>
9
i~
It
=
(=
I
)

Poingare Sphere

The Poinesare sphere, conceived by Renri Poincare in
about 1892 provides a convenient way Of prenresenting
polarized light and rredicting how any given retarder

W || change the polarieation form. The method IS
esgentially ma of man~pings ench point on the sphere
represents A A{fferent volarization fornm. The meDppe
ing mny be eamrried out with the nid of a threeedimen-
sional model, a two=dimeneional »nrojection, trignometrv,
Or analytic reometry (The method is annlienble only

of the incident benm ig completely polarired.)

(In addition to {ts m nning function, the svhere
lendes tO shorte-out solutfons Of nrodlems involving
retarders, or combinations of retarders Aand idenl homo-
seneous nolarirere, \With the svhere in mind, ma mav
often see at a glance the eolution of a problem thot
would be d1fficult t~ solve by conventional methonds,
This |la true, far exrmnle, Of nrobleme encountered by
Pancharatnom and Xoester in se~rching for n Aeeipgn

of an achomatic, multilayer retarder.

Despite 1S rrent usefulness, the Poiner~re sphere
hae been g'ven little rttention in the litersture,

The writer has been unadble to find ~my substntirl reccount
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of it in any text book. However, brief deserivtion
have a~venred ‘n a number of technienl journnlssy see
Ramachandran and Ramareshan Jerrnd, Koester, MeM=cter,

Perrin, Skinner, ¥Walker and ¥right,

Plgure 1 indicates t he sipnifiecance of the verioue
parté of the rnhere. The unper and lower voles [ears-
gsent [eft and r ighteeirculnrly polarized light, Points
on the equator indiente line~r polarisnrtions (O her
points indicate ellipticnl noleriention. An arbitrarily
chosen noint H an the equntnr decisn~tee horizomntel
volarigrtion and the d4tametricnlly onnosite point V
deeign-tes verticnl volariz tion. Beams whose volarisne
tion farns are orthogonal sre renresented by points
at o~posite ends of a diameters Usu~lly, the radius
of the sphere 1e¢ aseumed {0 be unityy esometimes, it

| S regarded as vronortionnl to the intensity of the benm,

A generrl point P On the surface nf the (Lhit-
radi us) Pol nanre sphere i{e snecified in terms Sf the
longitude (2 ) and the 1lat'tube (2w ), where
-180° ¢ 2 < 1680° nna -90° 2w ¢ 90°.
The longitude ie positive when mensured clockwise from
point H ¢the latitude {e positive when nencured dowm=
ward from the equator, that ie, toward the pale reore=-
senting right circularly volarized light, Thus the co-
ordinntes Of the paint P in Pige 1 are vositive.
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The significance of t he zeneral voint 'P' |sS
engily stated. It renresents & commletely polarized
beam whose ellipse has asimuth ellipticity tan|w]
and a handedhess that is |eft or right sccording tO
whether P 11es in the unper Or lower hemisphere., In
summary P revrresents an elliptical polrriged besm whoee

gsection pattern iS deseribed thus. (

a= N, b/a = tan |w|

handenbsss |eft or right for £ negative or positive

respectively.

Obviously, ench point on the sphere represents a
different polerignation formy Conversely, each podarisa-
tion form iS represented by 2 different point in the

aphere.

Sertesisn Coordinateg s  Altermatively, P mey be
epecified by means Of the right-handed carteeian co~-

ordinates X, Y, and 2 indicanted in Pig.?s When the
sphere has unit radiue, the coordinates Of P are (o

X = cos 2w cos 2 )\
Y =cos 7w mimein 2)
Z=sin2w
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When the light 4s horisontally polarised, ves 8= O
and the full expressions reduce t0 X= )}, Y= 0, Z» O,
When the 14ight 48 verticelly pelarigzed (2w= 0, 2w ¥
and ve find that X = «»1, Y= 0, Z = 0, (We shall see
that, in general, any completely polariged beam has

Xy Yy and Z values that are identioal to the nornalised
stokes parameters, I, C, and 8 respeotively,

Prom the equations presented above, one sees that
12 the X, ¥, and Z valuss of & bean are given, ths agimuth,
elliptioity and handedness may be computed from the
formulas
<= 1/fRare tan X/X - )

»/a s tan |v| s tan |1/2 are sin 2|
handednesst left or right for Z negative or positive
respecatively,

The main uss of the Pointoare 12 in finding the
effeot of inserting a retarder in a pelarised beanm,
The effeat may be found merely by constructing an are
of a circle on the sphere, “he method is desorided in
deteil latter, and only a brief summary
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is given here. The choice of point (on the sphere)

to serve as O eentre of the are depends solely on the
type of retarder (its fnst eigenvector'e asimuth),
ellipticity, and handedness)t the choice of arc length
depende solely on the retardances QW end of the are
is defined by the point that locetion descridbes the
energing beeam., Latter besides Jdeseriding the

procedure in detail, presente specific applieatiom.

