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PREFACE

It has long been known that certain organic .
materials exhibit 'liquid orystalline' phases which
bave the mechanical properties of a fiuid (e.g.,
viscosity, surface tension, eto.) and at the same
time show optical, dielectric and diamagnetic anisotropy
rather like a orystal. This type of behaviour is due
to the preferred aligmment of highly anisotropic
elongated molecules of which these materials are
compomed. Thermotropic liguid crystals are classified
brosdly into three types: nematioc, cholesteric and
smectic., In the nematic type the molecules are
aligned approximately parallel t0 one another with
NO positional ordexr. The cholesteric type is
essentially a twisted nematic with the axis of twist
normal {0 the preferred molecular direction. [N
smecotics the moleoules are paoked in layers W th
their long axes normal or tilted with respect to the
planes Of the layers.

This thesis reports some theoretical studies
on nematics and cholesterios. Part One (Chapters I
to VII) deals with the continuum theory of nematics
and cholesterios; Part Two (Chapters VIII and IX)
embodies studies oifiptical properties of cholesterics.
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Part 1

Chapter I gives a brief description of the
Eriockaen~Leslie ocontinuum theory for inscompressidle
nematice (Ericksen 1962, Leslie 1968) which i{s essential
to many of the problems considered here. In this theory
the preferred direction of orientation is descrided by
a unit vector field called the director, which is assumed
to be of oonstants magnitude. Conservation laws are
written down f or mass, linear momentum, angular momentum
and energy and the equations governing the rate of change
of linear velocity nnd' change in director orientation
are obtained. !l.'ho .lmrlmo principle which enables a
selection of priuzy variablu (using which alone the
mechanios of the nntm oan be desoribed) together with
the Clausius-~Duhen oﬁ‘k:opy inequality gives expliocit
expressions for quantities like stress, free energy and
body torques in terms of there variables. FOr inatance
the free energy denaity should depend only on the
director and its gradients. Also stresses and body forces
can be resolved into equilidrium (statie) and non-equilidrium
107 7a The equilibrium parts are shown {0
be related to funetional derivatives of the free energy
density, while the non~squilibdrium parts can be expressed
in terms of the components of velocity ¢ra§10nt- and of

the director.
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The conolmiona of the Ericksen-Leslie theory
of nematics are ‘tlu following:s (1) The stress tensor
of a nematio s asymmetrio; (2) There are in general
six viscosity coefficients and four ohatle gonstants
for a nematie:.y but ONE of the elastic sonstantS has
NO put to play i N the equations of motiony (3) The
Oseen~Frank elastioity theory of nematiocs (Oseen 1833,
Prank 1958) becomes a special ocase of this general theory;
(4) In any flow problem the equations for the dirsctor
orientation and those fOr the velooity field have to be
solved simultaneously. This is a direct: - conseguence
o?hfnuuto ocoupling between the velooity and direotor
fields, whioh manifests itself | N the non-Newtonian flow
behaviour of liquid orystals. 7The viscous torgues whioch
try to deform the director Orientation are opposed by
the restoring elastic torques which arise from tha
anchoring of the director at the boundary. Nany of the
problems in this thesis deal With details of this non-
Kewtonian flow. The differential equations of motion
U S I N general highly non-linear and carmot DS solved
exactly. Numerical technigues such as the fourth orde:
Runge~Kutta method and the orthogonal collocation method
have been used i N this thesis for solving the egquations.

The ghear flow of nematics (flow between two plane
parallel plateas Wwith one plate moving relative to the
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other With & constant velocity) is one of the simplest

of the f£low geometries wherein many features Of the
Erickacnwhcul;o.thuozy bcco-; apparent., This forms the
sub ject matter of Chapter II. Earlier (experimental)
studies on this pro$1t= (Porter and Johnson 1%62)
indicated that at high shear rates the apparent viscopity
n (defined as the ratio of applied shear to the average
velocity gradient) approaches a constant value, independent
of shear rate and the distance between the plates. Leslie
(1968) showed that thin dehaviour can be accounted for

