaxies. The peculiar velocity field of galaxies is
modelled as the sum of a large-scale coherent velocity field and
a random, uncorrelated component owing to small-scale effects.
The large-scale, coherent velocity field can be simulated using
equation (2) for Gaussian density perturbations, an observed fea-
ture of linear perturbations. In this work, we use linear theory
only to simulate the coherent large-scale component of the pe-
culiar velocity field, which serves as the fiducial velocity field for
validating the proposed Bayesian inference method. We simulate
the coherent, large-scale velocity field. These simulations yield

v(k) = @

v(k) =

5(k) @)
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the linear component of the line-of-sight velocity field. The pro-
posed inference framework itself does not rely on the assump-
tion of linear theory and can, in principle, be applied to peculiar
velocity fields obtained from more realistic N-body simulations
or observational reconstructions. The details of the simulation
are discussed in Section 4, where the mock SN Ia catalogue is
constructed.

3 METHODOLOGY

The standard likelihood for estimating cosmological parameters
from magnitude-redshift data is sensitive to the contribution of
the peculiar velocity of supernova host galaxies to the observed
redshifts, especially at low redshifts. Therefore, if not properly
accounted for, these peculiar velocities can introduce bias into es-
timation of cosmological parameters such as matter density (),
Hubble constant (Hy), and the dark energy equation of state (w).
This effect is most pronounced at low redshifts (z < 0.1), where
typical peculiar velocities of a few hundred km s~! are compara-
ble to the Hubble flow, although coherent peculiar motions can
also induce correlated uncertainties at higher redshifts (L. Hui
& P. B. Greene 2006; T. M. Davis et al. 2011; A. Carr et al. 2022;
E. R. Peterson et al. 2022). Due to this dependence, however, it
also presents an opportunity to estimate these peculiar velocities
jointly with the cosmological parameters. In order to estimate the
peculiar motion of supernova host galaxies, we treat the fitting of
the magnitude-redshift relation to the SN Ia data as an errors-
in-variables model with the peculiar motions contributing to the
errors in the independent variable, z. For this, we use a Bayesian
estimator developed in our previous work (U. Upadhyay et al.
2026) to study and correct for the effect of peculiar motion of
galaxies on the inference of cosmological parameters from SN
Ia data. We also discuss a Bayesian derivation of the standard
peculiar velocity estimator based on a local linear approximation
of the magnitude-redshift relation, assuming Gaussian redshift
uncertainties induced by peculiar velocities, and generalize it to
incorporate supernova magnitude covariance (see Appendix A
for the details). Later in the manuscript, we validate and com-
pare these estimators using simulated SN Ia data with magnitude
uncertainties corresponding to the current and upcoming super-
nova surveys.

3.1 General errors-in-variables method

Here, we briefly outline the general method for fitting errors-in-
variables models and its specific cosmological application to fit-
ting the magnitude-redshift relation to supernova observations as
described in detail in U. Upadhyay et al. (2026), and then discuss
its application in peculiar velocity inference, which is the primary
focus of the present study. Consider a general model expressed in
functional form,

y = f(0,x). )

where 6 = {6,, 6,, ...0,,} are the model parameters, and x and y are
the independent and dependent variables of the model, respec-
tively. In the usual scenario where only the dependent variable,
¥, has noisy measurements or the uncertainty in the independent
variable is negligible, the likelihood is derived from the distri-
bution of errors in the dependent variable. However, in reality,
all measurements are subject to uncertainties, and we often en-
counter model-fitting problems in which the errors in both vari-
ables must be taken into account. Such model-fitting problems
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are called errors-in-variables models (C. Dougherty 2007). For the
simple linear model and Gaussian distribution of the errors, the
problem can be easily solved by analytically marginalizing over
the uncertainty in the independent variable to obtain a likelihood
based on errors in both dependent and independent variables
(W. H. Press et al. 1992). For an arbitrary non-linear model with
errors-in-variables, our approach is to treat the unknown true
value of the independent variable as parameters while treating
the errors in the dependent variables as usual. In the usual case
with errors only in the dependent variable, we proceed to write
the likelihood function assuming that the model predicts the true
values, y; and the measurements acquire some random noise, ey,,
yielding y; = y} + ey;. If the random noise in the measurement
has a probability distribution Py(ey), the likelihood function is
given by

Ly(D10,y") = [ [ Pr: —y)S0; — £(6, %), (C)

where D represents the data, and the Dirac delta function ensures
that the true values of the dependent variable y depend on 6 and
the measured independent variable x through the model function
f(6,x).Using Bayes’ theorem, the posterior distribution is given
by

P0.y" | D;I) o Ly(D | 6, y")P(0 | I) Q)

where, P(0 | I) is the prior distribution for the model parameters
0, and I denotes any other background information. When we
have errors in both dependent and independent variables, the
likelihood in equation (4) can be generalized to

Lxy(D10,x",y") = [ [ Pr i = y)Px (s — x))807 — £(8, %)),

(6)

where x;" are the true values of the independent variables, which
we treat as parameters, and Py is the probability distribution of
errors in the independent variable, x; = X + ex,. Again, using
Bayes’ theorem, the posterior distribution for the model parame-
ters @ and the independent variable x* can be written as

