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CHAPTER IV

THE COUEZTE FLOW OF REMATICS

Introduction

In Couette flow the fluid ococupies the annular
space betwesn two coaxial oylinders of different radii,
rotating about their common axis with different
angular velocities. In recent years some theoretiocal
and experimental studies have been made on tha Couette
flow of nematios. Atkin and Leslie (1970) gave the
analytiocal solution and scaling analysis for the field -
free ocase and found qualitative agreement with the
experiments of Porter and Johmson (1962) who foumd an
inorease | N the apparent viscosity n with a decrease in
the gap width. Ourrie (1970) investigated A number Of
possible solutions in the presence of magnetio fields.
However he 4id not work out the apparent viscosity. In
this chapter the simplest and most likely solutioms fOr
Couette flow are presented together with detailed
caloulations an the apparent viscoeity as a function
of shear rate (or equivalently the relative angular
velocity between tha eylinders), of radial and asimuthal
magnetic fields and also of thr geomery of the viscometer,
for symmetric and asymmetric boundary conditions of
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director alignment at the oylinders.

!heog

We shall firast give a n&c sinple and direoct
method for deriving the differential equations
governing the Gouetste nm‘r'ot nematios in the presence
of magnetic fields thanm that wed by Currie. The
nematic is assumed {0 be eonfined in { he annular space
between two coaxial oylinders of radii R, and R,
(R, > Ry) with their common axis along s. The

oylinders are assumed to rotate with angular velooities

{1y ana —Q-a respsotively. We consider only planar
flows and seek steady state solutions for the director

and velooity fields i N eylindrioal coordinates | N the

Lo

n, = sin o(xr) 53” = oos 6(r) - o= 0 )

V=0 ."vyjurw(r). v, =0

The magnetic field components have to depend only on
T 80 that they might be gonsistent with the symmetry
of the director orieantation and H‘ should be zero.
Maxwell's equations demand that the fiecld components
be of the form

H =0 (2)



where A and B are constants.

The surviving components of the stresses and bedy

forces are
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232(6) = 2, #8in © 008’ 8 + (ps-w.s-p.z-ps)ﬂin © cos O .

The expressions foxr %4k and g are NOt identical to
those derived by Atkin and Leslie (1970). %his is
because these authors have used the expression for.'
free energy density (W) proposed by Leslie (1968)
which includes terms with coefficients X,, and K,, in
addition %o those containing Kqq and I”,. But here
Irank's expression for \ has becn used. The deformations
in plane Couette flow do not involve twist. Hence NO
terams containing K,, are encountered. |t has already
been pointed Oul that K,, does not affect the equations
of motion, In this Chapter ONc is concexrmed only with
squations of motion whose solution yields the apparent
viscosity, and not i n the absolute values of a” and
Also the final equations governing the director
orientation and velooity profile (equations (11) and
(10)) reduce to the squations (3.17) and (3.16) of
Atkin and Leslie (1970) for sero megnetic fields,

The equations (23) of Chapter I can now be written as

f:nﬁw+er+¢r+ 4 W ein @ = 0
dr r 1
(4)

a
r .
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a@ (% ) p 2
M L Bd = -
dr ~ + tt‘ 3e frw (5)
at _ Top
--:‘;'—1) + %(try/ + "}ur) 5 -?7 = 0 (6)
op '

From equations (4) one gets

2
2e(0)[43 + 180,22 41 (L + (]

+ r’%% (21 "’22 cos 20)

t 2(4X ) #in @ cos 6(12 - Ba) + AB co8 20] = O
On separating variables eguations (5) and (6) yield

p = E¥V+ Ir)

‘ at_. (s =t,.)
% - frw2+—§+-ﬂ—§—-ﬂ—*£r

where we egquate the constant E {0 gero to ensure {hat
the solution is single valued. Then egquation (6) becomes

.Z%K._.!AV_.._I). - 0



or equivalently
ez(e)[::" 148,240 L+ (83211
5490 49, cos 20]
t+ 2(4% )(sin @ cos e(42 + B2) + B cos 20)
¢ 2x° &[r %’ g(0)] + x> go) ¥ = 0 (9)

Frop (9) and (8) one finds that
e +28se) = 0 .

