CHAPTER 11X

POISEVILLE FLOW OF NEMATICS

Introduction

The viscosity Of a nematic in Poiseuille
flow (i.8., flow through a e¢apillary tube) was
studied experimentally by Peter and Peters (1955).
They measured { he apparent viscosity n (the viscoalty
calculated by using the well known Poiseuille formula)
as a function Of shear rate for para-agoxyanisole (PAA)
at different temperatures. At any given temperature,
i N the nematic phase n deoreased by as much as 50%
as the shear increased approaching a constant value
at high shear rates. |N the isotropic phase n did
not change with shear xrate. Similar measurements
were carried out by Porter and Johmson (1962).
However it should be stressed that in all these
experiments @pecial care was not taken t O align the
molecules at the tube wall. This 4is an important
factor because% surface can influence the orientation
of molecules f; its vioinity depending UpPON the type
Of chemical treatment or rubbing given to i f (Zocher
1933, Chatelain 1943). fTo study the effeet of wall
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orientation ON v Fisher and Fredrickson (1969)

used a capillary viscometer and took special steps

to treat the walls to effect a perpendicular Or
parallel director orientation. For perpendiocular
alignment at the wall (achieved by treating the
surface With a mixture of sulphuric acid and dichromate)
a plot of n as & function of 4Q/asR (where Q 18 the
rate of flow and R the tube radius) resulted in a
universal curve in that it was true fOr all values of
tube radius. For parallel alignment at the walls
(obtained by passing a hair through the tube Several
times) they were unable to obtain a uniform boundary
alignment and they were unable to get a universal

Surve.

The first analytical theory fOr Poiseuille
flow dased on the Ericksen-Leslie theory was given by
Atkin (1970) for the case of sero magnetio field. By
using scaling laws he was able to show that n is a
function of 4Q/xR alone. ZYseng et al. (1972) solved
Atkin's equations numerically and calculated n as a
function Oof 4Q/RR using measured values of the viscosity
and elastic constants of PAA. The theoretical results
agree well With the experimental data of Fisher and
Fredrickson. However Tseng ¢t al. did not investigate
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the effect of an axial magnetic field or of changing
boundary condition of director orientation On 5.

In this chapter these problems have been considered.
Since nematics have a positive diamagnetic suscepti-
bility anisotropy (AX ) & megnetio field tends to
align the director parallel to the fiecld direction.
It follows from the theoretical calculations that an
axial magnetic field always brings down the value of
n at practically any shear rate. Also any alignment,
other than the homeotropic one at the walls brings
down tho walue of n. This shows that n is strongly
influenced by weak anchoring of the director at the
walls,

Theory

The caplllary tube is assumed ({0 be horisontal,
with i fs axis parallel to the z direction. The fluid
is assumed to flow in the +2 direction. ¢ seek steady
state solutions fOr the director and velocity fields

in the form

B, = sin o(r), ny, = 0, =n, = cos o(x)
(1)

v, = 0, vy-o. .vn-v(r)

The applied magnetic field is assumed to de



Hy = 0 = Hy 3 H, = H

Ignoring body forces due t 0 gravity equations (25)
of Chapter I can NOW be written as

- - Tl S (a)
;;-ﬂ + :ﬁi + gg = O (b)
L sl -1, = 2B (@) (2)
g—% = 0 (e)

The components oOf ‘di’ &y Gi and tm which are

relevant to this problem are
K 8
2 11°
Brr = Og8plKyy + KysSpl + ——
%y X, [Ce0, + S¢/z]

- 3
rx = ~ K33 556,



o, = §2 , 8, =sine, % . cose,anma
2g(0) = 2145303 + u, + (ng - pa_)sg + (uy + p6)0§ .
Equations 2(a) and 2(b) can be writien as

2 2 3
0, [K;,0p + Kyq8 09] + 0.[2K,55,05 ~ Ky35g = K5355 = Kq45q]

) K +/'\)
r 1 Gy +22),
+1K11% "‘33991 "“’5"2



An elimination of y from the equations (3) yields

K,,8in 20
2, 200) o . K11
2t(0)e, + 5§07 + 5% 0, - M

+ Ay +), cos 26)% - (JX)E2 s1n 20 = O (4)

where
2 2
£(6) = K,,0g + Ky555

Also 1(d) integrate to yield
4 ary
ge) § ~ 2.2

*en -a = %% is the pressure gradient which Af
assumed to be a (negative) constant and b i s an
arbitrary constant which has t0 be equated to0 zero so
that t he velocity field might Nnot de sipgular at any
paint i N a section of the flow. Hence

£ - -8y (5)

Substituting 4n (4) one gets

2r(e)e K,.8in 26
2 r _ %48
2r(0)e,, + 02 §-§ + — -

A A
a(?y "z‘ ;“ 20)r - (A)'c,)nz Bin 20 = 0 (6)




46

(n solving (6) with suitable boundary conditions

for © and obtaining ® or a function of » (5) can be
solved with the boundary condition v(R) = O yielding
v as a function Of r. This enables a determination
of q the volume Of the nematic flowing out of the tube

R
par second Q 2«[ vr dr and subsequently the
1]

apparent viscvsity n [n = uaR‘/BQ] .

