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CHAPTER V

PIOW OF CHOLESTERIOS PARALLEL TO PHE HELICAL AXIS

Introduction

In previous chapters we discussed the
hydrodynamics Of nematics. We shall now consider
the hydrodynamical behaviour Of cholesteric ligquid
crystals which is markedly different from that of
nematics. Cholesterics axe highly non-Rawzo:itan I n
their flow properties. For instance Portor ,(1966)
and Sakamoto et al. (1969) found oxperincntally that
the apparent viscosity n Of a cholesterio inoreases
by nearly a mllion-fold as tho shear rate drops from
a very high to a low value. fThie anomalously high
value Of n has been accounted for by Helfrich (1969)
on the vasis of the permeation model A b}ief account
of which ean be found below. Helfrich assumed that
the oholesteric flows along its helical axis with a
flat velocity profile and with tho molecules
spiralling as they move down the axis. He also
assumed that the helical structure daer not move
owing tO the anchoring effects of the wall. Kiter
describing Helfrich's model, we Show in this chapter
that the anomalous hydrodynamical behaviour Of



cholesterics can be understood On the basis of the
continuum theory. With no assumptions made regarding
the anchoring of the structure by the wall, it

emerges that at | W sShear rates the main features

of the permeation model follOwW as a natural consequence
of Leslie's continuum theory of incompressible
cholesterics with constant director magnitude (Leslie
1968) whioh is itself an extension of t he Ericksen-
Leslie theory discussed earlier (Chapter I). A

brief summary of Leslie's theory 1s alsc given.

Helfrich's chnontton model

The cholesteric is assumed to flOw under a
constant pressure gradient in a capillary tube of
radius R suoch that the tuba axis and the helical axis
of the cholesteric coinoide with the s direction.

The helical structure is assumed {0 be held immobile
by the anchoring effects at t he wall. The velocity

v is assumed to be a constant. Helfrich caloulated
the rate of energy dissipated (at constant temperature)
in such a flow and equated this to the work dons by
the pressure gradient.

Assume that the director orientation at a point
s is given by



n, - cos(qge + o), n, = sin(qs + o), B, =0

where g = 25/P, P being the pitoh and ¢ is an
arbitrary constant. The cnergy dissipated per
seoond is given hy (see eqn, (12), Chapter I)

Since v = (0, C, v) and since v is a constant

&, Dy
RS LWE TS A

The Frank's cmﬁzy density ¥ turns out to de sero.
n
Hence ¢ = =g, zg* - Ve find that

| )
E;! = =qv 8in(qs + o), ;;! = qv cos(gs + ¢) ,

- g'k -
LR el L ORI % T+
sothat ¢ = = q?vzﬂ, .

Kow the amount of work done by the pressure gradient
0 p/os in One second is clearly e' = 2-; v. Bquating

¢ and &' one gets



“Op

5t = M .

The volume rate Of flow of the fluid is A = ®VRZ.
The apparent viscosity n can be calculated from the

Poiseuille formula

1,4%% A8 g2

Thus n is independent of the velocity of the fluid,
directly proportional to the sqguare of the tube
radius and inversely proportional to the square Of
t he piteh.

At thi S stage one may make the following
observation. The existence of velocity gradient ias
a natural and necessary consegquence Of the existence
of wiscoeity i N the medium, and the assumption Of a
flat velocity profile violates thizs basic principle.
A more appropriate procedure even Whan discussing
flow st |Ow shear rates would be to assume the
existence of at least an infinitesimal velooity
gradient along with corresponding infinitesimal
distortions in the director field. \¢ shall develop
such a theory ia the next section.
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Hydrodynamics of choleasteriocs

Cholesterics have a spontansous twist imposed
on a nematic structure. 7This twist results in a
basic difference between the properties of the two
Though | N both eases the director a 4is assumed to
be non~polar the nematic struoture has a oentre of
inversion which i S lacking in cholesterics. &huiﬁthe
director of a cholesteric is not invariant under
reflexions in planes containing the diregtor. The
other difference between nematice and cholesterios
1ies i N t he mechanism of entropy production. In a
nematic entropy can ochange Bur to the action of
viscous forces and due {0 disruption of molecular
alignment (0r equivalently change in director magnitude).
But 4n an isothermal change the latter can he ignored.
In cholesterics entropy generation arises not only
due to the action of viscous forees and disruption
of molecular alignment but also due t 0 ehanges in the
inherent twist. If hy is the heat flux and e, the
entropy flux one ean write h1 = Ioi * 9y vhere ¢,
is the part of the heat flux which is utiliged for
changing the struoture. Oonsexrvation laws of
Chapter | hold in toto except that eqns.(S) and (12)

are written as

£ - Bygdgg ¥ ®yeVgg - 8By =By 4 (1)
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single valued functions of 2, By, ni,j’ Hi, du and
? x ®quation (2) becomes
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One can now conclude that ' satisfies tho relations

| J— H(!, 310 n"'n) ’
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P L 2
‘1?'}3’ * ”1.1:3’::]‘:’; * ‘x.x?n‘,'f;