On integrating this expression one gets

¥ %g €(8) = 0 = a constant (10)

The total couple per unit length, acting On a cylinder
of radius > is
2
' = 2x(r try + r'c") = 250
where v“ - 'ipq‘r'u Thus ¢ ie o measure of the
couple per unit length en either eylinder.

Using squations (10) and (8) one obtains
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t(e)[——g + = ]r + 2% %['Lf (§?
+ 2(JX ) sin @ cos © (A2 - B2) + 4B cos 26)]
+§f5)-(/‘1,+92 cos 20) = 0 (11)

To study n the equation (11) is solved fOr 8 with
boundary conditions
o(r,) = o{" | o(r,) = o(?

Thus © becomes known as a function of r. From equation
(10) the relative angular velocity between t he two
oylinders, vis., A0 o -n'a - JL‘ is determined

' &(e)
, R,
Ons c¢an NON caloulate n from the well known relation

o(82 - R?)

LTV R B

It 18 of interest %o note that n depends only on
and not on /2,  JL, individually.
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Results

Computations have been carried out for PAA
with the same values for material constants assuned
earlier (wee Chapter II). The differential equations
have been solved Dy the orthogonal collocation method.
As in Chapser II 16 sollocation points have been used
and results i N the cases involving large deformations
have beesh checked by using 24 collocation points.
Sinoe the two results agree to within 0.01¥ only the
results fOr 16 collocation points have been presented.
For further details see Appendix 1 of this Chapter.

Effects of Boundary Conditions: ZIThe radil have been
chosen (R, = 1 om and R, = 1005 om) so Of {0 accommodate
8 gap width of 50 p. Figure 1 exhidits n as a function
of A1 fwo boundary conditions of director
orientation has been studied.

(1) 61 x/2  o{2), 4t 10w shear rates n
remains eonstant at the Miesowicz value n, = () 4""‘5'“2)/2
= 0.092 poise fOr PAA (fig. 1a). 4As the shear rate
inocreases n decreases spproaching the lMlesowics value

- (p,m‘;ms)/z (= 0.024 poise for PAA) at high shear

rates. This is decause at Sow shear rates the director

orientation is nearly pexpendicular to the flow over a
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majoxr section of the flow. With increasing shear
sate the angle made by the director dth the flow
decreases til|l at high shear rates the director is
oriented aleong the flow over a naj or section of the

Llow,

(11) olV) « 0, 0(2) = 2/2 3+ The variation
of B with shear rate (£ig. 1b) ie similar to that in
case (1). But at low shear rate6 the constant value
of n 4m about 0.5 n, iN the absence 0f magnetic fields.
This can be interpreted as being due to a distortion
being present in the structure sven in the absence
of flowy the projeotion of the director field along
the flow is substantial even in the absence of flow
and consequently n is lower than 73 A"

Effects of Magnetio Fields: A radial field (Br = A/T)
| N general tends to enhance the valus of n where as

an agimuthal field (Hn)y = B/r) tends {0 diminish it.
This is becausa A radial field opposes the visoous
sorques while an asimuthal field aids them i N distorting
the director orientation from the eguilibrium values.

(1) 9“) =x/2 = ol2) | At low shear rates a
radial field (nr = A/r) does NOt make its presence felt




Figure 1. VYariation of spparent viscosity with
shear rate and magnetic field for na/n, = 1.005.

Radial megnetic field A = (1) 5000, (2) 2500,
(3) 0 gauss omy Asizuthal magnetic field B ~
(4) 1000, {5) 2000, (6) 3000 gauss oms

(v) 6y =0; 0, = %/2

A = (1) 10000, (2) 5000, (3) 2000, (4) 1000,
(5) 0 gauss om, (6) B = 1000 gauss om.
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on n since t he director is everywhere aligned almoat
normal to the flow. But on inorsasing the shear rate
n decreases, though more slowly than in the field-
free case - the larger the value of A the slower being
the decrease fa n (£ig. 1a) till at high shear rater

n tends to n, » Now if the shear rate is kept
constant at a high value (such that n = n, ) and if
A 18 inoreased n remains nearly A comstant and then
increases rapidly tending to tho value 5, a$ large
values of A(fig. @b).

the effect of an azimuthal field (ny = B/r) is
more interesting. At low Shear rates ON increasing B
(fig. 2a) m renai nS nearly constant as n, till B
attains a value B = 3 ax,/ (Rz - 3'1)3(1”/49( )i (see
Appendix 2 of this Chapter).whioh in the static case
corresponds to the Preederickss threshold, below which
N0 deformation i s possidble. () inereasing B further
n deoreases, attaining n y &% large values of B. At
low shear rates (fig. 1a) the value of n depends upon
whether B is greater than O less than B,. Put on
inoreasing t he shear rate n decreases approaching the
value ", at high shear rates regardless o f the value

of B.