ON the basis of the continuum theory, He even worked out
(Leslie 1971) the effect 0f a magnetic field applied i N
the plane of shesar. BRumerical calculations of apparent
viscosity in the presence of a magnetie field in one
partiocular geometry (perpendicular directOr actentation
at the plates and o magnetic field applied perpendicular
t0 the plates) was carried out by Pinlayson (1974).
However A complete analysis of the prodblem needs a
detailed consideration of other possidle gemmetries for
this flow. In this chapter n has deen studied as a
function o f shear zuti and of magnetic field, for fields
applied either parallel or perpendicular t O the plates
and for symmetric oxr asymmetric director alignment at

the plates. This results inm right possible gemetries
in this flow. Flows in which the field is .perpendicular

A\



to both the velocity and to the velocity gradient and

in which the director does not lie iNn a plane are
diffiocult to analyse and have NOt heen considered. The
other four geometries have deen treated | N detail. The
orthogonal collocation method has been used for solving
the differential equations. Though the caloulations
pertain to PAA the conolusions arec general. |t &8s found
that for symmetric directoxr orientation n has a value

n, which hi. independent of shear rate at low shear rates.
However as the shear rate is increased n decreases to
lower valuss approaching again a constant limiting value
n, at very high shear rates. For the asymmetriec caser

n at low shear rates is about 0.5 7 A but approaches n

as the shear rate is increased. A field applied perpendi-
cular to t he plates increases n while a field applied
along the f|aw direction decreases 1t. Mother interesting
result is that at low Shear rates for the symmetrio
boundary condition with a magnetic field parallel to the
flown = n, and is independent of the field till the field
attains a oritical value H,. As the field is increased
beyond H, 1 decreases approaching the value n, at very
high fields. However this type of oritical behaviour is
absent | N the case of asymmetrical director aligmment.
Gientati on and veloocity profiles at different fields and
shear rates for both types of boundary condition also
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exhibit some 1nt;xoat1n¢ features. With inoreasing
shear rate O field strength,director orientation in
the fluid changes from t he equilibrium value. At high
values of shear rate or field applied along the flow
the direoctor orientation | Snearly parallel to the flow
except near t he boundaries where it reverts back to t he
boundary value. There are indicationsof boundary layers

existing at high enough shear rates.

In Chapter III the flow Of a nematie in a circular
tube (tie., Poiseuills flow) has been studied. The
experimental investigations of Fisher and Fredrickson
(1969) indicate:r: that n is a sensitive function of shear
rate and director alignment at t he wall of the tuba.

Their observations were neatly acocounted for by Tseng

et al. (1972) who solved numerically the differential equations
obtained by Atkin (1970). [N this cohapter t he effect of

an axial magnetio field on Poiseuille flow has been
considered. DBy a proper codrdinate tranasformationm the
equations of motion can be solved numerically by the Runge~
Kutta method t 0 yield director orientation and velocity
profiles. ¢Caleulations of n as a funetion of the rate of
flow for) different values of the magnetic field show: some
interesting results. Even fOr magnetic fields of noderate
strength n decreases considerably due t0 the alignment
effects Of the f£ield. A% any shear rate,increasing the
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£1e1d deoreases n. The field also has a significant - .
effect on the veloeity and orientation profiles. Zhe
veloeity profile becomes paraboliec and the orientation
profile flat at very Udh fields. |1 has also been
found that in the field free oase non-homeotropiec
direotor alignment at the tube wall consideradbly alters
n from its value for the homeotropic case. This feature
of the calculations is [N qualitative agreement with the
experimental observations of Fisher and Fredriockson.

Chapter IV deals wifh Gouette flow of nematics,
i.e., the flow confined do the annular space between two
coaxial oylinders which rotate with different angulax
velocities. Porter and Johnson (1962) 4in their Couetie
viscometric studies ON PAA Pound that n, at very high
shear rates attains & value which is independent of
shear rate and that it inoreases wifh decreasing gap
width. Atkin and Leslie (1970) worked out the exact
theory I N the field-free case and found qualitative
agreement Wifh the observations of Porter and Johnson.
Currie (1970) extended their theory te include the effects
of a magnetic field and investigated a mumber of possible
solutions of the equations of motion. Howevexr ha did
not investigate apparent viscosity. Iz thie chapter the
differential equations of Couette flow in the presence
of radial or azimuthal magnetic fields hare been arrived
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at in a mO'e simple manner, and have been solved
numerically. Oaloulations of n as a funotion of shear
rate, Of the ratio of radii of the eylinders and of
magnetic field fOr symmetric and asymmetric director
orientation at the two sylinders have also been presented.
The important results are (i) n decreases when the ratio
of the outer oylinder to the innex one increases. This