In zeneranl, the Poincare=8phere renresent-tion fa
useful not merely iN solving vrodleme but aleo IN forme
lating thew = 1t clarifies one'a thinking and terlking.

It 18 a kind of hlackboard on which {t 0 indicnte the
etarting voint, the »rocedure, ~nd the ouatcome, nll with
meximum economy Of efforte The prineinal step obviouslw,
is drawing an are, Or, to USE " more common exvression,

rotating the sphere.

Poincare « Svhere Method. The preferred method of

predieting the effect of retarder on a beam of volarized
light 1ie to emnloy the Poincare evherejs The method

iS simplicity iteelf. One marks the voint P that
descride the nolarisntion form Sf the Inetident benm £nd
rotates t ha svhere about t he nnnrovriate axis and throush
t he aporopriate rmgle. The new loention of point P
(relative to the original ephere) charncter’mes the

polarisntion of the emerging bennm,



As axis Of rotation me ermmloye the rndius vector
from t he center of the enhere to the noint R thrt des—
criber the faet eigenvector ~f the retarder. One rntntes
the svhere through »n nnrle equal to the retsrdance

deg (which hne been Adefined a0 ns to he nlwaye rositive),
The sense Of rotation ‘e always the sense thrt anmerre
clockwise t 0 2n obeserver eituated for out on the (extended)
rodiue vector. The rotation may be carried out an an
actual sphere, Of on graph naner suited to the stereo-
graphiec vrojection Suitable srheres, vrovided with degree
scales, have been described by Jerred and Koester smecinl
graph paper of ''Wullff-net'' tyne gas been descridbe by
Hatshorne and Stuart (Em28) :-nd emnloyed succesefully
by Koester (such naper is obtaineble far the Untivereity
of Toronto Fress). A free hand versvective sketch of
the sphere (fig. 3) will often suffice far quelitative
purvoses. As an illustration of the method, coneider a
beam of light that {s linearly polrnrised nt 45° ae
suggested Dy point P in Pig.3 and supnosze thrt the denm
encountere a linear retnrder vhose retardance is °0°
and whose fagt axis is at 225 as indicated Dy Re Then
t he pertinent rotation indiented by the righthanded
quadrantal are that starts at P and renernted dy A
rotation about the raidlae vector through Re The end
point P' 1is the anewer s 1t indlertes the! polariention
from the emerging heam. Clearly the bheem ie lefte
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ellipticrlly nolarired (beenuse 'P' liee in the uvover
hem sphere); the major axis |a rt 22,8 (becruse 'pa
lies 0N the same meridian re R, namely meridian for vhich
2 = 485%; the ellipticity fe tom 22,5° = 0.4142
(because 2w = —45° and hence |®] = 29,5%)

|f the linenrly polari~ed inecident bveam were to
have vibration direction thnt differs by 45° from the
900 retarder's fast axis, the end point of the arc would
necessrrily be at ~ poles hence the ure 0f 90 reterders
in converting linenrly polarized light to eirculerly
polarized light.

|f, in P‘g. 3 the retardance wae 180 the sre would
be 2 semicirele and the end noint would he foun? nt H,
representing Hortisonterlly pol-rised light. 1If the =re,
were extended to farm & commlete cirecle, the various nnints
ok t he are would represent every poseible outcome from
inserting (in the given beam) astmwth of frwt mxtw.
a linenr retarder ‘having every possidle value of retardsnce

'*%i-r

(and having the givun agimuth of the frst axise).

If the retardar ie of rightweireulnr tvve, the saint
R coincides with the | Ower pole of &he snhere and the
rotetion is verformed nbhout the radius vector nasesing
through that pole. The resulting scrs are all parallel
t0 the equator, showing that if the incident be~m 4ea
right elliptically polnrized the emerginz henm vill nlso
be right-elliptically volnrised and aith the erme
ellipticity. Changing the re~trdence Of a e¢irenlar



1 813

retarder changes only the ngimith of the major seminxis

of the emergin~- benm,

| N peneral, the Poincare=snhere representstion is
useful not merely in earrying out a problem involving
polarigzed light and retsarders but aleo In foarmulating
t he problem = thinking about it snd talking about {t.
Yarious pusrling vroblems hecome clenr once the investi-
gator trenslatee the vroblem intn the gravhie, maximume

drevity language of t he Poinenre svhere,

Tn reneral sny pol-riention form P! ean be ennverted
to any other form Py by finding (on t he s»here) a point
R midway between them, then inserting in the beem Pl
a 180° retarder whose fast eigemvector corresponde to Re.