P P W
- 33 ”g + ﬂa’k T““‘n;’k + nk.3 "x,;

One also finds for ¢, that
o9 '

oy X 9
ka_’—rl;?;.o' ’ﬁ'gi- ",1 O and

Vg, Dy Do o9 de
233';‘” ‘km“*‘sﬁis”“a‘ﬁi‘“tjﬂf = 0 (4
The inequality (3) reduces to

2 | 2 o
[*51 “Eif:; WL TRAI "”531'“':‘5 "ﬂf 18
/ 2Y) 2
-[ & ’%l‘a =[e *?%‘3’.1 "‘7;? By,4> ¢ (5)

For an incompressible cholesteric with & director of
constant magnitude equations (4) dictate the following

form for ?3
P S0y By (B ¢ 44y )
vhere a L8 a function of the temperature alone.

From (4) one can work out expressions for %4y @nd for



t he hydrostatic parts of t’,_ and g, 3

Oy
2
& - .“irg& = ® 84 N,
t°, = - p% -?LL + e, (nn)
i S A PP i RIS R

- /
The hydrodynamie parts t“ and s‘/ of tdi and & satisfy
the inequality |

/ /. ’ /)’
t“d“ - ‘1“3‘ - (o‘: +3~§1)2.1 7/ »0

In working out the expressions for hy, t;.l and x,_/ one
has 10 include their dependence not only on N, and
aj‘ but also on the temperature gradient E’k. Qe
Zinds that

/

8y = p,dkpaknpn’.na +ugByy + pan Ny 4 pdy
+ “5‘3‘1& + u‘n‘td:knk + “7‘3’117 qnpfc'q

ML AT R B

": - 911& +22¢“n3 + qs'cknjf,k
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- 5(’ 1 +%,n,T 4T, 9% +f(, 13K :n +J(o“k 3dkpnp

hyy
where 3 , = p, - .43,225 B = Bgs Q, = by - Hg and
W’ are thermal conductivities.

Thus in any problem of cholesteric flow one has to
solve for the director n the velocity v and the
temperature T utilizing the eguatioms of motion

along with oquation (1) for internal cmrgy with
and suitable boundary eonditions for 'Y y ¥ and T.

(ne also has t o use the expression for \ which contains
& term oorresponding to the intrinsic twist, viz.,

20 = (8 Tx B) + X, (T B )2 4 k(@ Tz 7)2
— o - 2
+ (8.7 )n]

where Kz - -21~,1‘-x22 with P as the pitch of the structure.
At this stage one obgerves that a does N0t enter (6a)
at ally it gets totally eliminated. XEven (6b) does
not eomtain a when ome uses flat coordinate systems

(such as cartesian and cylindriecal polar where



8Y

Al.kj = Ay gk for a tensor ‘1) to describe isothermal

flows. Because

(= eqp(mpny) il g = & ougp(nny) iy
-a 'Jkp(”p”i).:k - “,'pka(npni).ka
== () g

so that the term ocentaining a drops out.

In the problems treated in this chapter and in the
nsxf, the temperature has bdeen assumed to be constant
throughout the fluid. Thus our expreesions for tai’
&, and 'Ji are furma;ly identical to those of phaytar
I. 7The themmal oonﬂuctivitiou\ffa have also been

{gnored.

Flow between two fixed plane parallel plates

The plates are assumed to occupy the planes
X = +h/2 in a right-handed oartesian coordinate systenm.
The cholesteric is assumed t 0 flow along the gz axis,
under the notion of a eomstant pressure gradient P,y
the helical axis of tho ocholesteric is assumed to
coincide with the s axis.