(11) ol1) . 0, 6(2) = %/2 1 In this case, even




at | ow shear rates n changes, inoreasing with
increasing valus of A when a radial field H, = AT
is eapplied. A% very values of A, n approaches n,
(£ig. 2b). At any wvalue of A, on varying the shear
rate n remains oconstant at a value 0, (higher than
0.5 v, and depending upon the value of A) at | ow
sheaxr rates and then deoreases on further increasing
the shear rats attaining the value n &t high shear

rates (£ig. 1b).

An asimuthal field (K, = B/r) does mot
exhibit the type of eritical behaviour discussed in
oase (1). At low shear rates (fig. 2a) n decreases
from its value at C.5 n, on inoyreasing B attaining the
value ", at high values of B. At any value of B, on
varying the shear rate n remzains constant at a value
nA"(luwcr than 0.5 n, and depending on the value of B)
at low shear rates, On increasing the shear rate
(£ig. 1b) n deoreases attaining the value n"at high
shear rates regardless of the value of B.

Qrientation profiles: Figure 3 exhidbits the dependence
of the dirsotor orientation profiles on dourdary

condition and asgnetic fislds for Ry = 1 em and
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Hgure 2

VYariation Of apparent viscosity with magnetio

(a) Asimuthal field ¢ = 10™° dyne
(1) 0, = /2 m 0, (2) 0, =0 8, = x/24

() Radial f1eld, (1) @, = 0 8, = %/2, & = 107>
dyme, (2) 0, = @, = %/23 ¢ = 10.0 dyne.



0.09
007

0.05

0.03

N (Poise)

0.09
.07

0.05

003 |

e e o o . . e W I e WS SN S T SR S e M S o G G o — G




69

01 = x/2 = 6{2) | e orsentation profile
is symmetric. At higher shear rates € differs more
from its boundary values over a larger section of
the gap 111 at high shear rates 6 is nearly sero
over most of the gap {noreasing to x/2 in a narrow
distance near the boundaries (fig. 3a). The dependence
of the © profile on the ezimuthal £ield (f£ig. 56) is
similar. But a radial field H, = A/r tends to bring
the 8irector alignment normal to the flow. At high
values of A (fig. 3¢) © dces not 4iffer much from
its boundary values | N the rest of the sample.

e, U, %/2 a2 | N the £ield free case the
& profile is almost a satraight 1line, starting from sero
from the lower plate and inoreasing to x/2 at the

moving plate. At low shear rates and inoreasing
applied field Htp = B/r the director orientation tends

to a lower value over A larger portiom of the gap width
(£1g. 31) going to ®/2 over a small distance. On
increasing the shear rate one finds a similar dehaviour
even i n the field free case (fig. 3b). In both casesa
the © profile is found t 0 be concave upward. But when
& radial fleid Kr = AT 48 applied @ inoreases from sero
at the lower plate, more rapidly than in the field free
case. A4s the value of A is inoreased the director



Figure 3

Orientation profiles for various magnetic. fields
and shear rates for R /R, = 1.005.

(a) H =0, 0y = ON = x/2, o = (1) 0.1, (2) 1.0,
(3) 10.0 dynesy |

A#v H=0, Q.- = 0% @N - #\No 0= Adv 0.01, ANV 0.1,
(3) 1.0 dyney |

(¢) ¢ = 10.0 dyne, 8, = x/2 = 8,, 4 = (1) 15000,
(2) 10000, (3) 5000, (4) O gauss om;

(a) o = 1072 ayne, 9, = /2 = 8,, B = (1) O,
hmv J.NS‘ Auv NOOO- a&.v NOOO gauss oms

(e) o = 1072 ayne, 0, = 04 8, = 8/2, A = (1) 4000,
(2) 2000, (3) 1000, (4) O gauss oms

(£) o = 1072 ayne, 0, = 0y 0, = %/2, B = (1) 0,
(2) 1000, (3) 2000, (4) 3500 gauss cm.
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orientation tends %o he normal to the flow over a
larger section of the gap width; the & profile
becomes concave downward.