P@.x* | D; D) =[ [ A1 — fO. X )Px(xi — X )PO | DP2(x3).  (7)

where Px contains our prior information about the independent
variable, and P,: is a x2-distribution in x} given by

k—2 2
Xy~ exp(—xy/2)
P00 = T2y

with k as the desired degrees of freedom of the fit. Here, P,. is
a regularization factor, often introduced to mitigate overfitting
(D. S. Sivia 1996) — a common issue in high-dimensional prob-
lems such as this, where the number of parameters exceeds the
number of data points. Equation (7) allows us to estimate the pa-
rameters @ along with the correction in the independent variable
x. In this work, we are interested in fitting the magnitude-redshift
relation in the standard ACDM model, where # corresponds to
the cosmological parameters and the independent variable is the
redshift. Equation (7) thus enables joint estimation of cosmolog-
ical parameters and redshift uncertainties, which we assume to
originate from peculiar velocities. This approximation is justified
for the idealized mock data considered here and for the low-
redshift regime, where peculiar velocities dominate over other
sources of redshift and magnitude perturbations, while the effects
of gravitational lensing and spectroscopic redshift uncertainties

®)
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are negligible (C. Bonvin, R. Durrer & M. A. Gasparini 2006; T. M.
Davis et al. 2011; A. Carr et al. 2022).

The relation between the apparent magnitude (m) and redshift
(z) of a source is given by

D
m=M+510g(M—;C>+25, 9)

where M is the absolute magnitude, and Dy, is the luminosity dis-
tance of the source. For a flat Friedmann-Lemaitre-Robertson-
Walker universe, the luminosity distance of a source at a cosmo-
logical redshift z can be expressed as

_ c(1+z) [* dZ
D= /o @)’ (10)

where the dimensionless Hubble parameter is given by

h(z) = [Qu(1 +2)°* + Qop(1 + 2] . 1)

Here Q) and Qpg are the present-day matter and dark energy
density parameters, respectively, and w is the dark energy equa-
tion of state parameter. The radiation component has been ne-
glected, as it makes a negligible contribution to the late-time
expansion history over the redshift range probed by SNe Ia.

Due to the peculiar velocity of the host galaxy with respect
to the comoving frame, the observed redshift differs from the
cosmological redshift. Unless explicitly stated otherwise, we use
Z to denote the observed redshift and z* to denote the correspond-
ing cosmological redshift, which we treat as a free parameter in
the Bayesian analysis presented below. Thus, z; and 2z represent
the observed and cosmological redshifts of the i-th supernova,
respectively. To first order in the line-of-sight peculiar velocity
(vp < ©), the two are related by (T. M. Davis et al. 2011)

1+z=(1+z*)(1+v?p), (12)

In this context, the general expression in equation (7) takes the
following form:

P(6,z" | D:T) oc exp [—@] Py(zi — )P0 | DP2(x,2),
13)

where, x2 given by

x2(0,2") = m"C,'m, (14)

with the magnitude residual vector and covariance defined by

my — m(zy) Ur%zl © Omymy

m= ,and C,, = . (15)
my — m(zy) Omymy " O
For estimating the peculiar velocities, we sample from the above
posterior (equation 13) by varying both the ACDM parameters,
0 = {Hy, Qu), as well as the true redshifts z;. Thus, we obtain
the posterior distribution of redshift errors, Az; = z; — z, at each
redshift in the data, which can be converted into peculiar veloc-
ity using the relation, Az = (v,/c)(1 4 z). We observe that the
regularization term is not required for this problem; therefore,
we remove it later. Since our method does not require fixing
cosmological parameters, it self-consistently estimates peculiar
velocities and cosmological parameters within the assumed cos-
mological model, and the supernova data, reducing bias due to
fixed cosmological parameters. Moreover, by exploring the full
posterior of each redshift parameter, it naturally accounts for
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correlations among the peculiar velocities. It is important to note
that this method can capture only the line-of-sight component
of the peculiar velocities. Although this approach provides a
consistent estimate of the peculiar velocities of supernovae as
discussed in the next section, it involves a variation in the number
of parameters that exceeds the number of data points, which
can be very large, making it computationally very expensive and
statistically too ambitious for any realistic data. We assess the
efficacy and robustness of this approach using simulated data sets
that mimic both current observations and those anticipated from
future surveys. For comparison, we discuss the standard peculiar
velocity estimator based on locally linear approximation of the
magnitude-redshift relation and the Gaussian assumption of the
redshift uncertainty in the next section.

3.2 Linear approximation

In this section, we present a Bayesian derivation of the standard
Hubble residual-based peculiar velocity estimator from equation
(13), by assuming local linearity of the magnitude-redshift rela-
tion and Gaussian distribution for the redshift errors. Apart from
being a complementary Bayesian derivation, it also generalizes
the standard estimator by including supernova magnitude covari-
ance.

Starting with the posterior distribution in equation (13) with-
out the regularization factor, substituting x2 from equation (14),
and assuming that the redshift errors, ¢, follow a Gaussian dis-
tribution, we can write

* 1 T -1 1 T -1
P(0,7* | D; I) x exp |:—§m C, m] - exp [—Ez C, z] , (16)
where the redshift residual vector and associated covariance ma-
trix are given by

* 2.
21— % Oz Oz1zy

zZ= ,and C, = oo . 17)

