
3 ,  no* oalled Phe director $iala. fn teros o f  this, in 

a garteef l y  aligned nemat Ae, nole oular orien3aafion in 

of t&e dlzecxfror rm4 lit# graulicentr wAth three iadapend~nt 

asnotmts a f  dsi~raetien xctfirarred t o  ka tho 81astA~ 

oolutulu. Ex- (1968) refolc1~u3ata4 08eenq8 hydro@Oatio 

tborjr (Orrea 1933) oa the baais oi amaturr slaeticritt. 

Ifr, @&web %ha* rrag Qsforntation in a nsaaffo or a oholesterlo 

area be aasoolia$i$d wtl ;h  one or aX1 of the thrse princtigal 

defonuff an#, ~4s. , snXa~, j iwi~p -4 bend wr9rioh our be math.- 
+ - * A 3  +-+ 3 

r t l C o i l l j  uh.noDed8rd b y 7  #a, n*Vxa .nd (n*V)n reapeoti- 

+sly. A mom 0mpl6%e piatare o f  the bydros.tsatjbo blarha+lour o f  



I i q u t U  aryatals w u  glv- by Eriaktwn (1962). Statio 

d e i o r a o a t i a ~  8ue t o  ma@aetia f irrlds  have bean aasillyrclr4 

by &es%is (1 970) in tarn8 a$ the Eriolteen thsolty. 

le)zo Iheoq o f  %ha hydrodpmmAoe2 behatiour of 

l i q y i d  orglrtalr anar detebped by r ~ i a u a  people i n  stages, 

tM1, firrrfi a*tompCrr a* forru3irtSag the hydrsdyne~mieal 

propertiar ni urf.otmpio UqUdcr wm by BnasUua (1931 ) . 
He oowlbered an m&aotropfo X i q P l d  (whioh i a  made up of 

10% rod l ike  molsoulem) *hioh ha. no elsstio propertie.. 

He expressed the r0;rtrrur tenrsor in tame sf the velo~fty 

grtsrdien%s a 8  tha 8Lrecstor fXe34. IEriokecm ( t960)  was 

perhaps the flret to glvr a rfmapls but a oompTeta fheory 

of  the hydrodgnsaScrr~ of anisotrogio lL~u568. He w e d  the 

Xawa of eonserration o f  mare, linear msmarnfum, aagu3.ar 

mprrentw and emrw along with tlre invariaxu~e prisroipla, 

i n  res%ting up tho aoairrtitutirr, @quatione. He a280 ~ b t a t m d  

am Yrprceersion fa= the stress ta#naos o f  an inuaazp~uslble 

an&eotropio l iqu id  haviag a dlrrotror of rsorurtmt ?ri&gnAtude, 

in femm oX the rtsloalty grabisntr antl the dimatos. %!Us 

6nviaqed the aniuotropio l i p i d  as having aarrlsa vlscroalCy 

ooafficsi ent la, tatrsr Leelie ($966) retduaesd this number t@ 

sir by rshowimg fdrarfr aru of the visooaity oosfficrirantr 

ruairhsr identiodlly aa a oonaegumocr of the law of inoreme 

oi entropy. One esnara~[usnor of t h i a  moilel i a  that t h o ~ g h  

te loe i ty  ha8 grsdfsntr the Q i ~ s o t o r  orientcatf on i a  the stme 



t;hroughou$ the flai4. This l e  ca uonaaquence of the 

alastialtr of %he medium being ignored. %hw this 

fhaory does n& reduoc, i n  the hydrostatia limit to  the 

hy8roartsrt;icr theory of  Oaeen, Frank and l[rSzioksam. 