If both Py and Py indicrte liner (rmd nonorthogonal)
forms, the required linerr retnrder is a 180° retrrder

and ite fest axis must disect the angle between the vibra=
tion directions impnlied by'Pl and !2(V%ether the f apt

axis or the slow axie biscets the nngle is immetirialy any
two vointe Pl and Pz are; of course, connected by two aros
of A great circle - a short nre amd n long arey the mide
point Of either represents a solution far R, and these

twa solutions correspond to have the fast ~xis or the

slaw axie biseet the angle in question. Stated 41fferently

the fast axis Of the retarder mny biseet W ther the acute
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Fic.4. Use of Poincare sphere in finding

the result_of interposing a Erain of
three elliptical vetarders in o beam

of elliptically polarised light,

Fie. 1, ?mim&:nc.‘m,-m.ww,.‘%\wms.mwm@:a the general significance of

the different areas and the specification of the geneval X
Point ‘P'interms of the angles 2A, measired dodkuies

from Wand 2D measured downward from the eguation.

Fic.2. Axes of the cartesian co-ordinate

\ .Eugas%usw.m@“_mﬁﬁ;mo.ﬁ_"..momgm;
€ of Poincare sphere 'm predicking the  unit radius Poncare sppere. Noke that

£ttect of o 30° lineay rebarder W With Tival axis bositive Z axis extends downwards.

ak 22.5°) on alinearly polarized beam b, - A

{Wikh vibration direction ot 45°)
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or the obtuse sngle between Py nnd Pg) in suepeserimm,
If the trein of , say, three retarders is used, three
rotatione must be verformed in succession adrut the

rrdius vectors through the three vointe Ry, Ry and Ry

(Pig. 4) The rotation are deecribed dy three eres,

each connected to the next.  The vproverties of the
' ring i v ' tho

P‘ and a°
JONTS VECTOR

The Jones veeter, introduced in 1941, by R.Clark
Jonee, “escrides 2 polrrized benm with the maximum
elgedbric brevity, ond 1is eminently suited to the eolving
of probleme invelving herms whoge phase relrtions are
immortent. The present sectieon definees the Jonee vector,
liste itas commonest forms and relntes it to the more
familiar ways of deseribing nolnprired light, Asisw
Algo 1t showe how {he vector ie used in problems involving
the comdining Of volarized heams of any polarig~tion
form and sny phase relntionehin, (T™he use of the
vector in problems involving voleorizers snd retarders
is treated latter).

's polrrizriion form and amplitude
The Jonee vedtor is & twowelement colum vector which

deacrines a bean
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components at some piven t he veetor has t he renersl form 8

E, Ay exp (2(€_ ¢ oxrt))
or or x

n Ey A’ exp (1(8y + Pu¥t))

Where E, and E_ are the scalar comoonentes (of the in=

stantaneous elzctric vector) nlong the X « and Y. axesy
Ax is the maxiwum value of E, te thx whaww uf Xhe o
xemt & xt and $ |a the meximum value Of Eye The
quantity af 8, 1s the phase of the component E, at

time t = O and at the given locationg Ey is the

phase Of the component Ey the letter R may bhe used to
represent are tan A,/Ax). In genercl, ench element

of 4he colum vector ie a complex qurmtity.

We may convert the veetor to the following

equivalent form 3

A_ exp(1€,)

A, exp(iey)

8ince the megnitude of sny quantity of the form exp(im)
| a unity, the mmgnitude of exp{1ifx¥t) is unity. Thue

exp (12di)

this latter qumtity mey be Aro-med entirely in those
problems in which details of veristion with time ~re

not of | nter est. Mort prodblems cre Of this tyne, form,
Miucordingly. the Jones veot-r is often written In
the following farm, ealled the full Jones veetor.
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Ay exp (1€))
*, exp (1€.)

Obviously, 1f it turne out th~t the time varintion ‘s
of interest, the factor exp(i2xrt) cam be restored

et any desired stage of the enleulation.

