CHAPTER - II

THEORY OF LIGFET PROPAGATTION ALONG TWE OPTYIC AYTIS OF A CHOw
LESTERTIC LIQUTND CRYSTAL-INPIN TTELY THTCK
SPECI™EN

JETEQXCTION

The effeet of a plate of ahtsotropie materinl =uch ~s
a erystal, on a2 collimated benm of nolnriged light may be
represented mrithemenfienlly nq a2 linear temaferantion ~f the
components of the electrie vector of the light., The
effect of n retardation plate, ar ™ Anisstropic “hanrher,
or of r crystal possessaing ontiesl activity may he revwresented
ns & matrix overator which onerntes m the electrie veetor
of the ineident light. A plane wave ~f light charnoterised
by the phases ind amplitudes of the two tranaverse commonents
of the eleectric veotor, ean be revresented hy n two metrix,
with mutriy elenente in semeral perniex, The above td6as
were first develoned IN dets{l with vrriouns rovrlicatiens
by ReCe Jones in & veries of »enere (1941 « 88) and the
methenatical nethcd hne come to be mrwn np the Jonen erlculuse

We Shall discoss, CStheovy of Fhe

L —now—degeion_a_ 4! s=pf=irr ~ptic~l nrovertice of

an infinitely thick cholegteric liquid ervetal frr light
orenagation nlong the rvtie =xis by the annliert!on ~f the

Jonee cualeoulue.

Normsal rotatory disvergion s

We consider here a heltenllvy frrsnged nile ~f hWirefrinpent



layers, neglecting at firet the effeet Of reflection. It
18 known thnt emaeh | aver 1s only a few angstroms thick, If
the niteh ies comvarable to the wave lenpth Of light the
angle detween ecdjncent lavers will be of She order 1.0"2
radians. Now, the queetion arisee Whet her sueh thin laver
may be looked upon 28 birefrintent nlaiess But 1t 1s well
known that when an electromagnetic wrve nacses through n
sheet of legoironic enattering mnterial it :cquires nnd
additional phace =q, where =iq, is the eocuplex amnlitude
sccttered by the layver in the excet forward direction, when
& plane wove of unit amnlitude falle on ite Thie lg egui=
velent to ccoribing ¢ refrnetive index te the isver, The

aprmunent may Ye extended to anieotronie lavers ns well,

We define quantity'YPWhtch repressents w=1lf the nhnee
d1fference hetreen wrveg poloriced 2lomg the two nrineinal

axee after puseing through ¢ laver of thiekness p
1e84 ft ‘K,)\ (nl -n?) -touooo--oo-oo--oococ‘l)

Prem the avellable data far »ure cholepteric substances
(An) = (nl - ng) iS nf the order of 0¢078e Thus ¥ 1is

104 or lese 1.0. en order of ragnitude em:ller than Ge

¥e enply the Jones ealeulus to such ~ sveiem agsuming

the light to be inctdent nornal to the lavers l.e. fleng 0.
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Let the nrincinnl axes of the first laver be inclined at an
anpgle § with respeot to OX and 0Ys If the Jones retardae
tion matrix Wffh resaneet to the wriveipal ~“yes i@

eif‘ 0

0 e‘...ﬂ‘
where ¥ 1ig defined by (1).

The retardntion matrix with reanect o O ond 0Y s

:1 = SOR¢
whera
coe @ ~ sin @
8 = 8(B) =
ain P con B
i the rotation mstrix and 3°* = 8*1 s sne trensvose of 8.

Bo that 984 = 8'S§ = X the unit matrix (Jomes 1941, Hurwite

and Jones 1941, see alao Ramrehondron rnd Prmeseshan 1961),.

