
CHAPTER 2 

ELASTIC INSTABILITIES IN BIAXIAL 

NEMATICS 

2.1 Introduction 

In 1970, Freiser [I] theoretically predicted the possibility of a biasial nema-lc 

(BN) phase. Nearly a decade later, Yu and Saupe [2] discovered a biasial nemarlc 

liquid crystalline state in a lyotropic system. This led to the development of contiy- 

uum theories of the elastic and the hydrodynamic behaviour of BN [3-6:. Most of 

the theoretical studies to date have been largely aimed a t  suggesting experimental 

situations for extracting the elastic and viscosity coefficients. Not much attention 

has been paid to structural instabilities. Many unusual and interesting elastic in- 

stabilities are possible in this system and they can be described effectively within 

the framework of a continuum theory. Here, instabilities in a director configuration 

confined between two parallel plates with different boundary conditions have been 

considered. Some of these instabilities are typical of biaxiality. Field induced insta- 

bilities in a uniformly aligned state have also been studied and it is found that there 



are structural transitions which are i~illerently due to the biasial symmetry. IIost 

of the results described in this chapter have been published [7]. 

2.2 Elasticity of biaxial nematics 

The most symmetric BN has ortliorhombic symmetry. It  can be described by 

a mutually orthonormal triad of directors (a, b, c), each of which is a two-fold asis 

of symmetry, whose orientations vary smoothly and slowly in space. The elasticity 

of such a BN was first described by Saupe [3] and later refined by others [4-61. The 

elastic distortions are described by 15 elastic constants - tu-elve of these correspond 

to  director distortions in the bulk. The elastic free energy density is given by [3] 

1 
F = Fo + I [ I<,, ( a .  Vb . c)' + Kab ( a .  G a  . b)2 

+ K,, ( a .  V a .  c)' + Cab ( a .  V a )  - ( b  V b )  I 

where the summation is over a cyclic permutation of the three directors and indices. 

Here Kaa, I(bb and I<,, are twist elastic constants associated with twist of the or- 

thonormal triad about the directors a. b and c respectively. The elastic constants 

Kb, and Kcb are associated with bend and splay deformations in ( b ,  c )  with a undis- 

torted. Similarly, Kab, Kba [ or ICca, IYa, ] correspond to  splay or bend in (a. b)  [ or 

(c, a) ] with c [or b ] undistorted. Cab. Cbc and C,, are coupling constants. The last 

three terms involving kO,a, kO,b and ko., are surface terms. 

As in the case of uniaxial nematics, in BN, we can have an equivalent "one- 

constant" approximation whereby elastic anisotropy which distinguishes between 

twist, bend and splay elastic constants are neglected. In this approximation, the 

distortions in (b, c) ,  (c, a) and (a, b )  fields involve three constants I(,, ICb and I<, 



respectively. These three elastic constants are given b\. 

As in uniaxial nematics. even in BN, the twist elastic constants can be expected to 

be half as small as the bend and splay constants. But, the important point to be 

stressed is that in spite of this "three-constants" approximation. elastic anisotropy 

due t o  inherent biasiality is still preserved. To reduce this simplified theory to that 

of uniaxial nematics (say. c goes over to the uniaxial director n) with "one-constant" 

approximation, we have to make Kc = 0 and I(, = Kb.  Further. it should be noted 

that  the coupling consrants are not really peculiar to BN. Saupe [3], who developed 

the first continuum theory of BN, showed that the Frank elastic constants of a uni- 

asial nematic are related to the elastic constants of BY. .Assuming tha t  c goes over 

to  n, then it is found that: 

Here, Kll, I<22, I(33 and are the splay, twist, bend and saddle-splay Frank elastic 

constants of uniaxial nematics. From this it can be seen that Cab = (Kll - 

Throughout this chapter and the next, the "three-constants" approximation 

is assumed and also, the coupling constants Cab, Cbc and Cc,, and the surface terms 

of F are ignored. Only the bulk contributions to the energy are considered in all 

the problems. It  should also be pointed out that  the equations and solutions will 



certainly be different when one works in a different approsimation or with t i e  com- 

plete free energy density but it is found that the "three-constants" approximation is 

as instructive as tlie "one-constant" approximation in uniasial nematics. It is to be 

emphasized that this theory explores the effects of elastic anisotropy due to  inherent 

biaxiality. 

2.3 Director distortions due to rigid anchoring 

When the orthonormal triad of directors spontaneously undergo distortions 

due t o  anchoring at the walls, the inherent biaxiality of B S  will lead to  a coupling 

between the different director field distortions even when elastic anisotropy that  

distinguishes between twist, bend and splay, and coupling constants are ignored. 