For purposes of gomputation it 1s convenlent to

transform t0 & new variable ? defined as

¥ = a3

Equations (5) and (6) now become

a0 2 %_~x1, 8in 26

2
ﬁ? ?g(") "% 7 252 2(0)

(4r)E%sin 20 (), + cos 26)

- = 0
2z(9) a2/3 41'(6)5(6) (n
v 8 (8)

¥ - 2g(e)



@ is eingular at ; = 0. But it appears to be
reasonable t0 assume that ©(0) = 6, . The other
boundary condition fox € is that at the walls

6(R) = 8, = -~ x/2 .« The boundary value problem can
be molved quite simply as an initial value problem.
For any value of %ﬂ (t=0) (7) 1= integrated by
the fourth order Runge-Kutta method (see Appendix 1
of this Chapter) 111 @ attalns the value &, at

{= 3, say. ThenRa= ¢ o=1/3. Equation (8) is

s.i.nml‘l:mw:n.wlyw integrated to ylield G :
s

n
Q= -2na~V3[ f wiz) ag = w(Tp) %'il | (9
0o

where ¢

(3) | g % and  w(0) 0
w = - wave———— w = .
; 2¢(0)

The velocity profile is vw(% ) = al/ 5[w( ) - w( 5‘)].

n is caloulated from the relation

‘ 13

- &R
! 8Q 8(/sR)
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Results

In discussing the theoretical results it is
often convenient to invoke certain scaling laws
(Ericksen 1969) which enable one tO present compu~
tations in the form Of A universal curve that is
independent of tho dimensions of the viscometer, eto.
Por the particular case Of Poiseuille flow(InNn the
absence of a f£ield) tha scaling laws were first
derived by Atkin (1970) (see Appendix 2 of this
Chapter); the plot of n against 4Q/xR should be a
universal curve. For tho field free case Fisher and
Fredrickson confirmed that the experimental data did
indeed fall ONn such a uwniversal eurve for 4ifferent
tube radii. It should however be emphasised that
these scaling laws do Not hold gooed in the presence
of externally applied perturbations like eleotric or

48

magnetic ifelds. As {he eoaloculations deal with various
values of the magnetic field it will be more meaningful

to present the results for one given tube radiuas.

To work OUl the consequences of the theory
caleulations ON a typical nematic like PAA have deen
presented. n has been caloculated for two values of

(4% )B%, 242 and 1.23 egs. (respectively correeponding



to field strengths of 13340 and 3000 gauss
approximately) with 6, = -%/2 carresponding to
homeotropic director aligmment. The tube radius
was taken to de 55.5 p. The values of p,, K,, and
4% are 4ha same as those used in Chapter II.

Figure 1 illustrates the dependence of n 0N
4Q/aR. An axial magnetio field dbrings down t he value
of n at any shear rate; larger the field greater the
decrease in n. If there is nak anchoring at the
walls and than is non-homeotropic alignment (8, ¥ -%/2)
n gots consideradly decreased. The dashed curve in
figure 1 corresponds (o &, = ~x/4, for the field free
case and shows that at every shear sate n is less t han
its value for the homeotropic oase. This is in
qualitative agreement with the obgervations of Fisher
and Fredricksen who found not only a decrease | N n but
aleo a non-universality of the ocurve of n re. 4Q/xR
when they attempted {0 effeet parallel director alignment

at the tubo wall,

At very high fields with @, = =x/2 the director
i s oriented along the field over & major section Of flow

excepting for a boundary layer near the tuDS wall where
6 changes from its sero value %o -x/2; the thiockness

of the boundary layer decreases with increasing magnitude
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Figure 1. Apparent viscosity n of PAA vs. 4Q/zR

for a tzube radius of R = 55.5 p. ZThe values of
(A)é JE® and 6, are (a) 0, ~#=my (D) 1.23, =3=;
(¢) 0, = g% (4) 24.2, ~%; (¢) @, = % or O, 0.



of tho field. In the absence of a field if &, = O
the director is oriented along the, flow throughout
the section of the flow. 1In both these cases the
nematioc behaves as f |t were an ordinary fluid with
an effective viscosity given by n = (uy + By + Bg)/2
(= 0.024 poise for PAA).

