CHAPZER 1

CONTINUUM THEORY OF THE HYDROMECHARICS OF NEMATIC
LIQUID ORYSTALS

introduction
The first oontinuum theory of liquid cxystals

was due t0 Oseen (1929). He desorided the. preferred
direction of molecular alignment by a unit vector field
W, now called the director field. Im terms of this, in
~a perfectly aligned nematic, nolecular orientation in

evexry part of the fluid is given by the vector Y with
‘,;. I;'- f-v Txaw ( n -V) =0, A perfectly aligned
cholesteric exhibits a pure, twist [(7' A=0wnx (\7: n )3
g (Y?x—;) = q = 2%/P where P is the pitoh]. Any
deviation from this configuration involves a free energy

of deformation whose density can be expressed in terms

of the director and its gradients with three independent
constants of deformation referred to &s tho glastic
gonstants. JFrank (1968) reformulated Oseen's hydrostatic
theory (Oseen 1933) on the basis of curvature elasticity.

He showed that any deformation i N a nematic or a cholesteric
can he associatéd with one or all of t he three principal
deformations, vis., splay, twist and berd which can be mah.—
matioally characterised byy +n, hevxi and (A-7)n respecti~
vely. A more complete picture of the hydrostatic behaviour of




liquid orystals was given Dy Ericksen (1962). Static
deformations due t 0 magnetic fields have been analyged
by Leslie (1970) i n terms of the Ericksen theory.

The theory of the hydrodynamical behaviour of
1liquid orystals was developed by various people in stages.
The first attempts at formulating the hydrodynamical
properties of anisotropic liguids was by Angelius (1931),
He considered an anisotropic liquid (which is made up of
long rod like molecules) which has no elastic properties.
He expressed the strese tensor i n terms Sf the veloocity
gradients and t ha director field. Ericksen (1960) was
perhaps the first t 0 give a simple but a complete theory
of the hydrodynamics Of anisotropic liquids. He used the
laws Of conservation of nare, linear momentum, angular
momentum and energy aleng W th the invariance principle,
I N setting up the constitutive equations. He also obtained
an expression for the stress tensor of an incompressidble
anisotropic liquid having a director Of constant magnitude,
| N terms of the velocity gradients and the director., This
envisaged t he anisotropio liquid aS having seven viscosity
coefficients. Later Leslie (196) reduced thi S number to
Sir by showing that one of the viscosity coefficients
vanishes identically as a consequence of the | aw of inerease
of entropy. (ne eonsequence Of this model is that though
velocity has gradients the diresctor orientation is the same



throughout the fluid., This is a consequence Of the
elasticity of the medium heing ignored. Thus this
theory does not reduce | N the hydrostatic limit to the
hydrostatie theory of Oseen, Frank and Ericksen.

A proper hydromechanical theory of liquid erystals
should give the hydrostatic theory of Oseen, Frank and
Ericks'c‘i‘in the limit of zero velocity. leslie (1968)
has developed one such theory which Will be briefly
reviewed |n this Chapier. [Martin' e% gal. (1972) and Lee &
Eringen (1974) have also proposed alternative approaches
to this problem. However, these theories will not be
dealt with 4n this thesis.] Leslie ingorporated
elastie properties into the basic structure of Ericksen's
theory of anisotroepic liquids. The resulting theory
called the Ericksen-Leslie theory is quite general and
can be applied to nematics and tO cholesterics. This

t he
theory has been widely used in |iterature to account -

far the behaviour of liquid orf'stalﬂ. Leslie has
himself demonstrated the usefulness Of this theory in
accounting for the results of the viscometric studies Of
Porter and Johnson (1962). Since the problem. presented
in Chapters II to VII are entirely barred on the Ericksen-
Leslie formulation a survey of it should be useful. fPhe
theory a8 worked out fOx an incompressible nematic having

constant director magnitude will be given bel ow Its



extension to cholesterics (due to Leslie 1968a) will
be considered in Chapter V.