Solutions are sought fOor the director and
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velocity fields in the form

n, = cos(qs + p)cos & v, =0
n, = sin{gs + 9)oos © v, =0 - (7)

n'-l;nﬁ : V,,"'

wvhere O = _O(x,s); ¢ = ¢9(x,2)y v = v(x),

For v = @ = 9 = 0 this gives a cholesteric of pitech

P = 2x/q. Oonsidering | OW pressure gradients, only
the fixrst powers of v, 8, ¢ and their derivatives

ore retained, Then (7) reduce to
a, = 0-98

n’ = 3+ 40

n’-o

wvhere O = ¢cos ¢sy S = gin gs .
Then equations (6a) become

=0 ;[ (Ky3+3K;5)q80]~¢  (2K,,q0)- 3, vqSey(C~8p) = O (8)

‘ 3 e 2 2
0, oz (Kp280) 49 1, (K C7)ep _ (K),0)48 [[K,2q0%4K,,(0%-252) q]

“9,3(2K008)+ A4vq0 + 7(5+09) = © » (9)



2 2
{nuﬂ3¢x”c)+ﬂ“uQ@-ygﬂ

+ 0 o(Kqq) =9 L(Kyq ¢ Ky5)e0] - o(Ky5a%)

(A, =9,
4 B

v’x C+v0 = 0O
/a.‘ ’)29
V\here O'x ."ag y e’x‘ = /9 13 s etc.

y elimination from (8) and (9) yields

s® c?)

81 gyl (Kyq = Kpg)S) = Payy(Kyy5® + Kgy

- ?.Bﬂ(xag) -.olxg(xzz + Iss)qu] - )1vq -’ 0 (10)

The equations (6b) yield

Px ™=V g8y ¢+ pglask

( .
by m v Lalugs? = uyst) + SHEPE (7 - )]
- 9, 5u(Kpp®) = 0 [(Kyp + ‘53)4201

, - 2
. "xx[li‘ + (ﬂg ﬂz)c ] (11)

Using (10) and (11) a differential equation results
for the velooity field v(x)



- p,)0?
v.n[“Q "" (g} "'g) 1+ v Q"Qz) - P,’ - 0

The term %[u‘ + (95 - ue)czj 48 replaced by an

average value 1 8o that

- 2
n',xx"")*l‘l “p,g =0

A solution of this equation with boundary conditions
v(+h/2) = 0 18

P cosh kx
vix) = 5::2 l} - cosh Wz] (12)

where

The velocity is symmeiric about x = Q. ZThe volume

rate of flow is

h/2 h/2
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Q= (V(x)dxna ( v(x)dx-%-é—[-%%&]
1%

«h/2 0

Thus the apparent viscosity for this geomeiry is given

by

A AL

P
no= - ~1§aﬁ - 13[1 - !2£%E§%Z§T




When h = 100 4, P = 1 4 (i.e., fOr large values Of
xh] (12) shows that the velooity attains 0.99 of 4its
maximum value within a thickness of about 0.5 u of
the bourndary. Thus in all practical situations the
velocity profile is flat over mosSt of the region
between the plates. Thus | N this case §n = -21q2h2/12.
This is enalogous t 0 Helfrich's equation which will

be derived bel ow

. Flow in g ecapillery tube: The cepillary tube is

assumed t0 have & radius R and its axis parallel to
a.  Solutions for the director ard velocity fields
are sought in eylindrical polars in the form

n, = cos{qs + ¢ - ¥)oos © v, = 0
n, = sin(gs + ¢ -V )cos © v, = 0

n, = sin @ v, = v(r)

where © ‘:s 9(1‘.'}0, ‘). @ = Q(r,’y, 8) .

At low pressure gradients, assuming that ¢ end @ are
small we obtainm to firet order 4n © and ¢

n, = C-93, n,y/-r S+¢Cs; n, = 0

where
C = oos(gs =7 )y 8§ = sin(qﬁ -% ).
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Equations (6a) can be written as

%]
2 —rE -
9’“(!” - Kyp8 ) ¢ Ky,80 —42 Koo5¢ gz = E22000 o

? 2 2
+ —‘-52-3(1"0 - 2K..58 0) - v.rr(xﬂs + 13530 )

' 33
-531 PLEN ’.‘“(2: 520 - X,,C) = © _(Kyq+3K,,)qSO
= A (2ks, 11 b\ 33t 022
N f-l-f(zx ¢? - x,,48° - K,4a5°)
T F33¥ + g 229 22% 338
-A,vq8+7(0~-3) = 0 (13)

°
2 .
0, K250 + —HgFR(Ky = Kpp0%) + Kpp0p

- 2Kya88 , + —!-—f! [zx sc - Ky,8]

3 ? vy 2
+ Kgs0” @ o + -;-5—-(1"0 + KxyS c)

4
v, 21 O, A
+3 [I,,o + Kyy8°0) ¢ E(Ryy + 3K,,)qSC + A 4vq0

+y(8+0p) = 0 (14)



)
e
2 2 » ¥YY 2 2
+ Ky 9.” + 9.“(x228 + K”O ) + +r (K220 + K55S )