Velocity profile: The angular velocity ‘2 has been
plotted as a Mum of the radial distance (f£igs. 4a
and 4b) with the assumption that -1y the angular
velocity of the inmer cylinder is szero. Because of

the large range Of values involved it has Deen neceesary
to plot 1og w. The maximum value of w gives 42 .

One finds | N general that (4) AN increases with
increasing shear rate, (ii) at a given shear rate

A4Sl insreases when an agimuthal field Ry = B/r in
applied, the larger the value of B { he greater being
the increase in 41 ((lit) at a given shear rete

4J1- decreases when a radial field H_, = A/r is applied,
the larger the value of 4 the greater being the decrease
(iv) in general, at a xh;cn shear rate the AIL value
for the symmetric boundary ocondition is less than that
for the asymmetric boundary condition.

At this stuge 1t i» interesting to note that all
the above results for Coustte flow, which have been
obtained fOor a gap width (= 50 p) small compared with
the average radius, ares almost identical to { he corresponding
results for shear flow for the saze gop width (rrr

Chapter II).
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Effect of geomstrya If the gap width is Of the

rue ordex of magnitude as the cylinder radii certain
of the asymmetries which are smoothed out for the case
of the small gap width grow into prominence. (N
inoreasing the ratio Rz/ll1 one finds that for either
boundary econdition n decreases, even at | OW shear rates,
attaining the value 1, at large values of n/n, (£ig. 5a).
This is | N qualitative agreement with { he observations
of Porter and Johnson who found an increase in n when
the gap width is deocreased. Atkin and Leslie (1970)
predicted that in the field free case the 6 profile

for symmetric boundary oonditions Of & should show an
extrezur at a point T (R,lRa)* = When(R, + R2)>
(Ry = Ry ), 2 == Ry + nz)/z 8 faot which has already
been demonstrated for R,/R, = 1.005. |f however the
value of this ratic is increased (fig. 5b) the @ profile
shows asymmetry the amount of asymmetry being mae
pronounced the highexr the value Of 32/81. Also for
bath boundary conditions, at high values of 112/81 the
director field is found t0 be oriented along the flow

I N most of the gap (figs. 5b and 5e¢). This i8 o
natrual consequence Of the high distortion (splay and
bend) present in the director field, even i N the static
limit, when the gap width is of the same order of
magnitude as the radii of the cylinders and Pa also



Figure 5

Variation of apparent viscosity and orientation
profile with geomstyy.

(a) Variation Of apparent viscosity with
10g,(R/Ry)s @ = 107> ayne, (1) 6, = x/2 = 6,
(2) 01 L 0' 02 ] ‘/2'

(b) Orientation profile 6, = x/2 = 0,, o = 10™> dyme,
Ry/Ry » (1) 1,005, (2) 1.05, (3) 1.071, (4) 1.9,
(5) 1.25. (6) 2;03

(c) Orfentation profile 8, = O3 0, = #/2, o = 107
dm. 32/31 » (1) 10005' (2) 1.05, (3’ 1.1’
(4) 1025! (5) 2.00
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the reason fOI n becoming less than that f Or smeller
R,/R, « This is also borne out by the velocity
profile. (f£igs. 4a and 4b). In general 4/7 , a a
given shear rate i found to be larger for a larger
value of llz/k1 » This fact 18 again i N agreement
with the previous results.
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Appendix 1

A brief description of the ocollocation method
has been given earlier.[Appendix of Chapter 1I].
The transformations t 0 which equations (10) and (11)
have to be subjected hefore being solved are indicated

below:

We effect a change of variable from r to T such that

“‘ﬂ"ﬁg
(Rg"R‘)

Atthe boundaries r = R,.R, T takes the values —1,+1
respectively. Equations (11) and (10) ean nNOwW be
written as

a% 3 ! a6 | = u 2
“e)[-a_:g w2 ¥, [F mm,) a‘i] (= %y + ]

r

2
o[, 49 ar -«“% 89,2
+‘(e)[ g +7p oos8 29]+“[1+%r+§% (&,)]