* e 2
Iy — 2, Ozn21 UZN

Both the redshift vector z and its covariance matrix C, are un-
knowns of the problem, since neither the true cosmological red-
shifts z; nor their correlations are known a priori. Therefore,
these quantities define the prior probability distribution repre-
sented by the second factor in equation (16). In the present
work, we adopt a diagonal Gaussian covariance matrix, C, =
diag[o?, ..., 07], where o, is chosen to correspond to a prior
peculiar velocity dispersion of o, = 1000 kms™'. This value is
substantially larger than the characteristic peculiar velocity dis-
persion of nearby galaxies (~ 300 km s~!) commonly adopted in
supernova cosmology, thereby providing a weakly informative
prior that assumes the cosmological redshifts to be independent
a priori. If prior information on the correlations between peculiar
velocities is available, for example from a model of the peculiar
velocity field, it can be incorporated straightforwardly through
a non-diagonal covariance matrix. The diagonal Gaussian prior
assumed here is introduced solely to derive an analytical expres-
sion for the generalized linearized estimator, which extends the
commonly used linearized estimator to incorporate both mag-
nitude and redshift covariance. This estimator serves only as a
benchmark for comparison with the proposed Bayesian estima-
tor. The proposed Bayesian framework itself is not restricted to
this assumption and can readily accommodate more general prior
distributions.
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Here, regularization is not required since we are deriving an
analytic expression for the redshift errors. In the MCMC anal-
ysis, by contrast, the goal was to sample from the distribution,
where regularization could help stabilize parameter exploration
and prevent overfitting. Further, since we are interested in es-
timating the redshift parameters (or peculiar velocities), we fix
the cosmological parameters at their best-fitting values 6 = 6, to
obtain

1 1
P(z* | D; 0y; I) x exp [—EmTC;lm] - exp [—EzTcz’lz] , (18)

Taylor expanding the apparent magnitude about the observed
redshift, z, and keeping terms up to linear order in (z* — z), we
obtain

m(z") = m(z) + m'(2)(Z" — 2), 19)

where m'(z) is the derivative of m(z*) w.r.t. z* evaluated at z* = z.
Substituting (19) into (18) and rearranging the terms, we obtain
a multivariate Gaussian in z* with mean and covariance given by

-1
¢ — — I:Cz—l + M/Tc;llM/j| I:M/Tcr—nlmo + C;lzo] , (20)
and
. = [c;'+MTc, M, 1)

respectively. Here, M’ = diag[m], m), ...
are column vectors given by

, m;,], while m° and z°

my — m(z1) + m'(z1)z 21
m° = ,andz’ = : |. (22)
my — m(ZN) + m/(ZN )ZN Nx1 Ly

This provides estimates of the true cosmological redshifts and
associated uncertainties in their estimation. Subtracting the ob-
served redshift from equation (20) and converting the difference
Az to velocities using the relation Az = (v,/c)(1 4 z*), we get
an estimate of the peculiar velocities, under the assumption of
locally linear approximation of the magnitude-redshift relation
and the assumption of Gaussian distribution for the redshift er-
rors. This is a Bayesian derivation of the standard peculiar veloc-
ity estimator used in the literature (see B. Carreres et al. 2023)
expressed in matrix form. The main difference here is the gen-
eralization to include supernova magnitude covariance and the
explicit appearance of the prior through the redshift covariance
C,.

The linear approximation holds for small peculiar velocities
(vp << ¢z¥), which occur at high redshifts where the Hubble flow
dominates. At low redshifts, v, ~ cz*, and the estimator becomes
biased. Another source of bias in the standard estimator comes
from fixed cosmology. The quantities in equations (20) and (21)
are supposed to be computed at the cosmological redshifts (zcos)
and with the correct values of cosmological parameters. However,
Zeos 18 an unknown of the problem, and the inferred cosmological
parameters themselves could be biased due to the effect of un-
known peculiar velocities. In practice, the linearized estimator is
evaluated with the fiducial values of the cosmological parameters
and at the observed redshifts. The errors-in-variables approach
discussed in the previous section is free of both sources of bias,
as we show in the results section.

Apart from the bias discussed, there is another limitation in its
application - the estimates depend on the values of o, which
is what we want to measure. At this point, it is important to

Low-z galaxy peculiar motion from SNela 5

note that the Gaussian distribution in redshift errors can be in-
terpreted as a prior on the true redshift parameters. A very small
value of oy, corresponds to a narrow prior which will not allow
the redshift parameters, z*, to take any values far from the ob-
served redshifts, z. Similarly, a large value of o, corresponding to
a wide prior will yield a different estimate of o7r depending on
the likelihood based on the precision of the apparent magnitude
of the SN Ia. This effect can be understood more thoroughly by
taking various limits of equations (20) and (21), which we discuss
in Appendix A. It is safer to adopt a wide prior so that the posterior
is dominated by the likelihood rather than the prior; therefore,
we take o, ~ 1000 km s~!, which is substantially larger than the
characteristic peculiar velocity dispersion of nearby galaxies (~
300kms~1), thereby providing a deliberately weakly informative
prior. As shown by the limiting behaviour of equations (20) and
(21) in Appendix A, the influence of the prior is governed by
the relative widths of the prior and the likelihood. In particular,
when o, > 0,,/m'(2), where oy, is the uncertainty in the appar-
ent magnitude and m’'(z) is the slope of the magnitude-redshift
relation, the posterior is primarily determined by the likelihood,
whereas for 0, < 0,,/m'(z), it becomes increasingly prior domi-
nated, which can introduce bias in the inferred peculiar veloci-
ties.

4 RESULTS

Peculiar velocities constitute both an important source of system-
atic uncertainty in supernova cosmology and a valuable probe
of the growth of cosmic structure. In this section, we apply the
Bayesian errors-in-variables framework developed in Section 3 to
jointly infer peculiar velocities and cosmological parameters from
SN Ia data.