2E(g, 8% + Ky p0%) = (Kyq + Kyg)QO 9 p
+ 3 \KaoB 4 Rygl) = (Rqg + R33/00 @ 2

q3(t11+‘ ) 2. ,
- T &p'w-‘t”qeirye = 0O

Equations (6b) reduce to
1 ] ( 02 - . '32)' + (09 - 8q6)
rp.,y 1 ”2 “5 'Y 4 “2“ » 8 1
(ng = ny) 2 2
+ —Q-T-—L [v (6% - 5%q]

o
' 4
Px = 9,0y - Kpp) ¢ FEqO(K,, - Xyy)
- K + ..2.!!.215 sg(x - K )
22 19,33 T VR4 T a3
| v
- 9, re(Kq45° + K5502)q - —:{-Z-q(x”o"’a»x”sz)

29
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0
e 2.%,2 ¥ 2
= q(Ky40° + Kyq8°) T E - T —a"5(Kyp + Kg5)

+ [.';1 + .‘.‘:L;_'iglcz]‘v,m

+ -;-,{:g [»4 + (Bg = nz)szl . (15)

Eliminating y from equations (13) and (14) we obtain
%5
0 gr(Kgp = Kqq)8 + —(Kqy = k3000 ¢ Kyop oy

29, r : al 2

’ .
* ;iﬂi‘(‘iﬂa tEyys) + iiﬁ""(‘n - K33)30
+ 6 paC(Eyy + Kgy) + ;"'3'“11“2 + Ey58°)
)
+ grEe(Kyy + Ky3)as + Ayne 0 (16)
Prom (15) and (16) one gets
'arr _ - 2
= ‘E"‘[ﬂ4 + (Fg “2)0 ]

v
* TP+ (g - uy)82] 40 ve?

As i N the previous case here also the coeffiocients
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of Y oer and v p are replaced by their overage value

n and one gets

A%
v edy o087 R . 4
SR C AN A

This equation has a well behaved solution given by

2
.QJ.!—'.

1 AT (kr)
0 * °

dth‘

wvhere A is a constant, Io the modified Bessel function
of the first kind and sero order and lcz = - 1q2/ﬁ' "

Using the bdoundary condition v(R) = 0 one has, for the
velocity field

P I (kr)
I L R

The volume Of liquid orystal flowing out per second

R
2zp B RI,(kR)

Q = 52::7&- - i—&tﬂ [;—-—uo(m)}

wvhere I, is the modified Bessel function of the first
kind axd first order. The apparent viscosity for

this flow is



p B4 . A,q%?
8Q r 214_35 -
all -
L (xr) 1,(xR) J

In practical situations k — g —10° and
kR — qR — 10° and we obtain

~ A, g%

which is Helfrich's foruula and in this approximation

the velocity profile i S flat over nearly 95% of the
tube section.
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CHAPTER VI

F1OW OF CHOLESTERICS PERPENDICULAR 20 THE HELICAL
AXIS

Introduction |
| Thecretical studies by Leslie (1969) and
experimental investigation by Canden et al. (1973) on
this type of flow have led t 0 some interesting
features peculiar to this geometry. Om { he basis of
the continuum theory Leslie (1969) showed that i n the
case of the flow between two parallel plates with one
plats i n motion relative to the other at a constant
velooity V and with the helicel axis normal to the
plates the apparent wviscosity n varies with shear

rate and gap width and that at high values Of the shear

stress of t he order of the square of the inverse pitch
7 approaches a value whioh is independent of the shear
rate. Leslie also found that secondary flow (i.e.,
flow perpendicular to the plane of shear) exists in

a cholesteric. This ie a direct consequensce of the
intrinsic twist present i n the structure. Leslie also
proved that at | Ow shear rates t he twist persists

throughout the gap.
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Candau ¢t al. studied the Poiseuille flow Of
@ nematio (vixz., Merck IV) twisted by adding
choleateryl propionate in different quantities tO
produce samples of differed pitoh. Their optical
observation showed that the helical axis of the
structure was everywhere normal to the axis of the
tube. (The different laysrs were folded around the
axis of the tude {O form coaxial oylinders.) They
found that i N general for a given pitoh, with
increasing shear rate n decreases from a constant
value at low shear rates ad approaches A lower limit
at high shear rates. The initial constant value Of
n itself depends on the pitoh. The oritical shear
rate at vhich n starts decreasing from its initial
constant value is linearly dependent on ths square
of the inverse piteh. The fact that n drops to a
lower 1imit at high shear rates i S in gualitative
agreement With Leslie's prediction that n should
approach a constant lower limit. But Candau et al.
could NOt go to high enough shear rates and SO coulad
Nnot verify Leslie's prediction quantitatively.