+ 2(2% ) o1n © cos @ (4% - B%) + 4B cos 20] = O (a1)

dw . c M,
ar g(8)[(* M, + 32]3

- R R, + R
wvhere n1.§_T-1 and _1—5.—-2

(a2)
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As before these esquations are evaluated at tho
collocation points using t he matrices A and B and

one gets
£(og) 2 By : nf:zhe [rl!«a»m]
4 L:-ﬂ ek '1‘3- LA ER LY Jk"k 1% "2
( 2
4 +9kzcu 293] ..Eff.‘?_al[, *Z j*_g% X
a(ej) 0, |

He e , ,
%z ‘Jk‘k§ + (A%)L(Az-nz)ain 204 + 24B oos 293] = 0

kw1
.[3 ® 2,3 vens n‘l"] ' ' (A3)
N+
o c M,
K =1 8(0,)[F 4y + Mp)7

[’,\" z'."s_..... R+2]

Here 6, = o(r = -f:l) = 9(‘). Oy,2 w6(r = +1) = 9(2).
It ig also assumed that v, w W(T = «1) .“Q'1 =0 8o
that v, = w(E = +1) -, abS .S, /Q/, .
The K equations (A3) are solved for a given value of
¢ by the chtomm;lon method. This yields the @

profile. The linear equations (A4) are now solved and



the complete veloocity profile cbtained.

The collocation net hod was used | N preference
to the finite difference method since the |atter was
found NOt to yield results for 0 ~ 10 4in all cases.
But t he agreement between n values obtained from the
two methods | s extremely good (about 1IN 10‘).

About 20 hours of computer time were used fOr the
Couette flOwW calculations,
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In this sppendix an expression for the oritical
value of B encountered earlier is derived* Leslie
(1970) considered o nematic confined in the annular
space between two oylindexrs Of radii R, and R, (327 31)
i N the presence of a radial field H, = Az, H, =0,

8' = 0. Seeking a solution for the director i n the
form n, = sin e(r), n, = cos e(r), n =0, he found
that for boundary sonditions 9(31) =0 = G(RZ) there
exists & critical value of A given by

K, %2 ¢
1 |
o ® [g [u(;z/a,)f" * 5 s ‘3;%'21%]

below which there is N0 deformation, If the value of
o}
B.,_,/B;1 exceeds & value xc given by Rc = oxp[ 33 M1 =

A, can become imaginary. This is the direct consequence
of x” being smaller than I” for nematics.

A similar problem is considered below, fOr an
asimuthal field Kr = 0, H,y = B/r, H, = 0 but for
boundary conditions 6(R,) = x/2 = 8(Ry). Equation (11)
simplifies, for the static case, to yield

2
2:2:(9)%;% + 2 dDH2 + 2r 200§D

+ 8 - 2(/%)B% stn o cos & = 0O
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Multiplication by $2 and subsequent integration
yields

2(e) + r22(0)(§D2 - (¥ 18%10° 0 = (a1)

where C' is a constant. An analysis similar to that
given by Atkin and Leslie (1970) shows that %Q(r ) =0
and a(r ) = €, an extremum where =, = (!\111‘,_,)i From
(A1) we get C' = £(0.) = (I )Bzain 6, - On
integrating (A1) one finds that

(a2)

_ j R
. [ Bz(unzv-unzen) + I(Gm)'f(‘r)]i

Using the Legendre transformation cos ¢ = ©os & Sin
in (A2) one gets

1o S‘ 53 + (K”~t35)ainzﬂ cos® O i as
e = -
E? [(Sx )x"’«-x"-x 3] [i-unzA 0052 o,]

Taking limits a8 O, — %/2 one can obtain the eritical




value By of B given by

b
2
Vo Kt i} %J
%o Lx)tm(a,/n,n*_ * 3

It 48 of 4nterest Po note that since x33;;: K4 for

nematios B‘ oan never dbscome eithexr gero Or imaginary
for reasonable values of R, and R, (1.e0, R, kO,

R, # 0, R ;{% R,).

If R, and R2 are large compared to d = Ry, ~ R1 one
finds that

;‘é‘ = HKge/x ]i (= 1750 for PAAif 4 = 50 p) .

Figure € shows a plot of 2B¢/(R1 + Rz) as a function
of R,/R2 for a constant gap width of 5C p.
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