Yew 4f Dc 18 the enmplex, tvn 4imevsdmal columm
vegtor with ressect te OF mnd OY reprasentins the ineldent
light, the emergent light veotor after ﬁﬁssing thrmigzh the
layer 18

~n1 - ‘, 1 no

Waen, one is interestc? only IN +the stute of »~luple~tim
of the emerment henm, the fuctar exn (1Y), where V) = n(nNl + np)p/

mey be neglecteds YLet N he now inefden* ou & seoomd

1
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briefringent laver whose vrincipal axes nre inclined at
28 with resvect to OX and OY. The Jones mrtrix far this
| ayer is

s(es)os'(es) = sZ%nse?
and the emergent vector is

D, = 8%8'%p = 8%08'2508" D,
= 8%68'8'808'D,
= 8% (68")% p
0
= 3, D,

where J . 82(68')® 1s the approprinte Joncs mrtrix for

thie syetem af two layers. |N reneral, i£ a Nile of *n*
layers 1® considered, Whae the prineipal axes of the ath

layer are inclined at m8 with resvect tO 0%, OY (m = 1, 2, Seen)
the Jones matrix for the pile is evidently

o\
3 8" (0s*)

W& now need to ealeculate Jp explicitly. \\& adort a Aireet
proof given by Chandrasekhar and Srinivran Rao (1968),

Let A = @8'(8)

o"fcuo 8 ol Yoin ¢

= -1 -1 By matrix multiplieation
«s"Yein 8 e~ Yoos B

a

®
- (8ay)
P 4



s B

Alma we eree that ad - be = 1 000000000(2)

Therefore A is unimodular., The characteristic equation

A =28)] = X - Masa)+1=0

gives the eigzen values

ot e

whioh reduced to exp (+ 10)
by putting

Ba * sz} = cos O sevscesse(3)
Evidently

/i — b =8 — ‘0
e - oi®| ana a - otf
-l

belonging respectively t» the eigen vnlues 1 mae .

may taken us the eigen vecto

Hence, woth

Y -b
? -
a - eol® a - o190
we have
# ar | 0
P = »
0 ';16
and
AT = TN

A = a0l
n "1!1__ S P
A = (A® ) =T AT



b -b|| oin® 0 g;?'ie LY/
'[ 10 —}

A
where \ = det T = wBd «Pidb ain 9
Thus
1 asind-sgin(ne-1)8 b sin 9

AR 8 e x

ein © -gin n 0 ggaaag gog 8+  sin(n+l)eea ainn

Using (a) and (3) and the relation

"sin (n + 1)0 + gtn (n +1)0 = 2 gin nd coe O

we et
in né » 9 1 0
A7 . :Tn % ‘Kg ;:] - JughﬁéﬂFdd-' {;o ;}
=y -
(2) A u(z)e sevccese(d)
n -1 ne-2g
Vhere
u(z) sin (n + 1)0
n sin O

Now in the present vroblem cos 6 = (a + 4)/2 gives

cos 6 = (a + 4)/2 = cos 8 cor ¥ +es(Q)
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The same result waes Aerived by Abelee (1950) using the
lagrange=Sylvester intervolation formula. Bern and Wolf
(1959) have al SO derived the above result using an ‘dentity
and heve used It in Adiscussion the light nropegation in
periodienlly stratified medin.

Now the faetor A in (4) is the effeet of a single lnver.
Therefore, as far fe tha total effeet of ‘' lavers is
concerned, 'n' bdeing large, withrut any sensible error, we

can put A X 8! 1{,e. exp (1Y) s very lorge nesrly = 1 in A,

Furthery, sin @ and § are also emnll, thoush ~f rm order ~f

megn { tude zreater thrm Y we may take

oin 6 X sin B - 8

cos @€ = cos B - 1

On simnlificattan

cos n O einn 6
(e8*)2~,
~-gin n 9 cos n G’J

Tence

3 aos n B -sin n 8 cos né sin ne\\
n =8 (65°)%¢ |t n(g-0) cos n(B=8)||-sin w0  cos né |

_ | cos n(g - 9) -Sin n(p - 6} ()
sin n(f - 9) cos n(g - 0) eeee
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J 18 juet a rotation matrix with the snrle of rotation as
a =n(p - 6)s Therefore we see thot the effeet of 'n?
layers is to nroduce a rotation of the incident vector in

the positive Adirection.