A proper hyclromerthanioal theory of  liquid ~ r y a t a l s  

should give the hydrof~tatia theory of Oseea, Frank and 

has dasrsl~pad QM mu4 awry which will be briefly 

reviewed i n  this O h p t u .  [ l a r t i n  a. (1972) a Lee (G 

& i ~ s n  (1 974) have a l r o  proposed alternative approacrhee 

to th is  problem. Bowever, these theories w i n  no% be 

dealt with An t h i e  $&erier. Leslie Lncrorporated 

elaetirs gropertlrrrr into the basitr a$sucrture of Eri okerenta 

the ory of aniao t sepia llqu5d s . The rcsrmultSng Oheorp 

saUeU the Erickrseo-Tsm3.S~ theory i r m  quits general and 

eaa be applfed f a  aematias and t o  eholearteri~s~ 9hfrsr 
the 

theory hos beea widely w e d  Xn literature to cacraouat a L 
far th+ behartiour of l i q u i d  s q r f a l r ,  tsslis has 

hiwslf 4eao~lstxateb th6 mefulnese of this  theory i n  

~ e o u n t i a g  $or %he reeults of the vieatometricr lefu4lrss of 

Porter md Johmon (1962). Bincr the problem. preaantrd 

in €&apterr 'XI t o  TXX entirely barred on the Eriaks@n- 

frelalls iornakat ion a rrusrey o f  i t  dhould be orsefil. 9ehe 

theor'y w~gkdd oaf! fox asr iaoomprerasible nematicr horriq 

@onstant direstor ma@tntle w i X l  be given below. IBe 



roleoulea *&ah toad, at  .q). paint in the nuid,  t o  

Uign aplprozJmrtay parallel t a  ane another. A UBit 
+ 3 

r s o t o r  fie24 a (r ,  t) o J l e d  the direator f i e l d  deroribe8 

desoribes the vetsafty f i e l d .  lCbe nsma$i@ i s  eu~aunred 

tat p ( S , t) a. the densitya pi the ara~aentw 

dendty, tji the stn86 tensor, ti tho utsrnal body foror - -.- 
par unlt volwue, f ,  the nmmt o f  inertia of the 

direcztor and ilS tb interm& canargy per unif volume. 

!the a.t;r~ern r[yradiera* t &a" aurd the external body foroe 
C 

fi eaum a ahawe i s  the telwity Lls ld  v ~i the 

of e x t e m  field8 %hr, aurfaoa am we3.J. ar the bulk o f  

the m ~ l ~ i t i ~  oontz lb~te  fareea - the ~ Q P I P ~ Z  In the foma 

o f  the gradient rji,l of  the ewlrface dimetor r treas 
thu - - . " - -  

3 -2 Zaf %el: in the  far^^ o f  the Sntxinsio Useofor  

body foroe per urid; rolole - towurde uh-ng the 

rotatiomiZ r r l o o i t r  hA of the d i r r o t o r .  T i  % i e  the 



external direotor body foroe per ~ & d ;  valumo Oaren's 

proposition ean be wxi.t;ten sa, 

The Xaw of oon8csmation o f  muls  booorcllr 

"EBe rate of cphaage of linear momentum of the dipesator 

equal. the ~ u m  of' the awlaoe and body force. per unft 

ro3,~1118* Thlts i a  t h a t  law o f  @ansematian of rorsntul 

whicrh i a  aryab olio&ly 

Any ch.lye! in t o t a l  cmarg). 1. brought .boa$ by #urfpc% 

a* body forass. xi ti = tji and 2 s j k ~ a j  

pn the surface toroes due t o  t and rjk reepeotioaZy 31 
ths equation exprerrsing: the l a w  o f  ooneerrstion of 



jM30 8511m18r rnon~lb- @f the fhlSSd i s  the gum of the 

&ad thab; oorrerpondi~ t o  a8 rofat%on of fhc~ df  reotpr 
A. 

( 3 x 3 ) . me law o i  b e l a ~ e  o f  angylar rmentum .tat.. 