In certain casea. the full wvectnr enn be simplified
further., Consider horizontally polerised light s here

= 0, so the vector reduces tO

| A -xp(tex)]
0

Por light that 1e linearly pol-rized at 45°, the two
quantities Ax and Ay are equal, the quentities ex and

e, ere equsl and the vector reduces to

A, exp(1€,) 1

or . A, exp(18y)
Ay exp(1€y) 1

For right=circularly voleriged light, "x = A ¥

and r = ey-c = 1/9 %, Thue the vector 1is
x

Ax exp(1€y)
Ag exp(ity + 1/2 %))

Table 1 14ets the full Jones vectors for varioue forms

of volrriszs~tion.

Intensity of the Beag a The inteneity of the beam S



proportional to the sum of the squares 0Of the
magnitudes of the individual elemente. If the units of
inteneity or amnlitude are chosen so thnt the vpropore

tionally constant {e unity, the reletion becomes

2 2
Is= Lz ».Ay
Stendard Normaliged Jonee Vegtor s Any full

vector may be converted to » strmdard normalised form
by multiplving it by whatever senlar (Ordinarily a

compnlex scalar) reduces, the inteneitv to unity ~nd
nlso reduces the vector to eimpleet form. The

proceses 18 celled normalizings FExamples of normormelisged

and normalised vectors are of follows

Nomnornalized form Stendard noranliszed £rm
3 exp (161) 1
0 0
1 Y2 |1
2H
1
1+1 Y | ¢
31 ‘H

Table 1 liasts the standerd normnlized vectors for variouse

forms of polariged light.
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n
If 2 normaliged Jones vector ie denoted by(:

n
the _veotor of an orthogonnlly polrriszed bvean e
-p®

where the 2sterisk denotes the comnlex emiugante.
me

Thas, far exnmnle, the following two forme are
orthbganal s

Y2 | -1 Yo -l '
2 1 2 p §

Interpretation of the Veetore The nolarization
form implied by a given Jones VeCltor may be exvressed
in conventional terms Wth the =14 of tho £»1llawing

ftabulation of inferencesg.'

Status of Ey and Ey Inference ne to polarie
zetion form
E_¥o0, E =0 Linear; « = 0°
E,. =0, Ey ¥ 0 Linear; a = 90°
= O
E ¥ 0, E, $y E_=E, Linesry a = 48

E, £ o, Ey ¥ 0y E, = <By Linerr; a By 50

E I/Ex | R ght eireulapr
Ey/Bx - Left cireculnr

General case Ellinticnl
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When a vector not falling one of the simple crmep
is encountered 2 three-step nrocedure is followed.
Step 1 consists in converting the vector to the fnrm

0 the full Jones vector s
Ax exp(1€y)

A, exp(1€y)

Thus 1f sn investigator encounters the vector

0031
0.5 exp (1(=0.2))

he elters the firet element by renlacing 1 by its
equivalent exp (ixf2) and obtains the

0.3 oxp(ix/b)
0.5 exp(1(=062))

Step 2 coneirts in commuting the snsles R ~nd r Aefined

as | arc tan (Ay/lx)l and (Cy - €)e In the mtwp %
eomninievin-empeyinzrthe pYreesent exnmole

R = |are tan (0.5/0.3)|= 89.0°
2]
r = (=02 =~ 1/2 x) = «1,77 rad or ~101
Step 3 consists in emnloving the following rulee 8

If sin ¥ 70, the ellipse s right-hrndedy 1if
sin ¥ < 0, the ellipee ig left handed.
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The agimuth a 0f the mainr ~xie 1e given by
@« = 1/2 arc tan [!tan 2 R) cos r%]
Ths ellipticity b/a 1s given by
b/a = tan 8
where p = 1/2 we sin (Sin 2Rlsin §).

Applying these rules to the present exammle, one
finds that 3
8in ¥ < 0, and consequently the elliees is
| eft handed,
a=1/2 arc tan tan 118° cos (=101°)
= 1/2 arc tan 0.37 = 10°
8 = 1/2 arc sin  sin 118%| sin (~101°)]
= 1/2 ar€ sin 0486 = 30°
b/a = tan 30° = 0.58,

An investigator Who i{s familinr with the Tonee vector

can enaily compute t he result of combining two coherent
beams of completely polarized light, He writies dowvnm

the two full vectores apnrovrinte to the ziven nolarizntions
forms, given intensities and given phases. He then

adds the vectors.