Since g and Y are emnll, we have from (5)

2
(1¢-§§ + o.) - (1":;‘ "oo) (1*';'{9” oo)

%1-£-§
21

Therefore 82 X (g2 + Y2)

Hence a = n Eﬂ - (p% » Tzii/”]
= n|p-81+ ve/%)/2]

o n [ 6-8(1+7V2/28") |
S\ i

bd

If 'n' is the number of |ayers per turn of the helix of
PitOhP) ng =2x andnp = P
Subetituting fro from (1) the rotation »er oitch is

x(n1 - ng)?p?
4)e

and the rotntorv nower in radians ver unit lensth 1s

Soa o Twny -m)® P /a2 ceen()
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The negative sign indicrmtes that the gign of rotetion
| a oprosite to that of the helicrl twiet or the structure,
Thie formule and also that derived dDy Jrmes (1941) to demone
strate, some applications Of his theory unfer the name
‘Sohncke's theory of optieal aetivity' by assuming a few
layers in the initial calculation and then extrapolating
for large number of lsvers, This formula is fdentienl with
the sne derived by Mruguin (1911) and aleo equivnlent &

the de Vries equation when '@ << 1

An_cleuentary theory of reflection ¢

The resulte Of the theory discursed in the nrevious
section show that the liquid crystal dehavee re 1f it hns
circular bdirefrinpence; In other worde richt ~nd left etreular
vibrations trave without chanze of form but with slightly

L

different velocitieso

We shall now give a Sinple mrthem~tiecal intervretation
of the refleection of etircular light from such a2 structures

1
Let right cirecular light given by Do = referred to OX end
1

0Y, be ineident normelly on the surface of the liquid ervetol.
W shall eupvose thrt thOo etructure {2 risht honded 1.e.

f is positive. After paseing through imf 'm' moleculnr
layers, wach of thickness 'p', the 1ight vcetor will be

D, exp (=iff) where § = :?uung{g/> s Ny = tha refractive index

for right cireulsr light rm4 )\ the wrnvelensth in vacuum.
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To caloulate the reflection at {he boundary detween lfh and

(m 1)th layer we resolve the light vector along the nrincie
pal axes Of the nﬁh laver We ze which are inclined =t an

angle m@ with resvect to OX and OY. The resolved components
will be given by

cos mp . ein mf

cm1*[ M |
n c0s m6 oxp (tf - . exp | 1(m - ees(B)

Since the princinal axes of the (m + 1)th layer are rotated
slightly with resmeet to those of the m th layer one of the
components of (8) rill, on emerging from the m th layer,
meet a 'rarer' medium, whereas thc other enmmonent will meet
a ‘dencer' medium. TPhue me commonent will get refleoted
without any chanze of vhase and other with 2 ehanre of nhare
of %s As n aonsequence, the senge of eirevlar nolarir-~tiom
remning the game nfter reflection. Referred to t he
orineinal axes of the a'® layer, the reflected wove on resche-

ing the surfroe will be

(\-‘:‘ exp El(lﬂ - ”)] 00.000(9)

negleeting a factor rerresenting the :erleation coefficient
of the layer. Transforming back $o OX and 0Y(9) becomes

nd in m@
::: " ‘.:og ]ﬁ] [ exp E(lﬁ - ”)_]

cos mB

- ] oxp Ei(m - ”ﬂ 0000(10)



t$ 11

whieh iS a right circul ar wave vrovagnted along t he negative
direction of 0%, When )\ = aP, ox 1, p/n = B, QA

g = u8 gince np = P and ng = 2x whae 'n' 1ie the number of
molecular lavers ver turn of the helixe The vhase fretor
exp 24(m8 « #) in (10) then becomes unity, irrespeative of the
valuee Of my, and the wnves reflected by t he suecessive lavers
will al| co-operate to give rise to & strong interference
moximum, On the other hand, t i the structure | a left honded,
1,00 B iS negative, (m8 « §) dces NOt venish when ) ™ nyP.
Therefore, the rcflected wrves from different lavers will

eat be in phare and the vidbration will he trenem!tted
unchanpged.

It has hem resumed in (9) and (10) that the refleetion
coeffictients far the two linearly nolsrized commonents are
the sames This may hDe quite true and it i{s possidble thnt
right etreular light acquires a slight ellintieity nfter
reflection from 3 eingle layer. However, if the awlitude
of the waves reflected by different lavers nf the helienl
structure are ndded, the reeultant reflected wove will

evidently be eircularly nolarised,

A M the averapge reflection coefficdent may bhe cnleulnted
anproximetely ae fallows s Par an arbitrary direetion »f the
electrie vector, the reflection coefficient et t he houndory

between the atP and (m » 1)*? 1avers of tho rile of helieally
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twisted direfrinsent lavere s

n"q} 1 - n.
ISR m QQQ.'.(I")
1+n'y

th
where n' peq and n', are the refrnotive indices nt(m + 1)

and nth layer far a given Airection nf the eleetric vedtore.