We first validate the proposed Bayesian estimator using simu-
lated magnitude-redshift data for which the input peculiar veloc-
ities and cosmological parameters are known, and recover their
posterior probability distributions. We then compare these results
with those obtained using the linearized estimator applied to the
same data set, thereby assessing the performance of the general
method relative to the linearized approach. Finally, we apply both
methods to the Pantheon+ sample of SNe Ia to investigate the
extent to which current data constrain peculiar motions.

4.1 Validation with simulated data

In order to validate our method, we simulate magnitude-
redshift data for 1701 SNe Ia at the redshifts corresponding
to the Pantheon+ sample. For the simulations, we assume
the standard ACDM model with fiducial values of the rele-
vant cosmological parameters: 2y = 0.30, 2, = 0.70, and Hy =
73 km s~ Mpc~!. The magnitude errors are drawn from a Gaus-
sian distribution, Am ~ N(0, o,,) for three different cases with
om = 0.2, 0.05,and 0.02 that correspond to the current and future
precision in the SN Ia observations. In this work, we assume
Gaussian magnitude uncertainties, as is commonly adopted in
supernova cosmology. This assumption is appropriate for the ide-
alized simulated data considered here, while extending the anal-
ysis to more realistic non-Gaussian observational uncertainties
is left for future work. It is worth noting that computing the
apparent magnitudes using the above cosmological parameters,
or equivalently treating Hy as a free parameter in the cosmologi-
cal inference, requires specifying the absolute magnitude of SNe
Ia because of the well-known Mp-H, degeneracy. Accordingly,
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Table 1. Priors on the cosmological parameters and the redshift param-
eters used in the analysis.

Parameter Prior
QM U(0.1, 0.5)
U(50, 80)

Hy (kms™! Mpc™1)
z U(z — 0.01, z+0.01)

throughout our simulations, we fix the absolute magnitude to
Mpg = —19.25, corresponding to the central value inferred from
the SHOES calibration. The effect of random peculiar motions on
supernova cosmology tends to average out as the number of SNe
Ta increases, contributing primarily to the statistical uncertainty.
In contrast, coherent peculiar motions, such as large-scale bulk
flows, induce correlated shifts in the observed redshifts and can
therefore introduce systematic biases in cosmological parameter
estimation. The impact of both random and coherent peculiar
motions on cosmological inference has been extensively studied
in the literature (C. Gordon et al. 2007; T. M. Davis et al. 2011),
including in our previous work (U. Upadhyay et al. 2026).

Therefore, to capture this effect, first we simulate the pecu-
liar velocities using the velocity power spectrum in the fiducial
ACDM cosmology. Essentially, it involves generating a random
Gaussian field in real space to represent the matter density con-
trast, shaping it in Fourier space using the matter power spec-
trum, computing the peculiar velocity field using equation (2),
and taking an inverse Fourier transform to obtain the real-space
velocity field. The real-space velocity field simulated on the grid is
then mapped to (RA, Dec., z) coordinates so that velocities can be
assigned to each SN Ia in the sample. After this, we compute the
line-of-sight peculiar velocity of the SN Ia, convert it to the red-
shift error, and add it to the observed redshift. In addition to this
coherent component, we also add a random motion drawn from
a Gaussian distribution Az ~ AN(0, o) with o, corresponding to
peculiar velocity, o, = 300 kms™". For the matter power spec-
trum, we use the Boltzmann code CLASS (D. Blas, J. Lesgourgues
& T. Tram 2011) with the fiducial ACDM parameters.

4.1.1 General MCMC method

First, we apply the general MCMC method to the simulated data
to obtain the joint posterior distribution (equation 13) for cosmo-
logical parameters 6 = {Qy, Ho} and the true redshifts, z*. For
this, we need to provide prior information P(6 | I) and P;(z; — z}).
We take uniform priors for all the parameters as listed in Table 1.

We employ the MCMC sampling technique implemented
through the Metropolis—-Hastings algorithm using a custom
Python implementation developed for the present work to effi-
ciently handle the large parameter space (~ O(10°) free parame-
ters). We run 12 independent chains starting randomly from the
prior ranges for the cosmological parameters. The natural starting
point for the redshift parametersisz* = z,i.e. assuming that there
is no contribution to the observed redshift from the peculiar mo-
tion. For the convergence, we use the Gelman-Rubin criterion,
R —1 < 0.05, for the cosmological parameters. It is important
to mention here that all redshift parameters z do not converge,
marking the limitation of the method and the precision of the
data. The convergence depends on the sensitivity of the likeli-
hood to the changes in the parameters, which in turn depends on
the curvature of the likelihood and the precision of the data. For
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the magnitude-redshift relation, the likelihood is sensitive to the
redshift errors (or peculiar velocities) at low redshift. A detailed
discussion of this convergence issue and its dependence on the
redshift is provided in Appendix B.