We consider a particular geometry which imposes twist in c. Let c be anchored 

homogeneously ( i .e .  parallel to  the surface) on two parallel plates but with a relative 

twist of 64. Let a be anchored homeotropically ( i . e .  normal to the surface) on tlie 

lower plate arid homogeneously on tlie upper plate. The geometry is schematically 

represented in Figure 2.1. 

Figure 2.1: The c director is homogeneously aligned on the two plates but with 
a relative twist of Sq5. The nail heads indicate the end of the directors 
that is conling out of the plane. The a and b directors are anchored 
homeotropically on the lower and upper plates respectively. The twist 
of the (a, b) pair about c is also indicated. 



I11 tlie cartesiitri coordinate systenl let 

a = - c o s 0 s i r i q 5 e x + c o s 0 c o s ~ e y + s i ~ ~ 0 e ,  

b = sin 0 sin 4 ex - sin 0 cos 4 e, + cos 0 e, 

c = cos 4 ex + sin 4 e, 

Here 4 describes the angle made by c with the x-axis, and 6' describes the angle of 

rotation of (a, b) about c. 

Figure 2.2: The profiles of 0 and 4 .  Here, d is the separation between the plates. 
The plots with continuous line is for K, = 5 ,  Kb = 6, Kc = 1 dynes, 
and dots are for I(, = 2, Kb = 6, I(, = 1 dynes. The angles are shown 
in radians. 



Within the "three-constants" approximation, the free energy density in this case is 

where 

The equations of equilibrium are 

Equations (2.4) and (2.5) can be solved numerically with the appropriate boundary 

conditions. The calculations have been done for $(0) = 0, $(d l  = ~ / 4 .  0(0) = 

0, 0(d) = ~ / 2 .  Here, d is the separation between the plates. The Q and p 1-ariations 

with z are shown in Figure 2.2. Firstly, it should be noted that the profiles are 

rionlinear and the departure from linearity increases with greater difference between 

the elastic constants I(, and &. Elastic anisotropy, i.e., I(, # IYb # Kc is due to 

inherent biaxiality. Secondly, while variations in 0 are fast, the variations in q5 are 

slow and vice-versa. 

Elastic anisotropy also results in instabilities even in simpler geometries such 

as a pure twisted director field. LtTe consider a pure twist of the ( c .  a) pair by proper 

anchoring a t  the walls. I t  is easy olution of the 

equations of equilibrium. In uniax a t  there could 

be an instability in this situation resulting in the director 1if t ing.q~ of the plane of ti 
\ ' 

the plates. This happens a t  a relative t ~ v i s t ' a h e b f ~  180' or ii betbeen the plates 
- -- 

provided 2K22 > But, the way a nematic is, any twist above 90' is unattainable 

in the laboratory. In a BN, we find a similar instability occuring a t  a much lesser 



relative twist. A schematic representation of this instability is shown in Figure 2.3. 

Here, the nail-head representation indicates that  the b and the c directors are lifting 

out of the plane of the figure. 

Figure 2.3: A schematic representation of an instabilty when the uniform t~vist in 
(a,c) as shown in (i) exceeds a threshold relative twist. The  director 
b is shown twisting about (a,c) due to the instabi1t~- depicted in (ii). 

The triad of directors are parametrized as in the previous case. Let us consider 

4 = (qOz + 41) and 13 = O1 where 41 and O1 are small perturbations. Here, qo = 6$/d 

and 64 is the relative twist of the director c by proper anchoring at the  walls. Then 

to  a first approximation, the free energy density can be writtten as 

From this, it can be seen that there will not be any instability in dl whereas there 

will be an instability which will lift the a director out of the plane of the  plates. This 

occurs when the coefficient of the 8: term bko~ie ' s ' he~a t ive .  For this to happen. 

the condition Ka < I(b has to be satisfied. This exactly follows Leslie's analysis but 

what is interesting is that  the threshold relative twist, bq5,, for this instability to  



occur is attainable esperimentally. Tlie threshold relative t~vist is given by 

Depending upon the biaxial anisotropy, 64, can be less than 7r/2. For example. 

when Ka = 3 x dynes, Kb = 12 x lop6 dynes and I(, = 1 x dynes. 

the threshold relative twist is 64, = 7r/3. In the general case, without the three- 

constants approximation, the threshold relative twist is 

2.4 Instabilities in the presence of a magnetic field 

When an external electric or magnetic field is applied to a uniformly aligned 

sample of nematic confined between parallel plates, there can arise an instability 

to  a deformed director configuration. The geometry has to  be so chosen that the 

orienting effect of the field conflicts with the orientation imposed by the surfaces 

with which the liquid crystal is in contact. A typical example of such an instabilty. 

called Freedericksz transition, is shown in Figure 2.4. 