Erickesen-lLeslie Continuum l‘heorl

A nematis liguid erystal is made up of long
molecules which tend, at amy point i n the fluid,to
align approximately parallel to one another. A unit
vector field 4 (z, t) ealled the director field describes
the preferred direction of orientation while v (2 , t)
describea the veloeity field. The nematic i s assumed
to be enclosed in a volume ¥V bounded by a surface o.
Let (’ (T , §) be fhc density, Py = fv, the momentum
density, t” the stress tensor, f, the external body force
par unit volume, °, the moment of inertia of the
dirsctor and U the internal energy per unit volume.
The strass gradient ?_l!ul. and the external body force
£, cause 2 change in the velocity field v, of the
director. Oseen (1929) proposed that even in the absence
Oof external fields the surface as well as the bul k of
t he nematic contribute forces - the former in the form
of the g:dunt %31,3 of the surface director stress
*34 m& latter in the form of the intrinsie director
bedy force per unit volume & = towards changing the
rotational veloeity &, of the director. If G, is the



external direotor body force per unit volume Oseen's

proposition can be written as

v '3“"}' ] ol
’o a . o 4/ va// |
7 3f | By AV = (GJ. + gi)dv + L dc’ (1)
v a 7

The law Of conservation of mass becomes
] )
F t3 cd\' = 0 (2)
v

The rate of ehange of linear momentum of the director
equals { he sum of t he surface and body forces per unit
volume. This is the | aw of conservation Of momentum

which is symbolically

ﬁy py AV = tyq doy + | £, av (3)
v @ | v
SR

The total energy density is "LT'L + 3 B+ v.

Any ehange i N total energy is brought about by surface
and body forces. If ti = t;}i daj and Zk - uikddd
are the surface forces due to t” and ®ax respectively
the equetion expressing the law of consexrvation of

energy becomes
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35'}:1,; +
- ~§ (2,7, +Au3i1)dv +'jﬁ(t1v1 +2; n, )do (4)
Y _

The angular momentum of the fluid is the sum Of the
angular momentum sorresponding to linear motion ( T x ¥ )
and that oorrogpnadins to the rotation of the director
(Wx®). The |av of balance 0f angular momentum states
that the rate of change of angular momentum equales tho
applied torgque and can be written as

* 5k f;g [(Ox’vk + f‘njik]ﬂ'
4

crLJ'ﬁ,k-'r
- '13k g‘ h:‘k +Anjsk]av + o“kg [xdtk + nazk]do
Y g

(5)

N integrating equations 1 to 3 by ueing GAuss' theorem
where neoessary one finds that fOr an incompressible nematic

P= 0 | (7)

{tﬁi = g,y t Y | (8)



On integrating equation (4) and on using equations
(6) and (8) one gets

:'ﬁ - td*a“ + ‘jlnij - gF; + ;;1"13 (9)
when 834 = (v 4+ vh1)/2 g = (Vg 4 - vii1)/2,
By = -y By, Byg =By g = Vixx,§

and ;31 - tjt - 'k:ui.x + gjn1 .

Also since the nematic is incompressidle 4,, = Ve, x ™ 0
and since the director i s of constant magnitude nlni = 0.

On integrating equation (5) and on using equation (8)
it 18 found that the tensor ?31 i s symmetrie so that equation

(9) reduces to

B ACIR FUPE R NN AN (10)

When O nematic flows there is a dissipation of energy

and a consequent change in entropy owing t O the viscous
torques. The Clausius-Duhem inequality states that the
rate of change of entropy with time | any thermodynamic

process is always non-negative., If S is the entropy
density Of the nematic the Clausius-Duhem inequality

requires that

ﬁgs av 7/01.



If W i8 the free energy density (in the case of a
nematic |V is the elastio energy density of deformation)

V = U-28 (11)

where T is the absolute temperature.