Flow between parallel plates With one plate i N motion

Pollowing Leslie (1969) one has for isothermal
flow
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n, = cos 6(s)cosy(z), n_ = sin g(g)cos 6(z), n, = sin 6(z)

J
vx-u'(s) ’ v’-v(s) ’ v, =0.

The plates are assumed {0 ocoupy the planes g = +h/2,
The plate s = h/2 moves along x axis with a constant
velooity V. Equations (6) oOf Chapter V beccme

[7,(e)+H (0)con? 9ISR + H (6)sin g cos ¢ L = 22 (1)
(E,(a)+ﬁz(e)uin2 ‘y]ﬂ% + Hy(8)sin ¢ coe ¢ %% = 0 (2)

r(e)—-g 3 (ge>-;§fz< )°. 2x,e1n 6 cos © &

+ 5(2,4»220” 'za)[g 08 ¢ + X sin g] = 0 (3)

az, (o
rz(e)—;§ + 2( ) g0 i %1 + 2K,81in @ cos © —%

A, =
+ ] /;g)un 2 oos e(zﬂain ¢ - d'cos 9) =0  (4)

where

£.(0) = Ky cos® @ + Ky, 8in’ o
tz(e) - (Kazocna o+ I”.sin e)oon 8
Hy(8) = ¢ (mg = pp)ein’ o

K.‘,(e) - (2n1l1n2 ® +puy+ us) cos? @

and & is the shear stress applied to the fluid.



(n solving equations (1) to (4) one finds
that @ and v are even functions while ¢ and u-—g are
odd functions Of s. Leslie (196%) has suggested
boundary conditions which are such that

) e w-B =v-B =v@G =0(-H =0
%%(:-+%)-%%(i'~§)—%-ﬂ’—‘—‘-§5 5(a)
The twist angle ¢ is not fixed at the plates, but

only the derivative of ¢ is equated t0 q, the twiast

I N the unpersurbed cholesteric. This implies that at
any shear rate the cholesteric retains its twist | n
the vicinity of the plates. Experiments have not

so far indicated precisely the doundary condition for
the director that one can get in practical situations
involving cholesteric flow. In experiments Like those
performed by Candau et al. a twisted nematic is used
as a sudbstitute for the cholesteric. As is well known

103

in the case of a nematio, it is f he director orientation

that | S anchored at the boundary and hence a more
reasonable assumption with regard t o the boundary
conditions would be:

B s w=Pav-BHav® o) =o(-5 =0

9(3'%)-%—-?(:--%) , 5(v)
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This now means fixing tha angle ¢ at the boundary
rather than iis derivative. Though at |[ow shear
rates ﬂ = q throughout the gap, at high shear rates
g% rill NO longer be ¢ even i N the vicinity of the
plates.

A model caloulation On the shear flow of
twisted MBBA has been performed With boundary condition
5(b). Equations (1) to (4) have deen solved for
differext shears 'a' by the collocation method (using
the serces of the Legendre polynomials P,, and double
precision arithmetic). FPor every value of 'a' there
corresponds & velocity V of the moving plate, from
vhich the apparent viscosity n at that shear rate can
be saloculated from the relation n = ah/V. A plot of
n as A funotion of V is shown in figure 1 for h = 50 y,
P =10 p. The data of Gdhwiller (1971) for the
viscosity coefficients Of MBBA and those Of Haller
(1972) for the elastic constants Of MBBA have been wed.
At | W shear rates (or equivalently at | a velocities V
of the moving plate) n remains almost constant at
g {= 0.303 poise). On increasing V above a certain
ceritical value n decreases and ldjn values of V approaches

a limiting |over value n; (= 0.262 poise). This
behaviour of n 48 | N agreement with the experimental
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| - |
0.00I 00l 0} 10 100
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Zigure 1

Theoretioal variation of apparent viscosity n
of twisted MBBA with shear rate for three
different pitches.



results of Candau et al. (figure 2). Also 1y,
corresponds t 0 the viscosity of a nematio in whioh the
director is oriented at an angle 6 = %gu" (= _jT.;.)
wvith the direction Of flow, This result is in
agreement \\i { h Leslie's predictions concerning t he

flow at high shear rates.