Fig. 1 shows the posterior distributions of the cosmological
parameters together with the peculiar velocities for the three
lowest-redshift SNe Ia in the simulated sample. The black dashed
lines indicate the true values used in the simulation. All five
parameters are found to be statistically consistent with their
true values, indicating the potential of the proposed method for
jointly inferring the cosmological parameters and peculiar ve-
locities from the simulated supernova data. With improved SN
Ta magnitude precision from future surveys, this approach can
enable reliable estimation of peculiar velocities directly from SN
Ia magnitude-redshift measurements. The contribution of pecu-
liar velocities to the observed redshift decreases with increasing
redshift relative to the Hubble expansion, reducing their impact
on cosmological parameter inference (T. M. Davis et al. 2011;
A. Carr et al. 2022). However, there is another effect that is
more relevant to our discussion - the sensitivity of the appar-
ent magnitude to changes in redshift, which determines the in-
formation content of the supernova data. Due to the logarith-
mic dependence of the magnitude-redshift relation, the apparent
magnitude at high redshift becomes increasingly insensitive to
small changes in the redshift, reducing the constraining power
of the data and leaving the redshift parameters effectively prior
dominated. This can be observed in the posterior distribution of
peculiar velocities corresponding to high-redshift SNe Ia. How-
ever, given the large number of these parameters, it is more
convenient to plot the estimated peculiar velocities with their
uncertainties at different redshifts rather than the full posterior
distributions.

Fig. 2 shows the estimated peculiar velocities as a function of
redshift, along with their 1o uncertainties. The true velocities are
also shown (in red) for comparison. We find that the estimates are
statistically consistent with the true values at all redshifts. How-
ever, the uncertainties increase towards higher redshifts, and the
estimates become effectively prior dominated, as the information
content of the data decreases. Consequently, the corresponding
MCMC chains do not converge to a well-defined posterior in this
regime, reflecting the limited information content of the data
rather than a limitation of the Bayesian inference method. This
behaviour is quantified through the Hessian of the likelihood
discussed in Appendix B. In contrast, at low redshifts, the pecu-
liar velocities are well constrained and consistent with the true
values. The estimates also depend on the precision of the super-
nova data, as illustrated by the root mean square error (RMSE) in
Fig. 3. Different marker shapes correspond to different levels of
magnitude precision, while the colour scale indicates the contri-
bution of variance to the RMSE. As expected, the uncertainty in
the estimates increases as the precision of the supernova magni-
tudes decreases. For a fixed precision and redshift, larger values of
the RMSE are primarily driven by increased variance rather than
bias. This indicates that the overall error budget is dominated by
statistical fluctuations, supporting the statistical consistency of
the estimator.

4.1.2 Linear versus exact method

Having discussed the results of the general MCMC method above,
and tested its effectiveness in estimating peculiar velocities at low
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Figure1. 1D and 2D marginalized posterior distribution for the cosmological parameters and peculiar velocities for the three lowest-redshift supernovae
in the sample obtained from simulated data with o, = 0.02. The black-dashed lines show the true values of the parameters.

redshifts, we now proceed in this section to compare the general
method with the standard estimator based on linear approxima-
tion.

Fig. 4 shows the estimated peculiar velocities, with 1o un-
certainties, plotted against the true velocities used in the sim-
ulation for o, = 0.02, comparing the exact (blue circles) and
linear (red squares) methods. The black solid line corresponds
to the ideal relation, vest = Viyye. For small peculiar velocities,
the estimates from both the linear and exact methods lie along
the black solid line, indicating accurate recovery, as expected
since the linear approximation is valid in this regime. However,

as Vyye increases, the linear method begins to overestimate the
velocities. In contrast, the general method based on the errors-
in-variables approach remains consistent with the true peculiar
velocities, although with slightly larger uncertainties than those
obtained with the linear method. Despite the larger uncertainty,
the general method provides estimates that are closer to the true
values, and therefore performs better overall. This is more clearly
understood in terms of the bias-variance trade-off: while the lin-
ear estimator exhibits smaller variance, it suffers from increasing
bias at larger velocities, whereas the general method shows no
significant bias within the uncertainties.
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Figure 2. Estimated peculiar velocities along with 1o error bars at dif-
ferent redshifts obtained using the general method from simulated data
with oy, = 0.02.
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Figure 3. The root mean square errors (RMSE) of estimation as a func-
tion of redshift for two different supernova magnitude precision shown
by different marker shapes. The colour bar on the right shows the contri-
bution of variance.
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Figure 4. Estimated peculiar velocities along with 1o error bars versus
the true values used in the simulation for simulated data with o, = 0.02.
Different colours represent the methods used.
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Figure 5. Comparison of the bias arising from the breakdown of the
linear approximation and the use of an incorrect cosmology. The three
methods are distinguished by different marker shapes and line styles,
while the corresponding lines are polynomial fits to the scatter used to
illustrate the overall trends. The general method remains statistically
consistent within a 68 per cent credible region, even for vy ~ cz, where
the linear approximation is no longer valid.

Fig. 5 shows the normalized bias of the estimator, defined
as (Vest — Virue )/ 0y, plotted as a function of the ratio of the true
peculiar velocity to the Hubble recessional velocity, vy /cz. The
results are shown for the exact likelihood based on the general
method (blue circles with solid lines), the linear method with
the correct cosmology (green squares with dotted lines), and the
linear method assuming an incorrect cosmology (orange triangle
with dash-dotted lines). The lines are the polynomial fit to the
scatter to show the trend. The black dashed line represents no
bias. We find that for the linear method, the normalized bias
remains small when the peculiar velocities are much smaller
than the Hubble flow. However, as the true velocity becomes
comparable to the Hubble flow, the bias increases significantly,
reaching several standard deviations from zero. The use of an
incorrect cosmology, primarily through an incorrect value of Hy,
introduces an additional systematic bias. In contrast, for the exact
likelihood-based estimator, the normalized bias remains within
+1, indicating that the estimates are consistent with the true
values within the 68 per cent credible interval.