i s in qualitative agreement with the results of Porter
and Johnson, (11) | N general, for any value of the shear
rate a radisl field enhances n whereas an azimuthal field
diminishes it. (1i11) Por gep widths which are small
ocompared to the average radius, the results of the simple
shear flow are reccvered. Thus for exanple in the
perpendiocular director orientation, at low values of
shear I ate when an asimuthal fleld B/r is applied g
exritical value B = Bc is found. JYor 335@30 n stays
oonstant at n,. Por higher values of B,n deoreases, |
ultimately attaining the value n, for very high fields.
This oritical behaviour | S absent for asymmetric director
orientation at the cylinders. An expression for B, has
been derived here for the first time. It is found to
depend On tho ratio Ry/R, of the radii of the inner and
outer cylinders, Vhen a,/n2 increases from a oW value
B, also inoreases till for values of B.,/R2 approaching. unity,
sc approaches Ho' the corresponding value of the eritical



field in shear flow Orientation and velocity profiles
also exhibit some interesting features. For small gap
widthe and for symmetric alignment of director at the
walls Of the eylinders, the orientation profiles are very
nearly symmetric. |N general the distortion increases
with inereasing shear rate and aszimuthal field. A radial
field tends to decrease the extent of distortion. But
for gap widths comparable tO the radii the orientation
profile 1s distinctly. asymmetric,the asymmetry decreasing
with the ratio nz/an,. For the asymmetric case the
ocrientetion profile becomes more and more distorted with
increasing shear rate and with inecreasing value of

agimuthal or radial field.

The non-Newtonian behaviour of cholesteris |iquid
crystals i S strikingly different; fromthat of nematics.
For example n of cholesteries can increase a million-fold
as the shear rate decreases to a |low value, Helfrich
(1969) proposed an explanation of the anemalously high
value of n fexr low shear rates in the Poiseuille f| ow
geometry by assuming that; the cholesteric flows along
its helical axis with the molecules spiralling as they
move down this axis (but without the helical structure
itself moving due to t he anchoring effects of t he boundary)
and that the velocity profile is flat. H showed that n
should then be direetly proportional to the square of the



tube radius and inversely proportional to
the square of the piteh and independent of
the shear rate. This behaviour has been
analysed in Chapter V by using the continuum
theory of oholesterios given by Lesllie
(1968a). The main features of Helfrich's
model (referred to in the literature as the
permeation model) follow as & mnatural
conatqucnéc of the continuum theory without
It being necessary t 0 make assumptions about
the anchoring Of the struoture at the
boundary. In all practical situations the
velocity is found to be tlaetiﬁ::r a
negligibly thin |ayer near the boundary.
Also the expression for n for Poiseuille
flow reduces to that given by Helfrich to &
very high degrees of acouracy. The ocase Of a

cholesteric flowing alongthehelical axis
between (WO fixed parallel plates under the
action of a pressure gradient has also been
worked out in this Chapter. Again the apparent
viscosity and the velocity profile exhidbit an
anomalous dbehaviour.



Cholesteric flow perpendicular {0 the helical
axis was theoretically studied dy Leslie (1969) for
tha shear f| Ow geometry. The theory predicts that
at very high shear rater n should attain a constant
value which is independent of shear rate. In Chapter
VI the aifferential equations of Leslie have been
numerically solved by the collocation method for
shear flw normal to the helical axis of twisted
MBBA. The apparent viscoasity n has deen studied
U a function of the velocity V of the moving plate.
At low shear rates (or equivalently for low values
of V) n remains almost constant. On increasing
the shear rate sbove a certain eritical value n
decreases and at high shear rates attains a
constant |lower limiting value. %his is {n quali-
tative agreement with the experimental results of
Candau et al. (1973) on the Poiseuille flow Of
twisted nematic Mexrck IV.