The genernl expression for the verintion of n' with

direction 1s given by the wall. 'mown equation
1/n'? = tm."!u/ni2 * amga/ngg seees(l?)

(eee ege Ramnchandran ond Ramaseshen, 1961) vhere ny and n,
are the orineipal refrrective indices. Ve obgerve thrt

when the birefrinmence is not too large, {12) may be

represented quite nccurate’y by the relation n', = n-1/2(an) sin(-

m) .....(13)
where n = 1/2 (n, #nz) and n = n, - nge

If we as:ume that
R'ge1 = mt 2 B (am)

g (an)

n
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The reflection coeffiocient ver thickness P of the liguid
erystal is then

Q=nlg] =x(2n)/n  eseece(14)
Siince ng = 2x, where 'n' 1s the number of moleculnr laovers
per piteh of the helix. A better annroxinmntion, is to —rke
uee of the full expression (13)e Substituiing (13) in (11)
and avernging over t he aifférent lavers, e have

.8 (an)

and Q = nlﬂ' = 2(A n)/n 00'0000000000(15)

The complete solution of the nroblem hae ¢~ take into
account of multiple reflections. |l cnn ha done by setting
un 4ifference equations in a manner elosely eimilar fa that
used by Darwin (1914) in his dvhamical thenry of Yeray
diffraetion. Such a procedure |s valié hoecause, cirenlnrly
volariced components travel in the medium without chance ~f
form and the interference of multinly reflected woves with

one another nnd with t he nrimary wrve ean he evnluated Airectly.

Row for the vurvoee of developing thir theory, we ghnll
first regnrd the liquid erryetnl, s emeigting of o set of
parallel plates rpnced et a distnnee "P' apart. Each nlane

therefcere repl-res the nemolecular layera, ~er turn of the

3
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hel i X of piteh Po Clearly =iQ represents the over all
effect of the refleotions from the nemolecular lavers, snd
is related {0 =1q, the reflection coefficient of a single
molecular layer, in exactly the seme way ns the structure
faector P Of a crystal is related to the serttering factor
vee f of an ntoms Since P of a crystel La releted to the
sottering factor f of an atoms Hinece Darwin'e theory

emn De applied to any crystal merely by subetituting F for
£y, thie model ghould be adequate far deduoing t he multiple-
reflection characteristics of the liquid crvetel., Here the
reflection curve ig derived as a function nf wrve lensth
instend of the Bregz angle in the original theory. The
structure is assumed to be right handed smd that right
¢ircular light {e incident normally. Let !r and Br be
the complex amvlitudes ~f the wrimary and reflected waves
respeotively at a point just above the plane. (The tap
most plane | a designated by the serial number mero). The
difference equations, suitobly mndified to the ontienl case,
essuning that abeorvtion is negligidle em he written rp
(see oze James (1984)

Bp = =1Q T + exp (~16) 8

B ° (16)
r -+ sonsonsnee

3 - = oxp (~18) 17, ~1Q exp (~21§) Sp,y eeee(17)

r+)



t 16 3

vwhere # = 2xn,P/5 and n, is the refrnctive index for right
oircularly polsriced light. The reflection coefficient 1is

here tzken to be the same en both sides of the nlane,

Replaeing r by r-1 in (17) and ueins (18) smd (17)
we obtain

r+i -1

= [ex0 (18) ¢ exp (-2 10) + Qexp (-1)| %, ...(18)

¥e npoume 8 solution in the form

Tr-.—" = XTr 00.00000(19)

Here x iz indevendent of 'r'., Hence x muet sntiefy

x + 1/x = oxp (18) + exp (~1#) + Q° exp («1f)...00(20)