Freedericksz transitions in biaxial nematics have been studied by earlier work- 

ers [9, 101 in geometries with strong anchoring of one of the directors and no anchor- 

ing of the other two. We consider the case with strong anchoring in all the directors. 

a, b and c. The free energy density due to diamagnetic contributions is given by 

where x,, xb and X, are the principal diamagnetic susceptibilities along a: b and c 

respectively for the orthorhombic symmetry. In the undeformed state, we consider 

a, b and c to be along the reference ases x, y and z respectively. Deformations 



Figure 2.4: An example of Freedericksz transition. Here, the director is aligned 
homeotropically. The external magnetic is applied normal to the im- 
posed alignment. Below a critical magnetic field, H,, the uniform state 
is stable. Above Hc7 an instabilty sets in and the distorted state is the 
stable state provided (xI I  - xI) > 0 . 

in the orthonormal triad of directors are described by Eulerian angles ( O , $ ,  $) [ll] 

which are position dependent. The director representation in terms of (Q,4,  $) is 

shown in Figure 2.5. 

Let H be along y-axis and director distortions are assumed to  vary in the z 

direction with strong anchoring a t  the walls of the sample! z  = 0 and z  = d. Just 

above the threshold field, we assume the deformations to be small and to  be of the 

form 
n z  

f = f m  sin 7 (2.9) 

where fm = 6, (or 4, or $,) is the maximum value of the function f = 8 (or 4 or 

41). After averaging over the sample thickness and collecting terms upto the quartic, 

the free energy density is 

2 where 2C = $, + +, , 277 = & - Qm , .1 = Om,  u;2 = ( d 2H 2) / n 2  and al = 7 1  - u1 u; , 



Figure 2.5: The orientations of a, b and c along with the Eulerian al:;les, 0. o 
and $. 

1 1 1 
a2 = 7 2  - W 2  r;21 b~ = i w i  n2 ,  b2 = i W 2  ' c ~ ,  C I  = a ( ~ z  - 2rl + 3(w2 + ? d l )  K ' ) ,  

h- c2 = a ( 4  - 312 + 3 ~ 2  n 2 ) ,  cs = a ( 7 - 2  - TI + 3(w2 - w l )  n2)  with rl = 2. 1 2  = i, 
h-5 

wl  = 9 and w2 = 
Kb 

The equations of equilibrium show that 17 can be expressed as r )  = -2 ;. 
Then the free energy density is 

where 6 = (c l  - 2). However, this theory is valid only when b > -m since F 

must be positive definite a t  high values of < and 23. There are four possible director 



configurations and their stability conditions are : 

( a )  ( = I9 = 0 or 0 = q!I = Iji = 0 is stable when a l  > 0 and a2 > 0. 

( b )  ( = 0, 6 # 0 or q!I = $) = 0, 0 # 0 is stable ~vhen a2 < 0, b2 > 0, c2 > 0, 

and ( a l  - 2) > 0. In this state, g2  = -Q. 
6 2  

( c )  6 = 0, ( # 0 or 6 = 0; 4, II, # 0 is stable when a l  < 0, bl > 0 and 

(a2  - 2) > 0. Here, C2 = -%. 
( d )  C # 0, 6 # 0 or 0 # 0, q5 # 0, II, # 0 is stable when bl > 0, b2 > 0, 

(a lb2 - a26)  < 0, (a2bl - a16)  < 0, (blb2 - b 2)  > 0. In this state, the deformations 

2 - - ( a 2 6 1 - a 1 6 ~ )  are described by S2 = -= and 6 - (blb2-6') ' 

I t  is found that there are second order phase transitions from state (a) to  

either state ( b )  or state ( c ) .  There can be a first order phase transition from ( b )  to  

( c ) .  On the other hand,there could be second order transitions from ( b )  to ( d )  to 

( c ) .  Possible phase diagrams are schematically represented in Figure 2.6. 

Figure 2.6: Schematic representation of possible phase diagrams. The bold and 
dashed lines indicate first-order and second-order phase boundaries. 
The dotted line corresponds to  the stability of the metastable states. 

\\:ithout any loss of generality, we can assume that c describes the uniaxial director 



or the direction of the long axis. Then the states described by (c)  and (d) are 

unique to biaxial nematics. It should also be noted that this theory does not allow 

the simultaneous onset of [ and z9 (C # 0 , d  # 0) a t  a first-order transition line. I t  

is known [12] that such a transition can be described if a sixth-order term in 73 is 

added. 

2.5 Formulation of a theory of elasticity of biaxial nematics 

In this section, we argue in favour of the "three-constants" approximation on 

the basis of an elasticity theory of BN incorporating Ericksen's [13] idea of variable 

degree of orientation. This simple formulation gives insight into the elasticity of BS.  

We have brought out the dependences of the various constants on the orientational 

order parameters and, the connection between the coupling constants and elastic 

anisotropy. This gives a proper extension to the continuum theory allowing for 

a more complete description of topological defects. It  also provides a framework 

within which approximations on the relative magnitudes of the elastic constants can 

be given a physical basis. 