The variation of n with the piteh of the
structure is alse equally interesting. ZTo facilitate
an analytical solution {he region of wery low shear
rat € has been considered | a the following geometries
(1) flow between plates with one plate moving
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relative to the other; (ii) Poiseunille flow

(This has deen considered here for t he first
time). Though the differential equations for
general values of shear rats are quite complicated
they become very simple at low shear rates where
distortions can also de assumed to be |aw . The
results for low shear rater are the following:

(1) n 1s independent of the ghear rate, (2) n 1is
a function of the pitoh fur & given gap width

(or tube radius). A4s the piteh is increased

n exhibdbits an oscillatory behaviour the oscillations
becoming more and more pronounced till at a
partiocular value of the pitch (determined by the
sample thickness) n shoots to a peak value 1, and
then decreases contimuously approaching the value
L corresponding to the ordinaxy nematic at
pltches approaching infinity, (3) The peak value
Ty oan be as high a8 1.65 n, i N Poiseuille flow.
It should be possible i 0 observe these interesting
effects experimentally.

S0 far the hydrodynamical properties of nematics
and cholesterios have berm discussed. In Chapter VII
are considered cexrtain static distortions in nematics
which give rise to characteristic optical textures when
a thin £ilm of the liquid crystal is viewed through a
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polarising microscope. These textures ari Se from line
singularities whioch have come to be termed as disclinations.
A disclination is assigned a strength s defined as One
fourth the number of (bright or dark) brushes starting

from it and a sign which is positive O negative depending
UpON whether, when the polarisers are rotated, the brushes
rotate in the same direction Or in the opposite direction.
The molecular aligmment around these disclinations were
described by Oseen (1933) end Frank (1958) and their
properu;a were investigated | N greater detail by Nehring
and Savpe (1972).mzx Mepmx fhEMNx However the assumption
that i s usually made in these discuesions is that the

splay and bend elaatic constants are equal. This
assumption is generally NOt acourate and | N particular
fails completely near a smectic-nematic transition point
(exhibited for instance by CBOOA) whers t he bend elastioc
constant inoreases {0 very high values. Unrder these
circumstances many Of the features exhibited by disclinations
may be expected to ehange drastically. In Chapter VII

the differential equation governing the director orientation
around a singularity has been set up for the general case
of unequal splay and bend elastic oonstants. The equation
which is nonlinear has been solved numerically by the
orthogonal c¢ollocation method for CBOOA using the experi-
mental data for the elastic constants of this compound
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(Cheung et al. 1973). The variation of deformation
energy, interaction energy and the director orientation
pattern have been computed for i} and +1 singularities

at different tuporaturu/in the neighbourhood of the
smectic-nematie transition of CBOOA. All these quantities
change gradually as the temperature approaches the
transition. Im particuler the following xesults are
worthy Of speeial mentiom:i) The interaction energy between
+} and -} singularities imoreases much more rapidly than
that between +1 and =1 U the emeotic phase is reached,
showing that the former pair has a greater probability

of being annihilated than the latter near the smectic-
nematic transition. (11) The energiles of 41 and ~¢
singularities 40 not vary muoch with temperature, while
those of ~1 and +F singularities increase many-fold as

the smectie transition is approached.

Rart I1

The seoond part of the thesis decals with some
theoretical Waok on the optical properties of cholesterics.
In particular the regime of |arge pitch, much larger than
the wavelength of light is considered. The optical
properties in this regime have been studied experimentally
i N detail | N mixtures of right- and left-handed cholesterics
whore pitch ean be contimuously varied (Priedel 1922).
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The mixture adopts the helical structure of a

cholesteric with a pitch which is & funotion of
‘tmpmture and composition. !o:é any pmmﬁhx‘
composition the pitch approaches infinity at a particular
temperature (ocalled the nemgtic femperature, !n) beyond
whioh i t ochanges handedness. The optical rotatory powe
undergoes inversion as the temperature is varied soross

t he
Tyg. Inz literature such systems have besn referred to as

oompensated cholesterios. In Chapter VIII a rigorous
theory of the optiocal Pehaviour of oompensated cholesterics
has been developed, Chandrasekhar and Srinivasa Rao (1968)
used Jones calculus for working out the optical behaviour
at wavelengths much smaller than the pitch. This theory
has been extended here to the case of compensated
cholesterics. The twisted struoture is treated as a
helical stacking of birefringent layers. Jones matrices
of the various layers are multiplied together to get the
Jones matrix for the system. ZThe final Jones matrix
gives t he polarisation state of the emexrgent |ight for a
given incident state Of polarisation. The de Vries
equation | or optical rotatory power (which holds far