’

Since the fluid is 1md¢prcuiblo /= 0 so that the
entropy inequality yields '

%o

On using equations (10) and (11) one obtains, at
eonstant tenperature ¥

4 a
S R UPR L RV Il (12)

Let W, t”_. s“ and & be single valued functions of the
variables

81. ni'j. ni m '1'3 L

fn order that a mechaniocal phenomenon might be described
by a law whose fOrm dces aat change under transformations

j %0 any other arbitrarily moving right-handed coordinate
aystem it is necessary to use variables which transform

as tensors under such transformations. Though 4 and ny g



transform as tensors under the proper orthogonal
transformation J , &, and vy, 0 not. But the veotor

n‘ =n - i’tk‘k and the tensors du and v“ retain

their tensor character undex J « Also, sinoce v 3 is

a skew .motru tensor it changes sign under reflections,
Hence ''W, tyy1 %,y and g, are assumed {0 he single valued
funotions of By ‘1.3’ !,‘ and dii » It 418 als0 assumed
that the director is non-polar, f.e., that B, and ~-n,

are physically indistinguishadble.

The entropy inequality (equation 12) is nOw evaluated
as follows:

Using the fact that B, = b, _ : -
any 150 -wyn, Kyeny -

=Byt VP s " Yig®,k " %3R8,k equation
(7) ocan be written as

ex A , L 2
(%49 *T_L‘k.a By gy ¢ (%5 -9-%)313 - (g 0?%)!1

Sy OGN
~vy4l24 ui M ”a,x’;‘i}" P, §on 4 1 "?g; a‘&‘

2v 4
“oay, et Z ° (13)
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Since the velocity and hence its gradients are under
external control N1 and au can be chosen arbitrarily.
| f the inequality should hold one gets

/aw i ,
/g-i:ao‘ m-?—aﬂ

or \
v = '(”1' ”‘1,3) (14)

Since iy can be chosen arbitrarily and W= w(ni, n, 3)
the coefficient of vy should be a symmetric tensor so
that the inequality is satisflied. Hence

’;”*n;.xTL*nuT‘-—

2 2
i P :.x's'a;‘"* TRy P

8ince ‘Ji arises entirely from the surface of { he nematiec,
u” 'é:%',‘!; can be taken to be independent of ll“. This
yields

ou
i Slie T Tyt (6)

%he inequality (13) now becomes

(b + 5o m D8y = gy + 5300 2> 0 ()



Let *23 and ": be the statioc isothermal parts of
t“ and g B0 that

[«
tjj. - tdi + tsi
51 - ‘: + Ei (18)

Equations (17), (18) and (13) give
(ty + "5“"“' my,y)dgy - (65 + 7'!' )8y
+ 4334, - &{F, >/ 0

0 L)
8ince tni Tn—k% By, and gg +?% m independent
of ;4 and N, the fol | ow ng expressions result |

v
o
YT TR Mt 7 Py
Dy |
g° = aierw + x°31 (19)

where p_ and Y, are arbitrary constants. They are
introduced as Lagrangian multipliers corresponding to
the constraints of incompressibility and constancy of

director megnitude.

The entropy inequality can NOW be written in terms Of
non-equilibrium parts tsi and ci alone

11



538y - &ify = O (20)

Using the symmetry of ;31 as also equations (19), (18)
and (16) one obtains

tho-csai - ti’ + g‘inJ (21)

To £ind the forms of th and xi we use a Lirst order

theory, expanding them in terms of B, and ‘1; using
tensor coefficlents A and B whose elements are functions

" of the director alone

. 1 2
8y - AS:) * Agu): B, + Agli‘ 4
g = (% +5{} 5, +2{2) a, (22)

The tensors A and B can be expanded in terms of the
director and the kronscker delta | N the form

‘5?) = @y +amnn,
Agg - é,‘,ﬁ"nk + “5‘:1:“1 + “4511:“3 + “5“1”3“1:
Agil)m = @gly MR, + &0 B Sy + agh ROy

+ agbonyny, + “10%:";”1: " LT T

+ @0l 0 * RigbSin + EyyRy By,
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3{° = yom
(1) .
By Tqbgy + YRRy
3(2)-76~ + Y8, .0 Y640 'PLR
13k o135 * Y™ . TsOu™L . YeR1®i™x
whae the «» and ys are material constants.