%ha$ tbs m%cl of ohm1159 of a n g u X a r  rnolaantua equal6 tho 

On in$sgrae;irylt a Q o l r t $ ~  1 %a 5 by wiag Gausst theoran 

whem aeoerrmy one find# that for rrri iacroragrrrssibls nmratio 



when diJ a + f  3,s 2 Wij' (+kt$ a t 1  - +  I/& 

Al.80 8 j ~ o  the mnrtl@ A. inoaapresslblr dlllk = \,L - 0 

and 8iw8 the directtor i s  o f  eonstant aagnftuda ailli - 0. 

i t  i~ found th.O th8 ten#@%? tli i s  symmrtrlc eo that equation 

Uhen a awnatria, flow8 $here i r  a diesipation of energy 

urd r oa~sccquent ahanfge in arntmpy d a g  t o  the %iearourr 

d;arque8. 2hr Q1~usiur-l)rrhu iasqwlity eta%als that the 

=ate of ohange lei ant mapy w i t h ,  t f m s  ia any th@rxaoElygesni@ 

proaerra ie rkw.aya abn-negat;ftr. If S i a r  the antrapr 

d.nait j  of We na~~actia -a (12ausiurr-Duh~13a iaequer35ty 



X t  W i a  the e r a  cltrrzaxw dulrity (in the aaae o f  a 

nana%icr W i r  the rlu10fo energy d a e i t y  of defonaation) 

oona t ant temperature T 

f n order that a ~ ~ e h r a a t o a l  phsntamenon otight be 8esoribed 

by a law wholrr form bar8 aat ahangr under tzansforrpo~~tions 

k, aqy ather clrbltrufu awing right-handed ooorPinate 
rprtma i t  i a r  aesrr&arCJT Ibo uac viwrSable8 *&oh traruforor 

M ternor8 und8r maah t r a ? m f o ~ t i o n s .  !i?hhoUgh 4 and 4, a 



tmumfozm ae truaamr Pndrr the p2oprsrr orthogonal 

Hi - nr ' "it.* and the temox6 dij ud rij retala 
N 

I 

Buaor \'W, Q . r .nd #a ur aaalurd t o  be ainglr valued 4s a 
f v r r ~ t i ~ ~  @f a&e alej r Hi U d  * It 18 a b o  u . t ~ . d  

tht thr d i r a o t r  i e  nos-polar, I .e., thrd; at m b  -ni 

rr* gbpllojUI SndluBislguiehabl~~ 

%he ant- iu(lP.lity (aqtut~on 12) i. now eraluatd 

gaily the iaut tht - w , p k '  gA4 - sA,d - v%k%p3 

- 4  a m w u i ,  lc311k equation 
(7) o q  a. nitten 88 



Sinae the velocity .nd hanee it. gradients are under 

a t e m  oontro3, Ii and 8ij e m  ba ohosen .rbitxarSXy. 

If the inequell0y uhould hal l  an. get. 

Sirme w om be oho8.n Prbitrociu snd W = -  U(ni, nip$) 1 4  
the c a e f f i o i a t  of wAj ehorild be a # p e t r i a  t w o r  so 

%hat the iaegualitr is srertiafled. Xentle 

8im8 sat ari8e8 ant imlj  hor  the marfoaa of the nnnatio, 

yields 

%he inequality (15) now beotme8 



of dij and Dli the following aprea8Aonr: rraul* 

Antroduced a8 lagrangion m u l t i p l i ~ n  oorresgondiw t o  

the oomtxalnt8 o f  ineompre8sibillty and constancy o i  

The entropy inequdity eanr now be w l e Y f t t 8 ~ ~  in tern of 
t t 

non-eqailibriua parts tji and ei .lone 



~ ~ i l y y  the lr~rutw of < M a s o  equations (t9). (18) 
04 

ornd ( I  6) oru ob$sinr 

to f ind the fa- o f  tji m d  91; W* U I I ~  P f i r a t  order 

theory, expawling *hu in t e a .  o f  Bg and d wing 1 3  - 
terasor aoeif&cplea$r A anb B whome dlantentrr are f k n o ~ l o n r  

Elam tamor, A am3 El om be eacpmded in d8mm of the 

d t r e o t o ~  anb the Xrciraeokaf delta in tho facr 



(01 I To 3 s& 

('I = Y,hiJ + Y*aA'Lj Bu 

71(L~l% + y4'4.knj + 15'jkni + y6nin 3% 

where tha arr an& y8 a??@ rPaferiaL constaatr. 