We follow the procedure developed for uniaxial nematics by Ericksen [13]. 

I t  must be remarked that Govers and Vertogen [6] have used similar tensor order 

representation to formulate their elastic theory of BN but without allowing for a 

variable degree of orientation. Here, this feature has been incorporated since this 

theory can also describe defects. The orientational order parameter tensor Q,p is 

symmetric and traceless and it is given in terms of the orthonormal triad a,b,c 

where S is the orientational order parameter of uniaxial nematics, T describes the bi- 

asiality and 6 4  is the Kronecker delta. Here, ai, b,, ci, i = 1 , 2 , 3  are the components 



of a, b and c .  When S = T = 0, we get the isotropic state. Tlie combined tliermal 

arid elastic free energy density in the absence of esternal fields may be written as 

, where V(Q) describes the homogeneous part of the free energy that describes phase 

transitions between the isotropic, uniaxial nematic and biaxial nematic phases, and 

Fdist is the free energy density due to director distortions and order parameter (S 

and T )  variations in space. V(Q) can be taken in the form [14] 

where Tr is the trace of the matrix Q,,. The coefficients a.  b and c are coefficients 

suitable to  describe the phase transitions. Usually, the  coefficient a is assumed to  

be a function of temperature, and the coefficients b and c are taken t o  be constants. 

On expanding it is found that 

where 

We generalize Ericksen's expression [13] for uniaxial nematics to  BY t o  get the free 

energy density 



\I7e want to compare the elastic constants of a BN with these three constants L1,  L2 

and L3, and the tnTo order parameters S and T. Fdlst can be written as 

I{-here FST is due to order parameter variations and their coupling with the or- 

thonormal triad of directors. Fd contains contributions solely from gradients in the 

directors. The explicit expressions for FST and Fd are: 



(L' + L3) 
L ~ ( S - T ) ~ +  ( S  - 7)' ] [ ( a  V a  c)' + ( c  vc a)' I 

(L2  + L3) (s2 - 2T2) ( a .  V a )  (b . V b )  
+ 2 

- (L2 + L3) ( S T  - 2T2) (b . V b )  ( C  . V C )  

+ (L2 + L3) ( S T  + 2T2) ( c  . V c )  ( a .  V a )  

2L1 ST - 2L1 T 2  + - T 2  V .  ( a .  V a -  aV - a )  
2 L3 I 

Hence, a comparison of (2.19) with the elastic free energy density (2.1) obtained by 

Saupe yields 

Cbc = - (L 2 + L3) (ST  - 2T2) 

Cca = (L2 + L3) (ST  + 2T2) 



The elastic anisotropy between the twist and splay or bend elastic coristants is 

proportional to (L2 + L3).  When this anisotropy is assumed to be nesligible. it 

can be seen that the "three-constants" approximation used to  describe the elastic 

distortions of BX is correct. In the limit of weak biaxiality, a further approsirnation 

to  work with just two constants is also justified. It should also be noted that the 

coupling constants do come out to be proportional to the elastic anisotrop~- between 

the twist and curvature elastic constants. It should be remembered thar such an 

exercise in uniaxial nematics [15] gave similar results, viz. the Frank twist constant, 

K22, is different from the bend, K33, and splay, Iill, constants which are themselves 

equal in the second-order theory. 

As an exercise for the application of this theory, we consider its implications 

in the structure of a disclination in a, b director field. In Figure 2.7, an esample of 

a s = 1 disclination is shown. 

Figure 2.7: A s = 1 disclination in (a, b). At r = oo, S = So, T = Z2. and at 
r = 0, S = So, T = 0. 



I11 cylindrical coordinate system, 

where e,, e4 and e, are unit vectors in cylindrical polar coordinate system. We take 

cr = a(q5), T = T ( r ) .  S = So where So is a constant. Then the free e n e r g  reduces 

to  

P Y dT 2 F = F ~ + - T ~ + - T % K ( - )  2 4 dl- 

T da 2 T dT da 
+ 4 ~ -  ( I + - )  + 2 ( L 2 - L S )  - - - 

r2 d4 r dl- d o  
cos 2cr da + 4 L1 S T  ----- - (2.20) 

r2 dd  

where K = L1 + $ ( L ?  + L 3 ) .  The minimization of the total free energy leads to the 

folloxving equations of equilibrium: 

8 K T  cos 2a da 
- ~ T - - / T ~  = - ( I + ~  da )? + 4L1S - - - 

r2 r2 dq5 

It can be seen that for s = 1 disclination in (a ,  b) with u = constant, this reduces 

to the Ginzburg-Pitaevskii equation for a quantum vortex in type I1 superconduc- 

tors [161. The solution has the features : S = So,  T = 0, u =constant, at r = 0;  

and a t  r = m, S = So. T = To = \/-,L!?/~, u =constant. 
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