Then (22) reduces to
‘tig‘ - npféia + (uy + “1dkpnknp)ninj + byl + usnyHy

+ ugdgq + BhylgRy + pendgmy
8] = TVony * A48+ A85m

ere D' w6y ¢ GBI Y by ey b by " g
R AR AN T R TR

Bg = &g + €45 3 21-:‘11; 22-13'&14 .

Use of equation (21) shows that '8 and p'® are related

t 5" and si sh.ould aleso satisfy the entropy inequality



(20) which yields

u,(dkpnknp)z + u4(d13)2 + (ug + ns)(diknk)z
- 21112 + p.,d“niha + (p, + u, -Qz)diknkxi 0.

If py'is equated to zero the rest of the expression
can he treated as a quadratic form and the p's satisfy

the following relations;
By = 0 l‘4>/°l 2#1""3“4"’2“5"'2&'5 Z 03
2, bug g > 01 ~42,(2m, + wg + Bg) 7 (ny + by =1 ,5)°

For the elastie energy density W, the expression given
by Frank, viz.,

2w |
* Kyylng g “3.3’ * %22 *10™, 5 ®1pg 2q,p . %53 ning®x, 1%,

18 used. In veotor notation thi S can be written as

— . . —>
20 = K, (7 8)% e Kpp( 07 Tx 1)2

— .2
,‘.-O-I”I(i\'fv )vn‘]

The method of derivation of W is driefly indicated below.

Elastic Free Energy Density

Whenever there is a deformation i n the director
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field 3 the director gradient v (or ni,j) comes
into existence. |f any of the three deformations
(splay, twist or bend) is imposed on a uniformly
aligned namatic the medium losez it 0 centro symmetry.
Consequently the curvature strain tensor can be written
in tgmt of By g and’u an axial tensor &4 which, in
one index notatkion can be written as 8. The: free
enexrgy density W ocan de expanded i N a Taylor series Ul
s funotion of a; and terms upto a,a, are retained:

.
Vo= Kay K%ty

whers K, is an axial tensor (of rank two) which corresponds
to spontanecus deformations (if any) present in the

medium and t“ is a symmetric tensor (of rank four)

whioh corresponds t0 deformations imposed hy external
forces. Using the Neumann principle the symmetry of the
rmediumn (which is determined by the director, which in

turn is sssumed to have oylindrical symmetry) is imposed
on the tensors K, and x“. The fact that the director

is also non polar is used. x“ can be written as a

6 x 6 matrix

Kyy o O O (RyyKpKy) O
Kaa 0 Ky 0 0
X, 0 0 0
X, - 33
| Xy, 0 0
K53
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|f the structure is non-enantiomorphic and non-polar
K, = 0. But i T there is enantiomorphy it is posasible

to write
| (6] kz
Ki L "'ka 0
0 0

This would of course correspond to the case of a
cholesteric. One ean NOWV write the free energy density
far cholesteriocs as
= ) . AN
Vo K (W TUxa) ¢ 3, (T W) gl W ven
@ 2
i [(F-7) 712 B 0%
+ n+V)n - (Koo + K —
sl ) w17 - (xp 24[9: Dy

. S P . L L~
8

Oy Om Om 0% 0x Oy oy
om0,
- J
s }xj

For nematics the same expression holds, but with K, = 0.
Ericksen (1962a) showed that the coefficient of (1224» xa‘)
satisfies the squation Of equilidbrium identically. Thus
X,4 Plays N0 part in the mechanics of nematics and
cholesterios. . For cholesterios K, is related tO the
pitch P by the relation
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) 4 2%
ordielies

Thus 1t is obvious that for nematios which have
infinite piteh (P = ) K, can be squated to zero.

