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ABSTRACT

A method for the determination of polarization distributions over radio sources by means of inter-
ferometric techniques is described. An expression is given for the response of an interferometer with
arbitrarily polarized antennas, and some special cases of interest are discussed.

I. INTRODUCTION

The series of measurements of the linear polarization of the decimeter radiation from
radio sources (Radhakrishnan, Seielstad, and Berge 1962; Seielstad and Wilson 1963;
Seielstad, Morris, and Radhakrishnan 1963) provided, in addition to their average
polarization characteristics, some information pertaining to the distribution of polariza-
tion in many sources. In all these measurements an interferometer arrangement of two
antennas with rotatable feeds was the standard configuration adopted. The sensitivity
of this system to both the angular dimensions of the emitting regions and the state of
polarization of the radiation emitted has been used to advantage in developing a method
to determine the distribution of polarization over the source dimensions.

In the following we describe the principle of the method and in an accompanying paper
(Morris, Radhakrishnan, and Seielstad 1964) we present some preliminary results based
on the rather limited observations available at the present time.

II, THEORETICAL BACKGROUND

In studying the distribution of polarization over a radio source, one is attempting to
determine the polarization characteristics of regions smaller than the dimensions of the
source by the use of high angular resolution. When the source is not resolved, however,
it is the average polarization characteristics of the source that are measured. In going
from the latter to the former situation, it is desirable to describe the polarization proper-
ties in terms that permit the easy understanding of the effects of resolution. The additive
nature of the Stokes parameters which makes them particularly suitable for the treat-
ment of such problems has been stressed by Chandrasekhar (1950), and we have used
them in this investigation.

The Stokes parameters characterizing a beam of partially polarized light are defined
(Chandrasekhar 1950) as

I = (BN + (END ,
Q0 = {EMNH — (B,
U = 2{EE,% cos &,

(1)

and
V = 2{E;’E,%) sin 0 ,

where the subscripts give the directions along which components of the electric vector
are taken and & is the difference in phase between these components. Here I measures
the total flux of radiant energy, and Q, U, and V together give the degree of polarization
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and the characteristics of the polarization ellipse. If the ellipse is thought of as a com-
bination of a linear and a circular component of polarization, then Q and U combine
to give the magnitude and orientation of the linear component and V gives the magnitude
and sense of the circular component. Under a rotation of the coordinate system through
an angle ¢ in the /, r-plane, the parameters transform as follows:

I'=1,0 =Qcos2¢+Usin2¢, U = —Qsin2¢+Ucos2¢, V' =V. @

An arbitrarily polarized source can be completely described as the superposition of four
distributions over the face of the source, one for each of the four Stokes parameters
within the frequency band in question. In this discussion we assume throughout that
the polarization characteristics of the radiation are independent of frequency within the
band width of the receiving system.

If a radio interferometer could be conceived with a feed combination that would make
the system responsive to only one of the four parameters, the output would be a function
of the appropriate one-dimensional distribution of that parameter. However, all con-
ceivable feed systems for a radio-phase interferometer respond to a minimum of two
Stokes parameters. The simplest situation encountered in practice is when the source
can be described by the distribution of a single parameter alone and the system responds
to this parameter among others. The parameter can only be I since I? > Q* + U* 4 V3,
and any system using similar feeds provides the maximum possible response to I.

In the usual treatment of the response of an interferometer to an extended source
(see, e.g., Bracewell 1958; Moffet 1962) the additive nature of the distributed quantity
is implied. In addition, Q = U = V = 0 must hold for any small region in the source
down to the resolution limit so that the distribution can be described by a single function
of position. Conventionally the description is in terms of the distribution of the bright-
ness temperature. When polarization exists over part or the whole of the source, the
concept of temperature becomes awkward and the source is better described in terms
of the distribution of the Stokes parameters in some suitable coordinate system.

III. THE INTERFEROMETER RESPONSE IN THE GENERAL CASE

In the following we will generalize the theory of the two-element interferometer to
include the measurement of polarization distributions.