If the pitch is very small (P—> 0) considerable
energy 1s required to deform the structure and therefore
one may expect the structure to be undeformed with
? =~ Qs and & =— O even upto very high shear rates.
Using equations (1) and (2) one finds that

- ‘(mf.‘n ) - 8!‘12 L oo
u(s) *_Ln,(x,mz) (5+2) 2@1(814-82)(“'1 298 T Sin qn)

aH
S - .
v(z) 2q8, (sfma)(cm 2qe -~ cos gh)

The velocity ¥V of the moving plate ia

uh(zu, 4-_2122 anj 8in ¢gh
B (0, +'Hy))  H(E +H) 4

80 that the apparent viscosity

A, (B, + B,) as (B +H,)

131 Dt Dt 4

n = — . far ¢ > g.
23,4»32-32—%33'“' ﬁ“!ﬂg 1

1056



Aq (Poise)

0,30

0,28 (3)

4)

0,26
(5)

0,24 (6)

- 5 v (7)

o.22f o E o 10°3G (ssc™)
‘ 2
025 Q50 0,75 4 4,25

=3
-

-

Rigure 23 Apparent viscosity i N Poiseuille flow
as a function Of shear rate. Flow nomal to the
helical axis. Pitch (pm) (1) 1.9, (2) 2.6,
(3) 5, (4) 3.9, (5) 6, (6) 8.1 and (7) .
(After Canden, Martinoty and Debeauvais 1973).
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Thus n is independent of the shear rate (whl.oh Lor
MBBA is epproximately 0,3027 peise). ZThis is
indicated by the horizontal dotted line in figure 1.

 Yor very large pitches (P >@, 4— 0) the
permanent twist in t he structure reduces to sero so
that one can put § = O, X, = 0. Equation (2)
indicates that t he secondary veloeity cannot exist.
Equation (4) is identically uu-ts.oa. Bquations (1)
and (3) reduce to | o

[8,(0) + Hy(0)JE = 20
a% . 1 9% 00,2 84 *)g cos 29)
1, (9);;1‘7 +% 35 (0 ) T Ee) S Ee)

which have to be solved with the boundary conditions
o-P=eB) =u-P oy w@av.
At Pow ~ h a wrates & 0 #s0 that t he apparent

viscosity

Nq = by * ;" z us’ (= 0.238 yoisi!o:é MBBA)

A,
At very hi gh shear rates == 9° ro. (- ---=-)
(= 0.1658 radians) and .. *

"o, ALY ;——3(5 o (-o 262 poise for MBBA).
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Thus ON inoreasing the shear rate n increases from
LIT) attaining neo at high shear rates. This is
illustrated hy the curve at She bottom of figure 1.
(It may be pointed out that if7 , = <}, as is the case
for PAA, n would not show an increase with increase

of shear rate.)

The variation of n with pitch is also quite
interesting to facilitate analytical discussion the
region Of very | W shear rates has been chosen. A%
low shears: unzoc the cholesteric is N0l distorted much
ons can write 9 = gz + J(=) where £ is small., Second
and higher powers of ©, u, v and J are assumed to be
negligible. lofins that eos 9 = ¢cos qs ~ § sin qs,
sin 9 ain qs + § cos qs we ocan write egns.(1) and (2) as

[n,mzcoaz qs]ﬂ + Hyain gs cos qs -3% =8 (6)
nzsin qs cos gs %2 + ,[n,mzuuz qz]%i =0 (1

solving which we obtain
2a(H, + H, sin? qs)

- Hy(H, + 0y (&
2a H, sin gs ¢os qs
i =~ —=m~n) (9)

where
By = pge By =mpy +pg
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Solving (8) and (9) with the doundary conditions (5b)
one Qltl

al(2m, + K,) aH
- 4&- - 2 y
u(s) o nz)@ + %) vy (n1mz)(axn 2qs + sin qn)
¢
v(s) = -~ 2 w (cos 2qs -~ cos gh) .

29, (8, + nz)
The veloaity ¥V of the plat. B = g 1s

&(2&' + Hz_). -

a Hg sin gh
B,(B, + By)) E(H, +E,) ¢

Y =

and therefore the apparent viscosity is glven by
| x,(u, + Hz)
: ain
m, + 5, - 5, MG

_ and is independent of the shear.