The Missowics Viscosity Coefficients

Cextain simple types of flow may be considered

to 4llustrate t he dependence of thr apparent viscosity
ON the director orientation. Consider the three flows:
(1) The director is aligned along the flow (x axis)
but perpendicular to the velocity gradient (y);
(11) The 4irector is aligned parallel to the velooity
gradient (y) but the flow is along x axisy (iii) The
director, which is aligned along £ axis is perpendicular
to both the velogity and the velocity gradient. It is
a very simple matter to Wok out the apparent viscosity
in these cases. 8inoce director deformations may be
ignored one need not utilise (23a), dut only (2%) with
assumptions of steady flew and gero extermal body force.
A simple caleulation shows that n in the three cases has
the values respeotively

0 - (n:ﬂuﬂt )

I 2

»



These flows were investigated in detail, nearly two
decades Defore the virth of the Ericksen-Leslie theory

by Miesowios (1936, 1946).

An angle (popularly referred (o as & ) also makes
its appearance frequently in the literature. In any
flow Of nematics, whatever the boundary conditions fOr
the director it -is found that at high shears where
elastic forces can be ignored the director in almost
the entire bulk of the nematic makes an angle 0, given
by ocos 26, = -1 1/)2 . Interestingly enough for all

known nematics (at temperatures far removed from coritical

temperatures) (1, /< /22[ . Alseo A, is fourd to be
negative whereas Qa is positive,

The basic squations of motion of the hydrodynamios of
liquid crystal can be written aa

"yt 8t 9 = O (258)
t0,5 % % - P (23b)

vhere

18
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ow
fof T Sl En‘.’ ’
ow
8 - "”5""% + A,KI + ﬂzdunk + o,

b TH Y Rt s ' R B1p™cp ™"

+ p,zn:l‘ + "3’:"1 + p4du + “5n;diknk

A
+ “Gnidjknk = - péu + ”'31

Q" = By "By 22 = Bg < Bg ¥

p =2+ v = 0y,
2 ' 2 '
2% = x"(n"i) + Kzz(“uk“x.a) + xss“‘z"j‘k,ﬂk.j)’

fhe equations (23) have t 0 be solved togethexr to cbtain
the director and velocity fielde. This also illustrates
the phenomenon of t he intimate coupling between the
director and velooity fields which, as we shall see | N
subsequent chapters leads to the various interesting flow

properties of nematics.

We have Not so far said anything about the form
of the force G4, Since magnetic fields are commonly
used as external fields e shall derive a, I N the case



of a magnetio field :ﬁ% , whiek need not be homogeneous.

kK N ve the magnetiszation. Then the body foroce per
unit volume is nknk 1 and the torque per unit volume

g 5yt

Por nematics, whioch are uniaxial the diamagnetic
susceptibility tensor can bde written as

Gy = (Xg = Xpmyny + Xp8,
where X‘ and Xa are the principal diamagnotic
cusceptibilitien.
The magnetisation can be written as M = 0’13 Hj .

The body force per unit volume is

2, = My = [(QOER)In « Ll le,

where X w )(1 - X

2 ]

The torque per unit volume is
°13k”3°k» = ’ijkxjnk = 'uknj(npnpmk .

Hence

o = (A0 ) m,

~



Physically one can understand the dynamical behaviour
of nematiocs as follows: when a nematic flows, viscous
torques which come into existence try {0 deform the
structure setting up gradients fa the director field.
These deformations bring into play elastic torgues
which try {0 combat the deformations so introduced.

On the whole the flow Of a nematic is a complex
competition between elastic and viscous torques. Xt
is this feature which is responsible for the anomalous
hydrodynamic behaviour of nematiocs.

Sealing Laws
Scaling analysis (Erickesen 1369) ies an important
concept connected with the flow Of nematies. In any
type of glow it is possidle t0 ¢transform spatial and
temporal coordinates such that the experimental results
can De expressed i N a form which is independent of the
geometry of the equipment, Thus one i S able to choose
proper parameters 8¢ that results can be presented as
a 'universal curve's It is then possidle to test Whether
the universel ourve which is predicted by the theory
indeed exists. This forms a ocheck on the theory. ZThe
application of scaling lews to Poiseuille flow has been
{llustrated in Chapter III. It should be emphasiged
that soeling is possible only when (1) there is no
external field, (ii) , the director inertia is
negligible, and (1i1) director and velooity fields have
fixed values at the boundary (fixed boundary conditions).
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