As discussed earlier, the estimates degrade towards higher red-
shifts because the sensitivity of the likelihood to the small redshift
perturbations induced by peculiar velocities decreases with in-
creasing redshift. To illustrate this behaviour, Fig. 6 shows the ab-
solute bias, the standard deviation, and the normalized bias (bias
divided by standard deviation) as functions of redshift in three
vertical panels, for both the linear and the errors-in-variables-
based exact likelihood. For both estimators, the absolute bias
and the standard deviation increase with redshift. However, the
normalized bias remains approximately constant, indicating that
the bias stays within the quoted uncertainties and that the es-
timators are statistically consistent. Nevertheless, the growing
variance at high redshift renders the estimates effectively uninfor-
mative, as the posteriors become prior-dominated. For the linear
method, we further observe statistically inconsistent estimates
even at some low redshifts. These correspond to cases with large
values of vy /cz, where the linear approximation breaks down.
In contrast, the exact likelihood estimator based on the general
method remains consistent in this regime and therefore performs
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Figure 6. Comparison of the redshift dependence of bias and variance
for the linearized estimator (stars) and the exact likelihood based on
the errors-in-variables approach (circles). Both the bias and the variance
increase with redshift; however, the estimators remain statistically consis-
tent in most cases. An exception occurs when vy & cz, where the linear
approximation breaks down and the corresponding estimator becomes
significantly biased.

better, particularly at low redshifts where the peculiar velocity is
comparable to the Hubble flow.

4.1.3 Estimating peculiar velocity correlation

The peculiar velocity correlation function encodes information
about the underlying cosmological perturbations. Once mea-
sured, it provides a powerful probe of the growth of structure,
tests of gravity on cosmological scales, and the nature of dark
energy. This approach is particularly promising in light of the
large supernova samples expected from upcoming surveys. How-
ever, any bias introduced by the linear approximation propagates
into the inferred correlation function and can consequently affect
the cosmological constraints derived from it. In Fig. 7, we com-
pare the velocity correlation functions obtained using the linear
estimator and the exact likelihood-based errors-in-variables ap-
proach. However, it is important to note that, given the relatively
small number of supernovae considered here, we have not em-
ployed a state-of-the-art estimator for the correlation function,
and the results should therefore be regarded as illustrative.

A more realistic assessment requires simulations of the pecu-
liar velocity field based on N-body calculations, together with
supernova samples constructed to reflect the characteristics of
specific surveys. Such an analysis is necessary to quantify the
impact on the inferred growth of structure and to assess the po-
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Figure 7. Estimated and true binned two-point correlation function of
line-of-sight peculiar velocity for simulated data with o, = 0.02.
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Figure 8. Estimated peculiar velocities along with 1o error bars obtained
from Pantheon+ SNe Ia using both linearized and the exact likelihood
based on the errors-in-variables method.

tential for distinguishing between dark energy, modified gravity,
and interacting dark-sector scenarios. We leave this detailed in-
vestigation for future work.

4.2 Application to Pantheon+ data

In this section, we present the estimates of peculiar velocities
derived from the Pantheon+ sample of SNe Ia using both the
linear and exact methods. The Pantheon+ compilation includes
1701 SNe Ia with spectroscopic redshifts extending up toz = 2.26.
Supernova surveys measure the apparent magnitudes and red-
shifts of SNe Ia; converting luminosity distances into apparent
magnitudes requires knowledge of the absolute magnitude, for
which we adopt the SHOES calibration. In the Pantheon+ data
set, redshifts are already corrected for the motion of the solar
system relative to the CMB rest frame, as well as for the pecu-
liar motions of host galaxies based on measurements using the
Tully-Fisher and Fundamental Plane relations. In our analysis,
however, we make use of the CMB-frame redshifts, z.np, since
our goal is to estimate these peculiar velocities directly from the
supernova data and compare them with existing measurements.

Fig. 8 presents the peculiar velocity estimates from the
Pantheon+ sample, along with their associated 1o uncertain-
ties. At low redshifts (z < 0.02), the estimates are consistent with
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zero, with a standard deviation of ay, ~ 300 kms~!. At higher
redshifts, however, the method loses constraining power due to
the limited precision of current data and the reduced sensitivity
of the likelihood to peculiar velocities. Thus, with present SN Ia
data, peculiar velocities can only be reliably estimated at very
low redshifts. Looking ahead, the much larger samples expected
from LSST and ZTF will provide the statistical precision needed
to extend these estimates to higher redshifts, as demonstrated
with our simulated data. The key strength of our approach lies
in its robustness, as it relies on fewer assumptions and remains
straightforward to implement compared to galaxy survey-based
methods.