(10)

n =n(q) =

Observe that where as v(s) is an even funection of s,
u(s) - i is an Odd funcsion

u(s) ; , a(aa: + Ha)s ,‘“z sin 2qs
By(H, + B,))  2qH,(H, + B))
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When ¢ —> 0 (the case of a nematic) g 2 —>1 and

0(0)—)7,!1 *Bg . b+u4+u6
2 2
which is the n value fOr a nematic which is flowing
with all molecules oriented along the flow direction.
On the other hand when g becomes extremely large (the
case of O highly twisted cholesteric) sin gh/gh — 0
and henoe

(o) = 31(31 + xg) - I‘4(B: ML T ”6)

A plot of n(q)/n(0) as a funotion of the pitoh P = 2n/q
is given in fig. 3 for PAA and for MBBA whose viscosity
coefficients were obtained by Gahwiller (1971). A
sample thickness of 100 y D0 used. The curve tends to
the value 1 for large pitches P. In the region of small
pitches the funotion oscillates around the wvalue

n(eo )/n(0) as pitoh changes. As pitch inoreases {he
extrema get more widely spaced and 4iffer more and
mare £rom n{oo )/n(0). Then when the pitch attains a
value P, the funetion shows the highest maximum. On
inocreasing the piteh further the function decreases,
attaining t he value 1 at very large pitches. The



1.2

|7t o [ e e | s vt v v e, v oo | tiimte ey e —— t———— w— v— aa— w——— wn— ——a

MBBA

M (oo) / n(o)

N/ __N\_____nleo)/nio) -

1000
Pitch (u)

Pigure 3: Variation of 7(q)/n(0) with pitch i n shear

flow.
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extrema Of n{q) can de found from (10) and are t he
roots of fan gh = gh., The trivial solution q¢ = O
corresponds t 0 the case of an untwisted nematio.

The next higher root ococours whea gh = 4,485 and
corresponds t0 the highest maximum. Thus Py =
2xh/4.485. 1f -m..is determined as a function of the
pitch at low shear rates one can see whether these
intexresting effects do indeed take place. This could
serve as a good test fOr the theory. Also, by
knowing n as a funotion of the pitch the values of
By 8nd pg + o can be Worked oute.

The deformations © and g can be detemined by
solving (3) and (4).  To first approximation one finds
that 7 = 0 and that |

a( ) ¢ ig)
(K242 )Ey 4 byt gtig)

cosh kx 008 gh/2
0 = ]

cosh kh/2

[oos as -

where kz - K”Qz/ln .

Poisguille flow: 1Im this case solutions for the
director and tho veloocity field are sought inm
oylindrical polar coordinates i N the form

n, = ain 8(r) sin ¢(x), n?” = cos 6(xr) sin ¢(r),

g ™ oos 9(r)
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v = 0, v, = ¥ w(r) , v, = v(zr) .

The flow is assumed to take place i N & pipe of
radius R under a constant pressure gradient P g(=a).
v is the angular velooity corresponding to t he
secondary flow. Yrom equations (6) of Chapter ¥
one obtaims the following set Of exaot equations (in
obvious notation)
2 25858

P, rr(Ky =K52)84048,0, 40, (x,1°93$ + K,,8558 , Il ST

& (o - 2_ .2 2 2
+ 90 p(2Kgo Ky, xzs’qecesv‘ o (I 333¢*x22 9~E11)%:%5,

22 2. 2,2 2 2
+o r' r(""11"e"‘zzse“zzsa"y"‘zz5935“‘33%3,)3,3,

2 4 % 2

2 —E(x 3

+ mzars,"msaewﬁ)sesv,* % z%l (”1”2"’3

ﬁ - \ - 2 (A +5\ )
+ (4 32’3313, + -—;-—ﬁ-%fcas,c, - 0 (11)

3.2 2.2
9,.-:-:“1136"2*‘2236%52 KyySp8p) + @ olKy1~Kp055%

e

: 2 ' o
+ ,’r(-x,,*zxzzog-»x,fax”se)ses,u, + 75K, 1098,0,

2 2.3 2 rg -x..c2g2
- 2K;p0, 8505 +(5Kyy=5K75)83550g0,) + 07 [-K, K, ,C58;
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2 2 2 2 z 2
2. o2
+0,0, x-[“n CeCy*X225% °os 3’22 0%
2 2427
- 3Ky, 85045507 42K, 5850580465550 s?o,]
+ EE. 8 0242K 108040, 8o 8, K, 80254
7 LKq118509+2K 204,090 5% "X 225 8"
2,2 242 5.2
+ 3K088208 842K 58005 83-4K55 3058505 + K33535¢]

vy vy
+ -l-z[-x"ses,a,mxazqo‘,sbsz +X20, c2s 5@ x”saces% ]
s 300, 2900840 2y =2 )5587) = 0 (12)
2§¥e,(0,9)+§Y g5(0,0) = 4F + 2 ‘ (13)

2.3 2 2_ 2

> ‘
[X22% 9303 £220%% 3 o = K2p8:%05;]
+ ‘:‘[fi‘ r ﬂ'} 81(9~’)*=2 %‘;f 8,(8,9) ] = 0 (14)
vhere