Substituting for Tr . from (19) in (17) mé ueing (18)
+

we get

4 x =~ exp (-1g)
Sr# Fx exp (=18) - oxp (-218) - Q¢ exp (-2if) By ees(21)

trom {20) and (21) we heve

sl‘-ﬂ' L= ﬂr 00000(22)

As we have peen earlier the reflection condition 1s

n? = No or f, = ox
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Let us put
g = ox N = oxee

where

€ = apx (N "')‘.") 1/% aooot(23)

which 1a 2 small guantity in ths neighdeurbood of reflection,

We have therefore from (90)
x +1/x = exp (1€) * exp (=18) + Q° exp (=1€)eses(24)

Thie suzrests that the neighbourhnod of refleetion we may

put
x = oxp ('é) ("'160) (=€) anun(25)

where Q is smnll snd may be complex. Prom (24) and (29)

we heve

q:\\f .’:(Qz - ez)yg Qooooooo(”)

Using (22), (18) smd (26) MA putting ¥ = 0 we obtain the
ratio of the reflected to the incident amnlitudes

2 2 e (27)
?o e (82 s 2 ssccece

¥hen «Q ¢ €<Q, (27) may he exprecsed rs

En Q
T T ca (- R/t

essseeellltl(o8)

and hence 2
R = ' BO/TO‘ = g
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The reflection ‘s therefore total within th's range. Outcide
thie range the reflection decreages rapnidly ~nd svmmetrierlly
an either side, It will be seen grom (23) that when A\ 1g
greater than \c , € 1@ negative and so the negative vnlue

of the equare root in the denominrtor of (27) has to be
taken, berernuse R csm never exceed wmity., Simflarly vhen \

is lese than )\othe vositive v=lue hrg 5 be trken,

In the discussion above we have sgeumed the liqull
ervetal ¢~ consist of a ret of varailel planes with a reflee=-
tion coefficlient «1Qes Clerrly «1Q revresente the over all
effeet of reflecticn from n-molecular lavere and is related
to =1q the reflection coefficient of n gincle moleculapr

layer ds follows

Q=q\1l + exp (~210) +‘exp (=P18) « exp (-Eniai]
1 - exp (-aonéi]
T e (-212)

& = ommgP/n) = @/n

wher e
Therefore
lQ|2 = qg o1n® nd/etn® 5 = n® qg(etn nd??)z

In the neighbourhcod of retfleetion
Q= ;" (et e/e) ®
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The range of total reflection extends from € = +Q to
€ = «d 1,e, from

-Q w
o= n.-é to %O ; ..u-?-\
2x

The sveetrzl Wi dth of refleetion (A Z\) is therefore

ewmrraren N

Now usire (14) we zat Ar= PAM in exnet ngreement with the
de Vfies theory. The tetter sppreximetion (15) gives
A n
P ——
n

In the solutisn Oof A‘fference equation we have assumed that the
amplitude of the nrimory benm i S changed bv n frotor exp (- & )
on weaeing from one vlate to the next. Within the totnl
reflection Q2 18 grenter than 2% so thrt & 1e real and
primare extinetion tnkes »lrces  To evalucte the extinetion
coeflicient we firaet enleculnte the mean vnlne of within the

totrl reflecting ranve.

€ = g- L -e22 40 = xo/a
©

The intensity fnlle by » factor exp (=2 E‘L) on ~aseing through
a trhicmeso P as by exp (=xQ/2P) ver wn't ‘enrth,

Outeide t he region of total reflectim 2 is im~minnry



t 123

snd primary extinetion vanishes. We shnll give some
theoretically exneoted megnitudes of sneetrol width of total
ref leetiom amd orimary extinetion far x sone typicnal values
of the emstants involved, Taking qo = el and

No= 6x 10"‘5cm end n =18 and P = 4000 A t-e width Of
refleetion turns out as 3 191 A The extinction coefficient
turns out es 3.92 x 10° Thus the intenattry {s reduced
o about 1/1000 of its inetlent volue afier ~cgsing through
a thickneas of ahout 18){ .