5 CONCLUSION AND DISCUSSION

The peculiar motion of galaxies is an unbiased tracer of matter
distribution. This makes it a very promising probe of the growth
of structures in the universe. Since peculiar velocities contain in-
formation complementary to galaxy clustering, they can be used
to investigate the nature of dark energy, test deviations from gen-
eral relativity on cosmological scales, and distinguish between
these two effects. Furthermore, cosmological observations that
rely on galaxy redshifts, such as those using standard candles or
standard sirens, can be significantly biased if the contribution
of galaxy peculiar velocities is not properly accounted for (S.
Mukherjee et al. 2021; H. Nimonkar & S. Mukherjee 2023). For
instance, neglecting peculiar motion of host galaxies can bias
our inference of cosmological parameters from the SN Ia data
by a few percent (L. Hui & P. B. Greene 2006; J. D. Neill, M. I.
Hudson & A. J. Conley 2007; T. M. Davis et al. 2011; U. Upadhyay
et al. 2026). This has led to numerous approaches for reconstruct-
ing peculiar velocities from observations, encompassing both
traditional distance-indicator methods and modern Bayesian or
machine-learning-based techniques (E. Branchini, A. Eldar & A.
Nusser 2002; R. Mohayaee, R. B. Tully & U. Frisch 2004; Z. Wu
et al. 2023; B. R. Guachalla et al. 2024; K. Said & others 2025).
However, these methods rely on empirical relations, such as the
Tully-Fisher and Fundamental Plane relations, which introduce
additional assumptions. Combined with the assumptions inher-
ent to galaxy surveys, this makes the inference of peculiar veloci-
ties more methodology-dependent and potentially biased. SNe Ia
provide another way to estimate peculiar velocities by propagat-
ing the Hubble residuals to redshift using standard error propa-
gation. However, the standard Hubble residual-based estimators
(B. Carreres et al. 2023) rely on a locally linear approximation to
the magnitude-redshift relation, which is valid only when the pe-
culiar velocity is small compared to the Hubble flow (v, << cz).
In this work, we present an alternative Bayesian method for esti-
mating the line-of-sight peculiar velocities of SN Ia host galaxies
from magnitude-redshift data without assuming local linearity.
The method relies solely on the cosmological model and the pre-
cision of supernova observations, making it applicable even at
low redshifts where v, & cz and the linear approximation breaks
down.

Our approach to estimating peculiar velocities from super-
nova data is based on a method developed for fitting non-linear
models with errors in both dependent and independent vari-
ables (U. Upadhyay et al. 2026). In this framework, we fit the
magnitude-redshift relation to SN Ia data, treating the appar-
ent magnitudes and redshifts as the dependent and independent
variables, respectively. Following U. Upadhyay et al. (2026), and
as described in Section 3, we treat the redshifts as free param-
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eters and infer their posterior distributions. The difference be-
tween the observed and inferred redshifts is then primarily at-
tributed to peculiar motion, assuming that other contributions,
such as gravitational lensing and spectroscopic redshift uncer-
tainties, are subdominant in the low-redshift regime where the
method is most effective (C. Bonvin et al. 2006; T. M. Davis
et al. 2011; A. Carr et al. 2022), which we convert into estimates
of peculiar velocities. To obtain the posterior distribution, we
perform MCMC sampling over all redshift parameters. By ex-
ploring the full parameter space, the method naturally enables
us to capture correlations in the velocity field. We validate the
approach using simulated SNe Ia with a peculiar velocity field
generated from a fiducial ACDM cosmology. For comparison,
we also derive an analytic expression for the standard peculiar
velocity estimator based on the locally linear approximation of
the magnitude-redshift relation and the assumption of Gaussian
redshift errors, and extend it to include the supernova magnitude
covariance.

The main results of this work are shown in Figs 1 and 4. We find
that treating redshifts as free parameters allows peculiar veloci-
ties to be estimated using the exact likelihood, with estimates that
remain statistically consistent even when the peculiar velocity
is comparable to the Hubble flow, as illustrated in Fig. 4. This
is particularly relevant at low redshifts. In addition, the method
provides the full posterior distribution, which contains additional
information about velocity correlations. However, the standard
method based on the linear approximation remains computa-
tionally more efficient and therefore performs better within the
regime where the approximation is valid.

Overall, our method complements existing approaches to esti-
mating peculiar velocities and can be naturally extended to other
distance indicators, such as standard sirens. Important directions
for future work include studying the applicability of this ap-
proach to the larger samples of SNe Ia expected from upcom-
ing surveys and incorporating more realistic peculiar-velocity
fields from N-body simulations, particularly on non-linear scales,
which could help test various models of dark energy and gravity
on cosmological scales, which we leave for future work.
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APPENDIX A: DERIVATION OF THE
LINEARIZED ESTIMATOR

Here, we provide a detailed derivation of the linearized Bayesian
estimator outlined earlier in Section 3.2. Again, starting with the
posterior distribution in equation (13) without the regularization
factor, substituting x2 from equation (14), and assuming that the
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redshift errors, €, follow a Gaussian distribution, we can write

1 1
P(0,z" | D; )  exp [—imTC;llm] - exp [—EZTCQIZ} . (AD

Taking the logarithm, we can write
1
InP6,z* | D;I) = -5 [m'C,'m+z"C;'z], (A2)

where the matrices m and z represent the supernova magnitude
and redshift residual vectors, respectively, and C,, and C; are the
associated covariance matrices, defined as:

mp; — m(ZI) Ur%ll © Omymy
m= : ,and C,, = oo . (A3)
mN - m(z;:,) Umle et Uy%,N
2
21— ZT Uzl ©r o Ozizy
zZ= : ,and C, = Do . (A4)
2
N — 2y Oz " Ozy

Taylor expanding the magnitude-redshift relation about the ob-
served redshift, and keeping terms up to linear order in z, we get

m(z*) = m(z) + m'(z) (z* — 2). (A5)

Since we attribute the difference between true redshift and ob-
served redshift to the peculiar velocity, the linear approximation
breaks when v, &~ cz* and higher order terms begin to contribute
significantly. Under this approximation, the magnitude residual
vector takes the form,

my —m(zy) — m'(z1)(2} — 1)
m = (A6)
my — m(zy) — m'(2n )2y — 2n)