$hea (22) ruduoea t s  

use o f  equation (21) .how. that ' 8  and pss are relatad 

3, F, -,, 
j4 L 5 - v ~  

ji ahbald a ~ s o  aatimfy the entropy i n a m i t y  



Ii )L+ 1. eqtuted t@ mere the rwt of the expression 

aaa be treated us a qua8ratio fozm an8 the pts .  platiiefy 

the rollowing rela10A om a 

For the slaetie energy density W, Ihs expression given 

2w % I ( ~ ~ , A  a a , ~  ' '22 ' ~ j ~ ~ ~ ~  e ~ p  nq,p + '33 n i n J%,A%, ,j 
i 

i a  used. In +eat or notation this oazl be df ten sr 

ffhe method o f  derSraSioo of W 50 briefly indieate8 belowo 

~ Z a a f i a  3keee 1&merm pans it^ 

Whenaver them Ss s deformation i n  the direofox 



3 f i e  a thr d i t e o t r  e a i e n t  T'jZ (or  o o a a  

in%@ srir0ema. If uy @f the three 8ef  camat$oaa 

callgnrb m f l o  4ha r e ~ u a  lomseoi i t o  osntro rrrymmetry. 

one i n d a  WaUw oaa be rrittm u Wa:* free 

smrw drrrsk%y W 8- b@ erpaade4 in a Zajlw rserier u 

crhero l[i i 8  uri axial twor ( o f  rank two) whiuh oorreapondm 

#p@nharo~,  brf-tioru (li m y )  premn* in 

udim end 5) i. a 8ymmetric tsmw (oi rank four )  

whioh sroa?awrpoadlr t o  defolcmadisns hposed by artsnrual 

rdium (whteh $8 detemaizmd by the direator. whioh in 

tmn I8 mound W hor, ~ ~ l i n d r i e a l  8pstry) i 6  imposed 

on the twma  5 .rrd XA3. Iha fact that the director 

A 8  alee pebz  I8 we&. 41 oan br w r i t t e n  .s a 

6 x 6 amisrb 

*I 1 0 O Q (g11-52-124) 0 

=ij ' 



If the artrurrtwl: i r b  nulli...emmti umo~pbPo and ~ o ~ p o l a r  

111 = 0. But i f  there i s  enuati~aorphy it ir  poasiblg 

aholeeteri8. ual now wr;t$a the f'ma energy 61bxmfty 

far  oholeatsrior a8 

~ Q P  mutrio. the uu rtprr8eion hold@, but w i t h  lt2 1 0. 

&&ok.es (19624 abowud tlut the ooefi4aient o f  (xg2+ Kg4) 

8atAeii8r Ohr 8g~aW011 of e p W b r i u a  ibantir~ally, %hue 

'24 pla;va no grt.8 3a Wlr rn@ahan.Aoa o f  lc~ematSo6 and 

oholestexiam. . 8sx uhole8terioa i e  relate8 t o  fha 

P br %h8 ~Ibl&MQ3k 



QwWs rirplo mar o f  f law may be sanaldered 

t o  illurrtra*r the Ucbgendenoa or' thr apparent viaroataltty 

on &he bUeo0or orSsatea3iaa. Oonrider fhe three now88 

a very rtrfle oratifor t o  work out the apparent 7 i s o o s S ~  

tn thss* oases. anom Qdirsotos dsrto~mafiam say be 

ignmsb axu me8 n ~ l t  u t i l i a s  (25a). bn* only (2%) vith 

aammptionr: o f  rferd;l f lew aad ssro axtePaal bodjr goroe. 

A #Am,pb @irS8ulr.l;ioa!t ahows that r) in the thrae aaoer has 

the rdlner mspdot&raXy 



2hsss flowr, were irr+rrsfi&atied 3n b9tda;tX, nearly two 

dscosldsa before the Birm of  #r EErfeltmrcln-tesl$e f h e r o q  

by n i . ~ o w i o ~  (1956, 1946). 