Moffet (1962) has given a summary of the theory of the response of a two-element
interferometer with identically polarized feeds to radiation from an unpolarized source.
Equation (12) of his treatment gives the interferometer response as a function of time
(¢) as

R(t) = GAS'V(ss, s,) cos [B(sq, 5,) — 2ms, % + ¢)] , (3)

where G is the receiver gain and ¢ is an instrumental phase constant, 4 is the geometric
mean of the collecting areas of the antennas, s, s, are the x- and y-components of the
effective baseline measured in wavelengths, Q represents the earth’s angular velocity,
and, finally, V(s,, s,) and &(s, s,) are the amplitude and phase of the complex visibility
function,

61(5937 SU) = V(Sw) Sy) €xXp [iq)(sx, sy)] 4)

of the source brightness distribution 7(x, y) smoothed by the reception pattern of the
individual antennas comprising the interferometer; .S’ is then the integrated flux density
contained within this brightness distribution.

We can now write

JSICx, y)Yexp[2mi( s;x+ s,v) Vdxdy

61(517 Sy)"—“ ffI(x, y)dxdy (8)
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In complex notation equation (3) takes the form
R(t) =%GA eXp[“‘i(ZWSth‘f"P)]SI’@I(Sz: Sy)) (6)

where R(f) will now be the real part of R(¢), and the subscripts and the factor of §
indicate that the response is to the total radiated energy. Since the source is assumed
unpolarized, the factor of § will appear irrespective of the polarization of the feeds so
long as they are identical.
It is simpler to write this as
R(t) = 3kI, €

where I = S7’81(ss, s,) and is the unnormalized Fourier transform of the distribution
of I over the source. Let Q = Sq'Be(sz, s,) where Be(ss, s,) is the complex visibility
function for the brightness distribution of Q, and S’ = Q(0, 0) is the integrated flux
density in this brightness distribution, and let U and V similarly apply to the distribu-
tions of U and V.

The feed elements of antennas are usually described in terms of the axial ratio and
the orientation of the major axes of their polarization ellipses. The choice of a feed
combination for a particular observation may depend on a variety of considerations, one
of which is a knowledge of the relative responses of a given combination to the various
Stokes parameters. Let the polarizations of the two antennas be represented by ¢1, 6
and ¢, 05, where ¢ denotes the orientation of the major axis of the polarization ellipse
to the l-axis of the coordinate system defining the Stokes parameters and 6 denotes the
ellipticity given by tan 8 = u, where u is the axial ratio.

By using the definitions for I, Q, U, and V given following equation (7), the response
of a two-element interferometer of the correlating type can be shown to be

R(t) = 3k{ I[cos ¢1 — ¢2) cos (6; — 65) -+ i sin (¢1 — @2) sin (6; + 65)]
+ Q[cos (¢1 + ¢2) cos (01 + 6) + 3 sin (¢p1 + @) sin (6; — 6,)]
4+ Ulsin (¢1 + ¢2) cos (61 + 02) — 4 cos (¢1 + ¢2) sin (61 — 65)]
+ V[cos (¢1 — ¢2) sin (6; + 62) + 7 sin (¢1 — ¢2) cos (61 — 62)]} ,

where £ = GA exp [—1(2ws,Qt + ¢)]. The response of any particular type of interference
polarimeter can be obtained by the elimination of the appropriate terms in this general
expression. We may consider some special cases.

a) Identically Polarized Feeds

A system with identically polarized feeds is defined as having ¢; = ¢, and 6; = 6.
Then sin(¢; — ¢2) = sin(fy — 62) = 0 and cos(¢1 — ¢2) = cos(fy — 6;) = 1. Let ¢ =
¢ = ¢, and 6 = 6; = ;. The response is now

R(t) = Lk[I + Q(cos 2¢ cos 26) + U(sin 2¢ cos 26) + V sin 29] . (9)
When unpolarized radiation is being received, Q = U = V = 0 and the last three terms

disappear leaving the well-known response of § to the total radiation. If the feeds are
linearly polarized 6 = 0 and the V term vanishes leaving

R(t) = 3k(I+ Q cos 2¢ + Usin 2¢) . (10)

If the feeds are circularly polarized, § = + /4 and the Q and U terms vanish. The
response is then
R@) =3k(I+ V). (1)
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b) Oppositely Polarized Feeds

Feed elements with opposite polarization are defined as having ¢; = (¢1 + 7/2), and
6, = —0,. The response with oppositely polarized feeds is

R(i) = LH[Q(—sin 21 + i cos 2¢y sin 26;) — U(cos 2¢;
+ i sin 24 sin 26;) + V(i cos 26)] .