For subsequent calculations, it is convenient to decompose the
residual vectors into the sum of two components: one that de-
pends solely on the observed quantities, and another that con-
tains the true redshift parameters, z*, as follows. Let m = m® +
m*, and z = z° + z*, with

my —m(z1) +m'(z1)z1 m'(z21)z}
m° = : ,m* = — : (A7)
my — m(ZN) + ml(zN )ZN Nx1 ml(zN )Z;:] Nx1
and
21 zy
=1 :|,z"=—| : (A8)
<IN N

With this decomposition of the vectors, the log-posterior can be
written as

InP=-1 |:(m° + m*)TC,‘n1 (m® +m*) + (2° + z*)TCz‘l(z" + z*):| (A9)

= _%[m"TC;}m“ +m°'C,'m* + m*'C;'m° + m*"C,,'m*
+ZoTCz—120 4 onCz—lz* + Z*Tcz—lzo 4 Z*TCZ—IZ*] (AlO)

Further, m* can be written as m* = M'z*, where M’ isan N x N

square matrix given by M’ = diag[m, ...m ]. Substituting this
and completing the square in z* (see C. M. Bishop 2006 for
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quadratic completion of matrix expressions), we get
1 -1 T
InP = -5 [z* + (C;1 + M’TC;,IM’) (M’TC;,Im'J + Cz’lz"):|
x (c;1 + M’Tc,;lM’)
x |:z* + (c;1 + M’TC;LIM’)A (M’Tc;m" + c;lz")]
+constant, (A11)

where the constant denotes the remaining terms that are inde-
pendent of z*. Thus, we get a posterior distribution which is a
Gaussian in z* centred at z* with the associated covariance X,
given by

-1
z=-[c;'+MTcM]| [MTe m +c'z|. (A1)
and
-1 1T ~—1nna’ -1
3. = [cZ +M’c; M] . (A13)

It is instructive to examine various limiting cases of the above
expressions in order to better understand the behaviour of the
general estimator.

Case 1: High z

Due to the logarithmic form of the magnitude-redshift rela-
tion, we have m'(z) — 0 as z — oco. In this limit, z* = z° and
¥+ = C,. This implies that the predicted apparent magnitude
becomes insensitive to redshift uncertainties, and the estimator
returns zero redshift correction as the best-fitting value, with
an uncertainty entirely determined by the observational redshift
covariance. Therefore, in the limit z — oo, the data provide no
additional information beyond the redshift prior, although the
estimate remains statistically consistent with the true value.

Case 2: Intermediate z

At intermediate redshifts, the behaviour of the estimator re-
flects an interplay between the precision of the supernova mag-
nitude measurements, the sensitivity of the likelihood to red-
shift perturbations, the magnitude of the peculiar velocity, and
the redshift prior. In the regime where M''C,,'M’ > C;, the
magnitude data dominate over the prior, and the posterior un-
certainty is determined primarily by the supernova magnitude
covariance, i.e. Xy =~ [M’TC;lM’]_l. In this limit, the inferred
true redshift is driven mainly by consistency with the magnitude-
redshift relation, and the estimator effectively extracts peculiar
velocity information from the data.

Case 3: Low z

At very low redshifts, the data term dominates the prior, since
it includes the derivative of the magnitude. As z — 0, m'(z) —
00, and we obtain z* = z°, and X = O. This implies that, in
the low-redshift limit, we obtain very tight constraints, primarily
determined by the precision of supernova magnitude measure-
ments. However, in this regime, the linear approximation begins
to break down, as higher-order terms in the Taylor expansion of
the magnitude-redshift relation become significant. As a result,
the linear estimator can yield biased estimates.

While the general method exhibits the same qualitative be-
haviour of constraints at different redshifts, it remains free from
this bias, since it does not rely on a linear expansion of the
magnitude-redshift relation.
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Figure B1. Comparison of the prior and data contributions to the diag-
onal elements of the Hessian.
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Figure B2. Trace plots illustrating the redshift dependence of MCMC
convergence for the simulated data with o, = 0.02.

APPENDIX B: TRACE PLOTS AND
CONVERGENCE ISSUES

The issue of convergence of redshift parameters (or equivalently,
peculiar velocities) discussed earlier can be easily understood
with the curvature of the likelihood or the Hessian. From equa-
tion (Al1), the Hessian can be easily read off as the negative of
the precision matrix:

S [C;l + M’Tc,;lM'] . (B1)
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It describes the total precision of the estimate, which is the sum
of the prior contribution and the magnitude precision. It is more
informative to compare these individual contributions to the total
precision. For the simple case where the matrices C, and C,
are diagonal, this comparison can be made by examining the
diagonal elements of the Hessian,

Hppr = — [Cz*z* + (M/TcalM,)Z*z*] . (BZ)

The first term represents the contribution from the prior, while
the second term corresponds to the contribution from the data.
The redshift dependence of these two terms is shown in Fig. B1,
where it is evident that the data dominate at low redshifts, while

© The Author(s) 2026.
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the prior becomes increasingly dominant at higher redshifts. The
same qualitative behaviour is reflected in the trace plots of the

MCMC chains for the general method shown in Fig. B2. At low
redshifts, where the data dominate, the peculiar velocities are
well constrained, and the chains rapidly reach a stationary be-
haviour. As the redshift increases, convergence deteriorates, and
at high redshifts the chains wander across the full range per-
mitted by the prior, effectively yielding no additional constraints
from the data.
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