In -1r (poptllw4 referrad t o  M 8,) PIao malea,# 

1%. appwmwe fnq?mntlt &n the 12ferature. In ul). 

n o w  of aslrratferr, -terrr th6 b~undaqy o o n d i G l o ~  for 
We dPrarotor $9- i r  ioujtd fhaf at U& ahears where 

elasrtfo Poroer oart be ilgasred the direotor in a3aoat 

the a n t h e  bulk of! thc nematio makes an angle Bo &+as 

by co. 28, i: - 3 ,/;lp Xatezw~tiagly enough for. 

b o r n  awastics (at fe~aperaturss far regioved isom oritlorrl. 

Ccmparotures) /> , I , (  / A p /  * A b o  18 iowt l  t o  bs 

negative whcrau 2 p  i 8  poeitire. 



!&e e~p.tAmw (83) haw t o  be solvad together t o  obtain 

$ha dXretoBor awl veloe$'t;g fjieliirr. alrao SZluutsatsr 

$ha ph4nmnorz of the &nblaatre aoupltng bet;wsern the 

ttirastor atad vrlotrftz Phelds whfoh, eta we srhaX3. re@ in 

aruboequent e r r  Peadsr t s tilie va%ous Sntere~Wng flou 

p~opdtrffea o f  mntatiS~ih 

We have not so far sald anfihiag about the form - 
& the i a o e  Qi. =no# magnet&@ f i e l d 8  are oollozily 

wed  u u t e m a l  fieXd6 we rhrll derlve Oi in the owe 



3 
o f  a ma@wtSe fAel.4 33 , whish need not be homo~naaua. 

kt d b. the Y g u t i r u U o n .  2hsn the body loroe par 

onLt v o l ~ e  i. 'yllte& and the torque par unit volunr 



barque6 whieh acme Ants rxArtrrna* trj t o  40Sora the 

rtmrofula rrrrti*Arrg ug ~ a d i e a $ r  fa We dblorotos f i e l d *  

%h@t#@ &a$~ElMhflorub bZ?&8l$ fa%@ p l v  +&&&ti@ B~rqu~8 

wMoh t r y  t o  craibsB the &eioslpaa;ioar rro in~rodwed. 

On the wh~Le $he f l o w  of a ncrmtie: i n  r oorpler 

eraupelftion betwarm &mtria UItX V ~ ~ Q O W  $@rqutrrr. X t  

l a a  t h i n  fcraat;ure wucsrh i s r  rarpanrible few $ha ura~~&oua 

b ~ d r o d ~ c a  'Irabta'lrSaux o f  zwmCior. 

Soal ing malyaia (w~lusen 1369) Zcl an Amportant 

eonrrlarpt aoaaieota8 with the n o w  of  nemsat;rlas* In any 

type sf g l o w  i t  i a ~  poesible t o  traunsfo~pm rpatial Qsxd 

fmgoxa3 uoo~birraatez~ auah thati %he exjparfmunf;af. resuXt r 

aan be aprssasrd in r fosma i a  ltadeperdsnt o f  $he 

&aometrg of the aquipnenf* Shw oau, i s  a 2 0  f o  ahoose 
p~opar  par$~~~ete~dl; 8 1 ~  that zrlaults @an be p88enfrd aa 

a uu3ivcrraal earvet, X t  i s  m n  gosuibU ti o teat whether 

%ha walverarall o m @  whioh krr gre&.&of@d by #a eheoxy 

iadsad sxfsta. 'fhrte ior~lrra r ahacak cPn lObe %hrorj, %he 

cgpl&ara*ion o f  scraling lawe iro Peire~Jllr f l o w  has beem 

illuartratrb in Qhaptar $11. Xt; rheu%d be mphusf aed 

that e o d i q g  i r a  powdble on5y *+a [A )  mare Am no 

u f e m a 2  fseld, (ill the direator inertia I6 



&seliua, A. 1951 pmmrla U n i t . .  Arnskr, Mat+ Wh, 
aat?qmt. 1. L 

Exiokssn, 196O Aroh n . # e o h , w  4, 231. 

Us, J.D. urb &&xyt *~~#  4.Q. 1974 Ometala ant? 
$?rdrre4 Wa, Vdl. 1 (ad.. J .F .Jobon and R.~.J?ost.r) 
p. 315, Ploaun Pnsr* 
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