SHARIER:-IU

THFORY OF LBGHT PROPAGATION ALONG THE OPTIC AXIS
OF A CHOLESTFRIC LIQUID CRYSTAL « PILMS OF FINI-
TE THICKNERS

JRIRODUCTION

The theory develoved in the vrevious chapter 1is
valid for infinitely thick specimens. Tn vnrretice,
mecsurements are flwars made only on thin films,

The ortieal properties of thin filme may be exncéted
to be slightly different from that of very thick svee
cimen. Ve shsll W ‘:fwwh
refleotion, oircular 4ichroism and rotatory Adispere
sion to tnke inte account the fintte thicknese of the

film,

Iheory of reflection 3 As befrre, we calculnte
the effeet of multiple reflections by setting up

difference equations similrr ¢to Chae formilnted by
Darwin (1914, 1922). Again, as before, we first
regard the liquid crvetal to consiet of » eet of
rarallel planes P apart end ascride a reflectiom em-—
fricient 1Q to each plane for ripht ecirculsarly
polarised lirht ot nor-al incidence. Let Tr and
sr he the complex amplitudes of the orimary and the

reflected waves nt n paint just sbove the vlnne,
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The top most plane 1is designated Dy the serinl number
gero. Negleoting the normal absorntion aacfficlent,
which is in faet extremely smenll in the visidble epee~ 4
trum for most of these compounds (see Pergason, 1288),

the difference equation may be written

oooooc:t.o(l)

Bp = =1Q7, + exp (-16) 8, .

oy = oxp (=1f) T - 10 exp (~218) 5, «u(2)

where § = 2xndP/)\ .+ The reflection coefficient is
taken to bhe snme om bath s1des of the plane, Renlage
ing r by (r - 1)iNn(1) end (2)

N 18
ar;‘ -1Q xr;'»* Sr vecseee(3)

23.‘ = exp ("‘“) T - 1Q exp (~-214) sr on;(“)
r-\

Putting (4) 1n (1)

8,8 ~1Q | exp (~1f) T.=1 -1Q exp (-2if) 8;\ *

exp (18) £
§ = -1 8
= {Q exp (nﬂ‘) [:.E-\ GI:Q( ﬂ) r - Qg XYy ‘-21’)
-1
SrQQ 81‘-}‘\

Rearranging

Br + oxp (-p1f) 8, * Q? exp (-218) sr:‘éxp(oiﬁ)sr:tx‘ +

]

.xp(-iﬂ) Br.l
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8p | exp(14) + exp(~14) + Q® exp (-15)] = By *8.,

Similarly

L [ exp(1d) + exp (+14) + Q¥ oxp (-6'9!)] * Toet * Ty

T”i + &l"‘i L 4 !r .0.0000(5)

8 + 8 = ¥y sr .oooooo(‘)

1 re1

where y = exp(1ff) + exp(~1d) + Q¥ exp(-1d)

Bunpose thnt the film consists of m planes, nutting

8 = 0 we have from (6)
m

8 = y8

ne-g L

Bz = Y B ~ St (’z - 1) B
3
By (y" - 2y) 8'_1 eto.

and $0 = [Fx - (#) y“'3 #-‘%&Eﬂ M + 0,.] 8,.1

= fm (y) 83..1 (say) '-'-'-000.0(7)
S8imilarly from (2)

?

-1 ” oxp( 14) Ty } oince 8, " 0.

I '[y oxp(-14) - 1] L3

Toe3 = [(ye-l) exp(~1g) - y] Tye ®tce
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end
To = [£a (3) om0 (10) = 50 (] Ty eerunl®)
Since from (1)
Spet ™ =1Q Ty g = 4Q exp (1) 7,

the ratio of the reflected to t he ineident amovlitudes
)

8, ., 19fy (y) expr (14)
-,-: ?y) 00000-.(9)

2u(y) exv(18) ~ fy.q(y)
L et us assume a relation in the fan Tpeq *XTp 80 t hat
x sotisfies

x+1/x =y = exp (16) + exp(=48) + Q° exp(=1#)..(10)

We have seen that the reflection condition is ngp = Ao or

@o = 25  Accordinsly we may write

‘ = 2x I\O/A - ¢° + € 00000(11)
where € = 2% (A "'AO)/)‘ lo.tooooo‘ig)

which is a smnll gquantity in the neighbourhood of t he

reflection.