(12)

A system which corresponds to all linear polarizations equally and to linear polariza-
tions only is obtained by making the feeds oppositely circularly polarized. For this con-
dition 6 = 45° and by making ¢; = 0 we get the simple expression

R() = 3k(1Q — U). (13)

If 6, and 6, are interchanged the Q term changes sign and thus the Q and U terms can
both be determined. For unresolved sources the magnitude of the response is independent
of the plane of polarization; the latter determines only the phase of the output. Such
an instrument, among others, has been described by Cohen 8958)

A much-used conﬁguratmn is that of opposite or “crossed” linear feeds. Here 6; =
6, = 0, and substituting in equation (12) we get

R(t) = 1k[—Q sin 2¢, — U cos 2¢; + iV]. (14)

If V = 0 at all points in the radio source, then V = 0, and the interferometer can be
made responsive only to Q or U by setting 2¢; = 90° or 0°, respectively. Under these
conditions when the interferometer responds to the distribution of only one Stokes
parameter, the amplitude of the transform of this parameter can be obtained without
the need for phase measurements. The situation is now analogous to that of conventional
brightness-distribution measurements where limited reconstruction is possible from
amplitude measurements alone (see, e.g., Lequeux 1962). In a companion paper (Morris,
Radhakrishnan, and Seielstad 1964), we describe the preliminary results of measurements
made on a few strong sources and attempt to reconstruct the distribution of linear
polarization over them.

As an example of the types of responses to be expected when dealing with polarization
distributions, we can take the very simple case of a double-point source where the com-
ponents have equal intensities and are both linearly polarized 100 per cent at position
angles of 0° and 90°, respectively. In Figure 1, @, we respresent the double source and the
distribution of the various Stokes parameters. The visibility amplitudes for these param-
eters are shown in Figure 1, b. Figure 2 illustrates the apparent visibility amplitudes
obtained with various feed combinations due to the multiparameter response of the
interferometer.

Single antenna measurements of linear polarization are most often made by rotating
a linear feed and measuring the amplitude and phase of the sinusoidal modulation of the
output power. Rotating a parallel combination of linear feeds in an interferometer on a
point source would be an equivalent method. The amplitude of the fringe pattern never
drops to zero unless the source is 100 per cent linearly polarized, and the amplitude is
always the sum of a sinusoidal function of 2¢ and a constant term. When dealing with
resolved sources, however, the picture gets more complicated and the rotation of a feed
combination can produce non-sinusoidal amplitude variations. If a parallel combination
of linear feeds were rotated in an interferometer with a spacing corresponding to the
point X in Figure 1, b, the amplitude of the fringe pattern would go through zero four
times for each complete rotation as illustrated by ¢ in Figure 3, while at zero spacing the
amplitude would remain constant (b).
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F1¢ 1 —a, Distribution of the Stokes parameters for a double-point-source model where the compo-
nents have equal intensities and are both 100 per cent linearly polarized at position angles of 0° and
90°, respectively. b, Visibility amplitudes for the two non-zero Stokes parameters normalized to the in-
tegrated value of the total intensity. The point X corresponds to an interferometer baseline of 1/2d
wavelengths where d is the angular separation of the sources projected onto the baseline.
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F1c. 2.—The interferometer response to the model source illustrated in Fig. 1. The apparent visibility
amplitudes obtained with various feed combinations due to the multiparameter response of the inter-
ferometer. The position angles of the two linearly polarized feeds are depicted on the left, and the cor-
responding fringe amplitudes as a function of interferometer baseline are shown on the right.