pP > 2 > (o p)P,where p is the average refractive index,
A tho wavelength, P the pitoh andA @ the birefringence)
has been ShOWn to be valid foxr teuperatures which are far
removed from Lyz.and not i N the vieinity of Ty where the
pitch is large. The optical rotatory power of a typical
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compensated mixture has deen calculated as a function
of the temperaturs. It is foundt_ Ah(%[ beating the optical
rotatory power inoreases, attains a maximum before
falling to sero at Ty. On further heating t he rotatoxy
power changes signm, inoreasing to A second maximum before
dropping again Do lower values. Also as thO sample
thickness is insreased the temperatures corresponding %o
the maxima of optical rotatory power approach Ty The
naxima also inorease | N magnitude with inoreasing sample
thickness. Al) these conclusions are | N conformity with
the detailed experimental observations carried out
recently by Suresh (1976).

The optical behaviour of absorbing compensated
cholesterios i3 the subject mattexr of the IX Chaptex.
Sackmann and Yoss (1972) observed that Whan linearly
dichroic molecules ars dissolved in o cholesterie the
medium exhidits circular dichroism in the wavelength
region of the absorption dand of the dye molecule. A
much more detailed study of the circular dichroism as a
function of temperature and of sample thickness of
compensated choleaterics, with absorbing dye molecules
dissolved in them, have been carried OUl recently by
Suresh (96) Again it ia found that the de Vries
equation extended to abaordbing systemsfails t o0 aceount
fox the behaviour near Ty In this chapter, the rigorous
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theory developed in Chapter VIII has been extended to
include the effesct of absorption. Circular dichroic

POVEr has deen caleulated as a function Of temperature
and of sample thickness. The dichroio power, like the
rotatory power, increases on increasing the temperature,
attains a maximum and then decreases beooming sero at

the nematie temperature Ty. (1 inoreasing the temperature
further the &ichroie pOWer changes sign, again attains

a maximum and then decreases approaching a low value.

The dichrols power exhibits weak oscillations at
temperatures far removed from Ty« Alao at any given
temperaturs the dichrolic power exhibits pronounced
oscillations When the thickness is varied. The theoretical
predictions are i N qualitative agreement with the
experimental observations of Suresh (1976).

Some of the results descridbed above have been
reported in the following pudblications of which the

present writer is a co~author:

1 . Theory of the optical properties of non-absorbing
compensated oholesteric liguid ocrystals (with
S. Chandrasekhar, G.S.Ranganath and K.A.8uresh) =~
Mol. Oryst. Liquid Cryst. (1973) 24, 201.

2 Optical properties of mixtures of right-handed and
left-handed cholesteric liquid crystals (with
G.8. Ranganath, S. Chandrasekhar, K.A. Suresh and
§. Ramaseshan) - Chem. Phys. Lett. (1973) 19, 556.



3 Ciroular dichroism | N mixtures of right- and |eft-
handed cholesterics (with G*S. Ranganath, K.A.Suresh
and S.R. Rajeagopalan) - International Ligquid Orystals
Conference, Bangalore, 1973 - Pramana Supplement No.1,

4 Effeot of an axial magnetic field on the Poiseuille
flow of a nematic liquid corystal: (with G.S.Ranganath) -

5 Flow of cholesterio liquid orystals - I: Flow along
" the helical axis (with G.S.Ranganath and S.Chandrasekhar)

Premana (1975) 5, 101,

6 The effect of magnetic fields and doundary conditions
on the Couette flow of nematics - Pramana (1975) I, 223

7 The effeot of magnetic fields and boundary conditions
ON the shear flow of nematics ~ Pramana (1976) 7, -378

8. Singularities in nematics - the effeot of elastic
constant variation(wth G,S,Ranganath) - Mol. Cryst.
Liquid Oryst. (in press).

The present writer 1s aleso s co-author in the fallowing
publicationss

9 The theory of reflexion and transmission by plane
parallel cholesteric films (with Rajaram Nityananda) -
International Liquid Crystals Conference, Bangalore
1973 = Pramana Supplement No. 1, p. 311,

10  Anomalous transmission (Borrmann effeot) in absorbing
cholesterie liquid orystals (with Rajaram Kityananda,
S. Chandrasekhar and K.A.Suresh) - International
Liquid Crystals Conference, Bangalore, 1973 =~ Pramana
Supplement No.1, p. 325.
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