Therefore, from (10)
x + 1/x = exp(1€) + exp(~1€) + qf exo(~1€) ,L.e.(13)

Thie sugzests that in the neighbourhool of the reflece
tion we mny vut

x = txp(-é() Qn('igo) = exp (-E") oootoao(14)

whers §1s small and may be complex. Prom (13) mnd (14)
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< =+ (Qg - 32)1/2

0000000000000‘15)

$ha eeries In (7) ean be summed as followss Consider
the eeries

—2in no = ginnO+stn2 0+ x* gin 30
1-2:coae'+22

* !ﬂ"l ein n O+ cse0e

which ean be eaerily verified to he true by multinlye
ing each side by (1 = 2x cos 8) + :2)

Ve obeerve theat

lﬁ,—‘ng = Coefficient of =1 4n (1~2x com 0 = 12)"1

that is the coefficlent of x*~1 in

1 + x(2 cos 9-:)*:2(2 co.g-x)z,, vee *x“'a(zeoea-x)“"’
+ 2272 (2 cos 8ex)""% & =1 (9 cos 0=x)2"1 4+ ! (2 cos B-x)"sr.;
Now the coefficent of ¥ T 1n ¥ (2 cos 6-x)?"1 |

10 (2 cos 0)""1; the coefficient of ¥'"1 yn L0=2

- D=2 : -2 o
(2 008 & = )" 44 the coertictent of x in (2 cos 0)"% =

«(n ~ 2) (2 cos a)“"’

coefficient of X1 in Y3 (2 cos 9 - x)P"3 is the

coefficient of xf ir (2 cos 8 = x)2~3

(n=3)(n=4)(2 cos 0)P5 ;
1.2

md g0 on
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Hence the series 1is

alnng « (2 cos 8)21 _ (nep)(2 cos O)n.s

sin 0
+ 19-:5%‘-‘3-‘-51 (2 cos 8)2=5 _ W (2 coe 0)° 1 4 ..

'

Ifreput =448 ein 6 =94 #in h(s)and cos 6 =

-(coe h({d) substituting in the series expression e had

.5; ths 'fl - 5! ’n-a*&g#mz ,B-ﬂ see (Id)
The above series ie {dentical with fa(y) when

y = exp(¢+%) + exp (=4) = 2 cor 1(E)

Thue the series in (7) reducer to

» lhih(!i'[) sesssers
2y (¥) NTETER . (17)

(8ee also Grandshteyn and Ryzhik, 1965).
Substituting in (9) we have

8 -
'!§ - sin ncéf o (M), -

ZERICT, exp(17) - 2inh (m=1)¢

ein h (&) sin h (¢ )

=1Qexp(1¢)
1€+ein h (m¢)= sin h(m=1) 4

sin h (m4)
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- =1Q exp (4€) _
1€ ¢ oS o oS, o"MS ¢ (qR% o gRS)
B 4 o4

8 _=tqexx (1) _ .. ........(18)
T 1€ + oot h (m<)

0C + 40 ao >
32’9:2 cot he(‘q)

2.2 P a2 2 ?
R= |8 /T 4 - Q_ﬁ * Q i m » Q ...‘19)
18/%el” = (@ + o? comta)? | et comt md

tar infinitely thick specimen (m = ») thie reduces to

By . -Q - qQ
’: LT e + 1(q® - e2)1/? vese(20

when «Q ¢ € ¢ i» reel and x
Rene * | Bo/% 12 =1

The refleetion | ~ therefare total within this ronse.
The evectrsl width ~f total reflection turns out
ae (PAn)/x. V¥e have rhown before that

Qe - Qoa [(lin &)’ef

in t he neighbourhood of reflection. Using (19) and (20)



with the above exvression some theoretical reflection
eurves heve been worked Out for various values of m and

some tyrnical values of the constants.
Mow 6000 x 10~%om, P = 2000 x 107%m, n, = 18, q, = O=1
(t.es (AN) = 0,078

These ere ghowr in Pig.1 and 2. The reflection curves
for ¢ = 0408 (Leee (A n) = 0.,0373), all other parzmeters

reatining the sanme nre shevrn in Fisures 3 and 4.

The theory givee pome interesting new results, Por
specimens with finite £1lm thickness tho reflectimm
curvee (rné Rence the eircular dichroiem curves) should
give some geeondirv maxime alenpg #1th the nrineinal
raxinume Aa the film thickness 'e inorcazed the infene
ailty of the nrineipal maximun increnges vhile ‘te width
decreages, A%t the grme time the sudbeidinry secondary
maxima inecreare in nusber rnd ret closer together. For
t he very thiek speeimen the princival end the subsidiory
mexine pet pn much cloeme topether thet thev merpe to
sive & pinsle flat-tor ed maximup which ls ~lgo nredice
tad by the previous theorve The width of the tntnl
refloetion far the very thilck svecinen 13 9P An/x.