Anomeloup rotcotorr dispereion 1 Tn the reslon of normal

dispereion the ontical rotation ~er thienese P of the

1iouid ervetsl is given hy

1/2 (By = #,) = x/y (ny = n) = -a¥/o8

where ﬂa. ’1 are the ohree reterdsticns and n, and n, the
refrrnotive indices for richt mméd left circular vidrations.
(The convention adonted indisws f2r ximkt =t Yefs cirevier
ribrattenax here is that o eclockwise rotntiem ng seen
along the direction of vrenagotion of light 's taren s
positive). In the region of reflection the Aynanmical
theory showe that the right eireinlny comronont esuffere on
additional phase retardatisn =nd ~lso wnder certnin circum=
steneces attenuation afe 1t trevele through the medium,

Left circular light on the other hand, exhibite nnrmal
behaviour throvghout snd ae » eonsequencs the rotatory

dieversion is anomalourr around the refleetion region,
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Cace 1 ¢ Region of total reflection,

According to (28) the nmplitude of the right eirculrr wrve

ng 1t vasses from one place to the next e given by

Ql‘-t\ * ﬂr

vhere
x = oxp (~¢ ) exp (-if)
& w (g% - e2)1/®

B =g == BBL o e (3-)0)/

Inside the botally reflecting renge ¢ is renl snd therefore
the medium becomes highly circularly 4ichroice It 4s readily
geun that the elliptieity X vroduced rer thicmess P ‘s given
by

1 - exp(=¢ )
1% exp(¢g)

. tenX- = = ¢an h Lé\/g)

or X = /e
The czimuth of the majer axis of the ellinrse after nassing
through a thickmess P s
xP x (X))
R SR AR A PR

.‘.nfﬂ -+ gi}\-%t’i
T »
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Therefore the rotatory pewer in radiane »er onm.

~(ny - ny)* P . Tr-ad
4 )2 P

which ip vnl14 within the renge )\a- Q M/ex Ch<h# Q/ox

and § = :12.531..__!!2 EP 13_()«-)\4 sesese(29)
4 )\ =
C%ﬁ B A e

Cage 2 1

Outeide the repion of total refleotion.

Outeldte the totnlly roflretion rance n 1(e® - 1522)1/P
and mafy de vositive nr nepetive denendins em Whether €

given by (23) 1ig voeitive or negative, Thererare

@ = %[(82‘-(32)"/2*%«-533

- 1{(2 /2 . 4 .e-d-)
. H%B"'- gD-u_Qg/B?)l/ej

- - % + % ‘%;_};ﬁ E - (1 - QB/gﬁ)l/ﬁ]

Hence the r~tatory power in radiane ner om,

?
. - - ) 4 - )\O
= (ni 4;25) » :%-;.2:2 E - (1 - 02/32)1/2]
and the rotntory vower tin degrees/mm, turns ~ut to be
2.
“’18 - 18 - Ao,
= (:1)2 )P + (;‘ }’” [1 - (1 _Qz/ez)tls]

We give here theoreticel rotatory diererston and reflection
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curve fOr eome typical verlues of the econstonts, taking into
conelderation t he relation between Qo smnd (An) and aleo the
varintion of (on) with N (Pige.l)e =

No= 8000 A% n, = 1.5

P = 4000 Aj QO = 0,1 (or (A“) = 0,078 at }m)o

The layer birefringence {a agcumed to vary linenrlry from

0«1 at 4000A fa 0.075 at 8000 A ard extrrcpolnted to longer
vavelengthe. The curve gives the rotatorv power (in demrees/
mm) of a right hended structure using tho stsndnrd o m -ention
according to which A cloclkwise rotation as seen dy sn cheerver
looking at the eource of light is trken vonitive, Excent

that the theory gives en oxvreseior for thr rotatory pover
ineide the region ~f reflaction, the curver nre eimiler {0
what ie exvected from t he de Vries equation. The rotetory
power inside the region of reflectiom cammot, however, he
weagures fOr i verv thick ereeiren, since One of the ocirecular
componente is completely attenuated, YFevertheless, the resukt
ie theretic~lly simificent in thaot ¢t brin 5 out how the
rhase differonce bhetween the two omwesite eirculnr wnves

( or equivalently hew the azimuth »~f the =nior axis nf the
ellipticnlly polerized w ve) varles with ) within the reflece
tion band,.
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Fie.1 Theoreticd rotatory dispersion and
_reflection curves for an infinitely
thick sbecimen.
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