(a)Antenna Separation = X /—(b) Zero Separation

| Response|

L 1
45° 90° 135° 180° 225° 270° 315°
Feed Angle ¢ —>

]

F1c. 3.—Illustrating the effect of observing the model source with parallel feeds at a series of orienta-
tions. The fringe amplitude obtained is plotted as a function of the position angle of the pair of parallel
linearly polarized feeds: (@) with an interferometer baseline corresponding to point X in Fig. 2; the fringe
amplitude goes to zero four times for each complete revolution; (b) with zero effective baseline; fringe
amplitude is independent of feed orientation,
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1IV. UNRESOLVED SOURCES

When the angular dimensions of the source are small compared to the lobe separation
of the interferometer, then I, Q, U, and V assume the values S, S¢’, Sv’, and Sy’ corre-
sponding to the integrated flux densities of the respective parameters within the distribu-
tion, and the measurements then refer to the averaged polarization characteristics for
the entire source. A correlation-type polarimeter with two feeds on the same antenna
would have the same response as a ‘‘zero-baseline’ interferometer. The sinusoidal output
as a function of time due to the & term in equation (8) will now assume the steady value
proportional to GA¢'¥) | where ¥, is the differential phase shift between the two feeds
and the correlation circuit. When an interferometer is equipped with identically polar-
ized feeds the response as seen earlier is given by equation (9), which for an unresolved
source reduces to

R(t) = 1k(St’ + Sq’ cos 2¢ cos 20 + Sy’ sin 2¢ cos 26 4+ Sy’ sin 26) . (15)

All the terms within the parentheses are real, and it is therefore not possible to alter
the phase of the interferometer response by altering the values of the parameters or the
polarization characteristics of the identical pair of feeds. It might be mentioned that the
phase of the response on an unpolarized point source can be altered without affecting
the magnitude of the response by rotating one of a pair of circularly polarized feeds of
the same handedness. The feeds, however, cannot be considered identical when ¢; # ¢,
and one must return to equation (8) to obtain the true response which is given by

R(f) = 3kS1'[cos (41 — o) + i sin (¢1 — ¢2)] . (16)

The response of the interferometer with crossed linearly polarized feeds as given by
equation (14) reduces for unresolved sources to

R(t) = 3k(—S¢ sin 2¢; — Sy’ cos 2¢y + 1.5v) . (17)

It is always possible to choose a value for ¢, such that the first two terms in equation
(17) disappear. This corresponds to an alignment of the two linearly polarized feeds
along the major and minor axes of the polarization ellipse. The system then responds
only to +4Sv’ and very small quantities of circular polarization can be measured. Since
there is no response to either the unpolarized or linearly polarized components of the
radiation, no errors are introduced by gain variations acting on these components.
Morris, Clark, and Wilson (1963) took advantage of this in attempting to measure the
Zeeman splitting in the 21-cm spectrum of the Crab Nebula without being affected by
the linear polarization of the source.

V. NON-EXTREME CONFIGURATIONS

It is not always necessary to have the polarizations of the two antennas either identical
or opposite. In some cases there are decided advantages in using non-extreme configura-
tions. For the measurement of very small amounts of linear polarization (=1 per cent)
in unresolved sources, a null method has been successfully used (Morris and Radhakrish-
nan 1963). For each orientation ¢; of one linear feed, the orientation ¢ of the other feed
that will minimize the interferometer response is found. The response for a system with
arbitrarily oriented linear feeds to an unresolved (non-circularly polarized) source is
obtained by putting 6; = 6, = 0, ¥V = 0, and replacing I, Q, and U by S/, S¢/, and St/
in equation (8).