Por a glven n, the neck haighta ne well ag the wn'¢clng

betwren the moxima very with Q2(i.e. withAn)s The
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Fitm thickness =mP. Pis the pitch of the helix,
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emaller thd reflection coefficient QJ, the lesner the neak

height and the more sorend out the eecondnry maxime,
Sireuler dichroigy 3 Frem (8) we have

, -1
;:.' = [ tm e () -2, (9]

Using (17) we have

-3
® ein h (n4) #in h (@=1)¢
L 18) - -
T | [oxp ( sin h { <) ein h(E) ]
. feosech (mq) cevscsseae(P1)
1€ ¢+ g eooth (m<)
o 8, . ? | o me
Bayn ., Q® . cose
t’i‘;‘ ' -r,! e? o+ 2 cotn® m e+ 82 cotn? m¢

Q% - Q2 * 6% » Zooth® m

- - 3

e » ¢Pcoth? of¢

The Cireular dichroliem
5 = I! - IH
11 * Ir
where Iy and I, nre the intensitics of the tranemitted
ligkt xf Zeor the letft M right eiroulsr nolerizaticres
SBince left gcireulsr lizkt ip nnt rttenunted dv reflege

tion we any put



D = r 2 - ;"""; 000000-0(22)
1*1.«5;‘!

fince R vloted a2z o function of wave len~th exhihite
pripary and seconinry maxima, O ploted as o Omeotimn
of wave length should exhibit »rimary and seoondarv
maxima similar to the refleoction curve excent th-t the

Recks will be leas pronounged.

Anomaloug rotatory dienersion 3 In the resgion ~f

noreal dispersion the opticnl rotation nepr thiskrepn P
a? tho 1igutd erwvetal 1g 1/5@(5d - ¢1) and the rotatory

power in radisns per cu

L ’ .‘(a,)- -
= (B, - 4,) =
IR PN

vhere ¢ ond ff; nre ihc phare reterdetione for right rnd
4

| eft etireular lighte Here a cleookwige rctotion 2s seen

along the direeticn of light propagation s taken A

voeitive,

¥ear the) region nf reflection, the dynamical’ theory
predicte thet risht circular comnonent suffers anontlous

rhase reterdntion, Left cireulsr light, on the othrp
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hand exhibits normnl bBehavicur throushout, ~nd ap o
consequence the rot tory dispereion |S snomanlous in the

vieinity of the reflection.

The phase Of the right circuler wave ean he
evaluated from (21)e The retio of the incident to

the trrnemitted amvlitudee mny he exvressed

?
ﬁ-lm -m(ﬂ.q\/) = A exp (=in )

€
Yhere ten nf)\/ - —

¢ ceth m¢
The opticnl rotation per thickness P 1o
ey -g) =L (g-g1)¢(y-e)

Hence t he rot: tory nower in radiane ver centimeter ‘s
I -« (An)% (y-¢)
- +
ARt p

eesnse (93’

Par awny from t he regien Of refleetion en either stde
i.e. when

2 2 o /09

€% » (Q°, sin"e/e?), g = 1€

from (14) so that € and the rototorv power reducee to

the nornal v-lue.
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W& give mome thenreticnl rnintory dieverrion curves
for eome typlcal vrnlues of the narnmeters involvedy
Ao= 8000 x 16!8 cm P = 4000 x 16'8 omy n, 1.5,
Qy = 01 or (4 n) = 0,078 at 4000, The layer bire ringe
ence is resumed to vnry linecrly from 0.3 at 4000 A
to 0.075 at 8000 / an4 extropolated to longer weve
lensthe. Flee 6 &nd 8 gives the rotatnry vower of the
right handed structure ueing the standard sian cmvene
tion nccording tc whiech » olockwize rotation os peen
by an oteerver looking at the ecurce of light ‘e toiren

as pneitive,

The anomalous rotatory diepereion curve fer & £11m
of fintte ihioknees voriag smocthly with wavelength and
does Net chaw the sbrurt changes am in the thiek enecinen
cnce (Pigeble In rarticulrr the retstory nover ni the
edre of the reflection bend kag hecen tlunted out inetend
of vetng very shwry as in the cere of the very thick
epecimens The rotation variee liresriy with thiekneose
far avar from the r<ziom Of reflection. However, ar we
avproach t he refiection band, the rotation dner not viry
linearly with thicknese, but increanses in an abnerml
wey (see figure 56)¢ This is becanse the reflection
éherncteristice of the specinen ehsnge Wi th tho th'erknesse

Ae the thicknesg is incrensed the variations in the
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rotatory power around the reflection hand decome more
and more proncunced, until finally beyand a certain
thickmess, the rotetory COWEr curveshowe charp chanres

of slope (Pig.8), ¥e see that the observed resulte

in the reai expsri-entel s tnatfan, namelv, the smonth
rounded form sf the rodatorvy deneveion curveeg nf Methieu
(1938) and Pergason (1337) enn he erefly sccounted for

by thie thecry.
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