In figures 2(A) and 2(B) orientation profiles
have been given for different shear rates for
(X )2 = 24.2 and 1.23 ogs. For these cures at a
given shear rate the tranaition of the director
orientation Prom € = 0 to & = -x/2 becomes more abrupt
with an inerease in the field. The same takes place
ON increasing shear rate at a given field strength.
This 18 the deocrease | N the thickness of the boundary
layer referred to carlier. The velocity profile
(figure 3) which is zon-parabolic at low fielde (or
shear rate) tends to become truly parabolic as the
field Or shear rate is inoreased.
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Figure 2. Orientation profiles at different shear
rates for (A )H? = 242 (A and for (JX)E2 = 1.23(3),
with homeotropic wall alignment. The values of 4Q/aR
in(A are (a) 0.0030453 (b) 0.03354) (e) 0.1345 and
in (B)(a) 0.001245s (b) 0.004167, (o) 0.0%32438; and
(a) o.1372.
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Pigure 3. Velocity profiles at different values of
4Q/%R and same field (ourves a and b) and nearly
same value of 4Q/aR and different fields (curves b
and ¢). Values of (DX)Hz and 4Q/xR are (a) 1.23,
0.001245y (h) 1.23, 0.004167s (o) 24.2, 0.003045; and
(a) (AX)Kz = or 4Q/%R = o (truly parabolic).



Appendix 1

Here a brief desoription of the fourth Order Runge-
Kutta method fOr solving second order ordinary
differential equations is given (fOr greater details
sees Collats 1960, Scheid 1968). This method is very
handy when an initial value prodlea is t 0 De solved.
That fa, if the values of the funotion 0 and itas
derivative 496/d% areknownat apoint ¥ = a it 1s
possidble to work out the values of & and d6/dr at

a neighbouring point ¥ = a a h such that the value

of & i s accurate upto the tern h4'in the faylor series
(hence the name 'fourth order method') h is called the
step; 4in general snaller the value of h greater the

8CCUTAOY .

To apply this method the differential equation (6) is

written as
dze L o_ 1 at 2 18 I’.' sin 20
a2 27 @6 ‘%%) T i 257 (o)

(427)32 8in 9 cos & ()1 + ), cos 28)
+ 2
2(e) a2/3 42(0) a(e)

o1

Thus dze/dgz I s known as a function of de/ag , © and

§ « W& ecan write




a%e 0
;"_;z = 'i"g_o e, ;)

Suppose we know @ and d9/4}% at a point € = %, a

8(%,) = 6, 1 (a0/a%), fo "%  Then it is possidle
to write the valus of @ ot f = §, + h (vhers h s
small enough) such that this value of & is accurate
upto the tera h‘ I N the Taylor series. The value of

46/45 at ?°¢h can alaso de written:
hz
Let k,"rr‘aa: 9° ’ EO) ’
2 k :
"a'%”(%*ﬁ"" ao"'%e::*'l‘l’ ?o’%)'
2 k
e Ere e 2 o, e Boy e i, e b e

2
k4-§- !(931-3?. 8, + hﬁa'o»ks. Y°+h)

»

»x

be calculated in the order given. Then the values of
9 and 46/4% at the point ¥ o * B can be written as

1
G(Eci» h) = 8, + hﬂa -i-*.;,‘-(k1 + kz + kB)

%%ﬁo*h) - 9,',""5’5[31 + Ky ¢ 2k, + K5}

In a similar way using these values 6 and de/dg can
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be caloulated at the points ¥ + 2h, < + 3h cueee
ﬁo + Nh where N 18 called the number of steps. In
our caloulations N varied between 5000 and 20000.
Along with eqn. (6), egn. (8) was also integrated but
by using the Simpson's Rule, vis.,

Xa

4( f(x)ax = %[fo CAL + 2L, 4 eees 2 o+ Ay 4 fn]

*o
where
X, =X
h o= B2, ¢ = £(x +1n)

and a 1s an even integer. Thus at the end of the step
H, Q wvas cbteined directly t 0 enable a saloulation of n.
The program was writter in Pertran IV (double precision)
and run on the IBM 3%60/44. The total computer time
used was about 13 hours.



Appendix 2

The method 0f applying scaling laws to the field
free Poiseuille flOwW of a nematic is outlined below.

New variables r', s', t' are defined such that
r=Rr'; s=Rs'y ¢t =kt' (k is a positive constant).

Quantities after transformation bear a zero supersexript.
vnév" i-éi"; sradvnigradv";
sradn-*xradlﬂs N -%H"

2 1i_ .0 o '
It k=R P = p and y = Y  one gets
TR R

| - o
"13“;}5*:3' "31"%"31’ 51";‘252'%‘;1'5 &

The volumetric flow rate ie given by

R
Q = 2% f v“(:c) r dr
0
1 | R |
P = 2 §v:(r'):c'dr' = %ﬁg v‘(r) rdr = QR
(]

The squations 2b, 24 and 2% are three differential
equations fOr the two direotor components and for the



‘velooity v, Using the above transformation +¢he
corresponding system of equations for v’ and n° are
obtained which has the saze form as the original
system. If a unique solution exista for this new
system of eguations Q° ana dp°/du‘ are uniguely
related so that

@ = 7
l.¢., Q - 2?(&5 %%)

or /R is a funotion of R’ %E . Conversely R’ g is
a functioa of YR, say

RE . .

% %ﬁ R4 x(%% R’)

‘0) o L e -3 N A v AN

8Q 8(Q/R)

x B(Q/R)
8 (¥R)

Thus n should be a function of Q/R .
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