R(t) = 3k[ST’ cos (¢1 — ¢2) + S¢’ cos (¢1 + ¢2) — Sy’ sin (41 + ¢2)] . (18)
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The term in the brackets vanishes when the response is nullified by adjusting ¢,. If the
source is unpolarized, So’ = Sy’ = 0 and cos (¢1 — ¢2) must also be zero. Thus the dial
setting of ¢ corresponding to the dial setting of (¢, + m/2) can be accurately determined
on an unpolarized reference source. The procedure is now repeated on a linearly polarized
source which will have non-zero values of Sg’ or Sy’ or both. Leaving ¢; unchanged A¢
is now determined where A¢ is the change in ¢; to obtain a null response. Then

[S7’ cos (Ap + 7/2) + Sq’ cos 21 — Ap — 7/2)

— S’y sin 2¢1 — A¢p — 7/2)] =0 (19)

or
—S7 sin A¢ + So’ sin (2¢; — A¢) + S’ cos 2¢1 — A¢) = 0.

The maximum value of A¢ as a function of ¢; will be obtained when dA¢/d¢, = 0. By
differentiating equation (19), this condition can be shown to hold when S¢'/Sy” = tan
(2¢1 — A¢). For a coordinate system in which S¢’ is zero, 2¢, — A¢ is also zero and Sy’
represents all the linearly polarized flux. We have therefore sin A¢ = Sy’/Sr’, the linearly
polarized fraction. Since this method balances the polarized and unpolarized fluxes
dynamically against each other, it is seen to be independent of the gain of the system
and has provided an accuracy limited mainly by noise or by the precision to which small
changes in feed orientation can be measured (usually 1/20°). Two other limitations are
also important, namely, the possible polarization of the calibration sources and the
variation of the instrumental calibration with antenna pointing. These two limitations
are interrelated in the sense that if the instrumental calibration were independent of the
direction in which the antenna is pointed, then a single reference source like the Orion
Nebula would suffice to calibrate the instrument completely. However, it cannot be
assumed that the paraboloids are absolutely rigid, and consequently secondary calibra-
tion sources over a range of elevations have been used in all the determinations of linear
polarization on unresolved sources.

VI. INSTRUMENTAL POLARIZATION

The assumptions made in equation (18) were that the antennas were ideally linearly
polarized and that V = 0 for the source under investigation. In any real situation the
combination of feed and reflector will introduce a slight ellipticity and 6; and 6, cannot
be assumed to be zero. The manner in which this ellipticity manifests itself can be under-
stood by resorting again to equation (8). On an unpolarized point source (S¢’ = Sy’ =
Sy’ = 0), the response reduces to

R(t) = %kSII[COS (¢1 - d)z) Ccos (91 - 92) + isin (d)]_ - d)g) sin (01 + 02)] . (20)

Irrespective of the signs or magnitudes of the ellipticities, the first term in the brackets
can always be reduced to zero by setting ¢, — ¢» = +m/2. The response is then
+isin (6; + 6,), which for small values of 6 is proportional to the sum of the ellipticities.
Itis always in phase quadrature with the parallel feed response and simulates a slight cir-
cular polarization of the source being observed. For this reason we refer to it sometimes as
the instrumental circular polarization. The ellipticity of the feed-reflector combination
can be a function of their relative orientations if the reflector is astigmatic, for example.
In rotating the feed alone, therefore, the ellipticity can vary in magnitude and even
change sign. An examination of equation (8) will reveal that, in the null method of
determining linear polarization, the instrumental polarization or any small real circular
polarization in the source (hitherto not found) will entail minimizing the response instead
of nullifying it. The error introduced in determining the linear fraction is only a second-
order one and when sin (6; + 6;) << 1 per cent it can be neglected altogether.
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Feeds are often referred to as being crossed when (¢, — ¢2) = 7/2. To be oppositely
polarized, however, equal ellipticities of different senses 6, 4 6; = O are necessary and
only then will the response to I be completely removed. On the other hand, if a response
to I alone is desired in the presence of non-zero values for the other transforms, this can
be obtained by adding the responses from two pairs of identical feeds where the pairs
are oppositely polarized to one another. This can be seen by adding the response of
equation (9) to one where 6 has been replaced by —6, and ¢ by 7/2 + ¢.