51(0u0) = pysBoleh + 5 + 2L 5Za?
+ (”:ﬂ“) 393: o,

(ytig) o
82(0,9) = .,,szoesvo, + —3———- CgSe0p
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(n ( )
t50m) = wifof] o S B o 0 22

The constant B i N (13) is assumed t 0 be sero to

ensure that the velocity gradients and hence the
veloeities do NOt attain infinite values. Im order to
ensure & single valued pressure 0 p/7 has been
assumed t0 be equal to zero. The form of the equations
leads t 0 the ditcctor.oriontation being singular at
the origin. Oandau et al. (1973) have observed the
singularity along the axis of the flow. Also equations
(11) to (14) are exactly satisfied hy the equilibrium
oonfiguration of vy = w= 0 = 8 oand ¢ = qr »

At very low shear rates the qholeataxic
structure will be hardly deformed. Thcretoroarrc ocan
assune that ¢ = qr + @(r) where g, &, u, v arﬁéauall
(so that higher products of these quantities and of
theix derivatives can be ignored). Using equations
(11) and (12) and putting 5 = sin(qr) and ¢ = cos(qr)
one finds that

3
_ K,,80° + 2K
-3 2 2
[ J(2x,,8% + x,,0%) + 22 -3
: 2
X,,498
wvhich implies that © is sero. Hence eqn. (13) yields

$-° Pgylar) + PP L gplax)) = 0

3 3a




r {¥ g (ar) +  gplar) = sopet |

r
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Again, | a ordexr to ensure finite velocity gradients
we pUt const = O, Thus the velocities v and w are

determined from the equations
r §§ g,(qr) + ﬂ gy(qr) = 0
r ¥ g,(ar) ¢« §E glar) = &5
where

”4 * ("‘: + “g)sz
2

81(q:) =

so
g (qr) = 92-2-?—53--

o *+ ( )o?
g5(ar) = T :1“‘9

Hence » | |
1[34 + (p} + us)sinz qrlr
Bylpg + Byt pg)

R

5! . - AI“!,+ pg)ain 2qr
ol 2 (ng + 8y + ng)

(15)

(16)

(1

(18)



At the wall of the tube v and v vanish. Hence

v(R) = 0 = w(R) (18) yields
A(“} + ﬁé)

4o (ny + py + 1g)

wir) = (cos 2qx - cos 2qR)

From (19) one gets,

M2uy + by + ue)(s? - 22)
4uglng + ng + ng)

. “"‘,} + "ﬁ) R sin gg% - » ain 2qr
Qe

2, (kg + By + ug)
+ cos8 gg& - 808 gm]
49" '
a

The volume rate Of fluid flow Ay = 2%  r v(r)ar
0

is determined and the apparent viscosity n is

ealculated from the Poiseuille formula

4
- - BARC
n %

94(9;: ML U 3§2

2“4*#3*“5*(”3*#3)['&%’& - 3-":—-5;%’3
38in 29R _ 3(co ZF - 1)
* ¢°R * 02: R J

(r) =

i

n(g) =

115
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which is again independent of the applied shear.

For small pitches (¢— o)

“4(“} + iyt “5‘3‘
(2&4 + By ¢ ﬂs)

n(m) —

FYor large pitches (¢ — Q)

n(0) (g + 1y + 8g)
2

?he values of n{(w) and n(0) are the same as i n
the ocase of flow bdetweer parallel plates. n(q)/n(0)
has been plotted as a funotion of the pitch in
figure 4, for twisted PAA and MBBA.

The extrema of n(q) are in this case determined by
the equation

x sin 2:(&:2 - 12) 4-?003 2z(-4x‘+12:2~6) +6 = 0

where x = qR. X = 0 corresponds ({0 the untwisted
nematie. The NUL higher root x = 1.892, q = g
sorresponds to the highest maximum. It is |N prineiple
posaible to obtain u, and By + B if one can measure

n as A function of q at very | OW shear rates.



MBBA

1.5

1.3 F n(co)/nto)
L
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N I I
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1.3

1.1

] 1 : 1
10 100 By 1000
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Figure 43 ;lariation of n{q)/n(0) with piteh i n Poiseuille
ow
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Before concluding this Chapter it may be
mentioned that t he apparent viscoaity at low
shear rates behaves in a markedly similar manner
in both the geometries as a funotion of pitch.
However the more pronounced variation ooccurs only
for the flow through a pipe, where n attains nearly
1.6 times the nematic value fOr MBBA. Another
observation is that in general n(qu)/n(o) has &
higher value fOr MBBA than for PAA. This appears
to be dAue t0 the viscosity coefficients of MBBA
being higher than those of PAA by nearly an order

of magnitude.
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