VII. OFF-AXIS EFFECTS

An important assumption has been made in obtaining equation (8), namely, that the
polarization response of each antenna is independent of direction. While never true in
practice, this is nevertheless a valid assumption if the angular dimensions of the source
are much smaller than the beam size. The purity of the polarization begins to deteriorate
toward the edges of the beam, and “cross-polarization” effects set in (Cutler 1947; Jones
1954). Even a perfect paraboloid of finite focal length illuminated by any real feed pro-
duces a diffraction pattern with side lobes polarized in very different states from that
of the feed.

The gain of an antenna in any given direction can be completely described by three
numbers, two denoting the state of polarization and one the effective cross-section for
radiation in that state of polarization. A paraboloid without surface irregularities il-
luminated with a linearly polarized feed would be linearly polarized on axis. The cross-
section would of course be a maximum in this direction. Movement away from the axis
is generally accompanied by a change in the state of polarization in addition to the de-
crease of the effective area of the antenna. In the extreme case in the so-called cross-
polarized side lobes there are usually points where the polarization ellipses have turned
through 90° and have major axes at right angles to the original plane of polarization.

An estimate of the rate of polarization change as a function of off-axis distance is
essential in the use of a radio telescope for polarization measurements. A sensitive method
of determining this is to measure the response obtained with crossed linearly polarized
feeds on an unpolarized source keeping one antenna on the source and scanning the other.
The response with both antennas pointed at the source is that of equation (20). There,
k included the product of the voltage gains of the two antennas which had been assumed
constant. If antenna 1 is moved off the source, the voltage gain G; of that antenna in
the direction of the source will decrease. Let & = £'Gy(q,, 5,) Where Gia,, 5) is the voltage
gain on axis. If (a, 6) is the direction of the source in a coordinate system where the origin
(a0, 80) is the axis of the telescope, let the gain in that direction be Gy, », the ellipticity
of polarization in that direction be 6;(,, 5) and the orientation of the ma]or axis ¢i(q, 9)-
Since the feeds on the two antennas are crossed ¢i(q,, 3) = ¢2 + 7/2, and since antenna
2 remains pointed at the source 8, = 0. Let A¢(, 5) = d1(a, 8) — ¢1(¢0, 5)- The response
is now

R() (o, ) = 3k'S1'G1a, 9){cos 31 — Ad(a, 5) cOS O1(a, 5)

+ isin [21 — A )] sin Oi, 5} (21)
= 3k'ST'Gi1(a, 5)[SIN Ad(a, 5) COS O1(q, 5) + 7 COS Ad(a, 5) SIN B1(a, 5)) -

If antenna 1 were pointed directly at the source, the response would tend to vanish,
since Ad(a, 5) = 0 = O1(a,, 5), Whereas if it were moved slightly off the sources these two
terms would begin to deviate from zero. While the cosine terms in equation (21) will
remain relatively unchanged (=~ 1) the two sine terms will produce a response from the
interferometer; the response due to one being proportional to the change of ellipticity
and the response due to the other being proportional to the rotation of the major axis
of the polarization ellipse. Further, since these two responses are in phase quadrature
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they cannot cancel each other. Measurement of the phase and amplitude of the inter-
ferometer response as a function of a, 6 thus enables the cross-polarized voltage diagram
of antenna 1 to be determined. Antenna 2 can then be treated in the same manner. The
loss in sensitivity from the source-on-axis position is the ratio of the voltage gains at the
two positions which is only the square root of the ratio of the power gains. This enables
the cross-polarized voltage diagrams to be plotted out to many times the beam width
in all directions. At such distances all the terms in equation (21) will of course come into

play.
VIII. GROUND RADIATION EFFECTS

It might be relevant to mention in this discussion of interferometric techniques for
polarization measurements that no spurious effects are produced by ground radiation.
Polarized ground radiation picked up by distant side lobes is completely resolved out
due to the angular size subtended by the ground. Even if there did exist any stray hot
spots, they do not move at the sidereal rate with respect to the interferometer, and there-
fore produce no fringes.

The radio astronomy project at California Institute of Technology is financed by the
Office of Naval Research under contract Nonr 220(19).
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