Coneider for examnle, the result »f nrdding two
linesrly vnolarized beams, one of vhich 18 volarized

horizontally and the other verticrlly, Let each hemm
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On referring to table 1 me finde thnt the resulting
expression in the Jones Veotor of ~ beem of vertically

polorized lirhts A

As an exnmvle of compreeeing the informntions into
one matrix, consider the circulnr vrolariger. This
consiste of a linear polarizer and a 90° linerr petrrder
cemented to it at the asimuth of 48%, If the trenemi-
segion nxie of the volariser is horizontal and the fret
axis of the retarder ie at 45° 1 «~ one looks un the trble
the Jones Vector of the incident beam, wi¥ which is
arpumed to the dbe n unity intensity benm thet is left
circulrrly nol:rizeds One loeke up the Jencs
matrix Of 4 {denl homogeneous onticnl devices in question
narely 1) & line~r polarizer with trancmiseion nxis
horizontal 2) a linesr 909 petardnr with fret rxis at
48%® 3) a linear rolrriger with transmisaion axis rt
46® and 4) a 90% right ctirculrr petardnr., Thur ene

finds the multinkiecation called for

1Ne 1fNNel| 1/2 /2| | /2 /2 |i1 O Ye1/e
-1/Ne N2 || 1/e 1/ | | t/N2 1Nel|o o Y2/2

or
Ye48 I 1 1|1 1{l1 o 1
V2/8
-1 1 1 1)/t 1fl0 o0 1



: 18 3

when multiplication is performed using vroper

pequence the =2xis

Ye/8 [%1 ; %} or V§/4i:f ; f:} or 1/2 exp(-13%/4)

This corrceponde {0 a herizontally volarized deam whose
intensity 18 (1/2)% er 1/4.

Rulatrix The ordinary matrix of the Jonees Calculue
concepned with an onticel device fe _a whole, nd rives
N0 inform~tion as £2} te eishter the polariz~tion form
at the intermediate lecrtien within the, device or the
ghangze of nolarizntien form thrt i nroduced ver unit
path length within the device. However, informntion of
thie tvpe 1r provided by whnt Jones $#x2%3 hns c~lled
[t-Matrix, a matrix thnt 1s obteined from the ~oproximnte
standerd matrix (M-Matrix) by a vrocees involving
differentintions Obviously, the N.Matrix describes the
intensity vronerties of the device, and is indeed a most
succinet and imformrtive spedificntion of these properties.
Each of the 8 major types of nsptieal behaviour of cryetnle
hre its own type of Nematrixe By examining the Nematrix
of a given crystal one can determine the rvernre vrlues
of the refrretive index and the absorption coefficient,

t he eirecular birefrinpence and circular dichroiem,
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and the linerr birefringence and linerr dichroiem
with respeet to the coerdinate nxes and with reenect tn
the bigectors of these axes. The method ies explained

by Jenee and Ramachandran end Ramaseshan.

Qutline of the Jones Calculus. Thie caleulus
is an~ther treatment in which the incident licht 4s

deseribed by a vector the nnticrl device is Aeecrided

by a metrix and the outcome 18 comruted by multinlying
the vector by the matrix. [t emnleys a smaller matrix
(? x 2) and ie corlicable to nroblem in which infor rtiemn
ee to phase muet preserved. but meny of its matrix

el ement s are complex and it 1is innoplicable tO optical
devicee thnt have depolrrizing tendenciees The Jones
Matri X of imrortonce nelerises ond retarders are riven
Inter. Fach matrix describes a given device on A
given orientntion and assumee that a gi ven free SeErves

as entrance facee [Ne matrices are derived from the neunl
mnthem~tienl expression far a monochrom-tic (polrrized)
wave train end from mathem-tiecal analysis S the chanres
produced by interprsing a given nnlarizer or rri-rders
The matrices precented N are in the simnlest form and
are g cnlled stendard motrices, Thev are idenlly
designed for use by an inveetigator interecsted in the
intensity in polerieation form of an emerging heam.

However they contr-in no inform-tion &8 to the chanse
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produced in the ahsoslute phase. An investigntor
wishing tO determine the abeolute vhare of anemerging
beem muet ure the full matrix. Por ex~mmle, the ful
metrix of nn idenl homogeneour line-r nolariser nriented

with its trrnsmicsion nxis horizontal s

-1 a 0 (;
exp(~1 2xhe/\y) or :xp(—ima/ My) [ ! J
0 0 0o 0

Where n is pertinent refrective index, d 1 the thicke
nese, and ie the wave length in vaenume Obviocuely
the term sxp(=i2xnad/) ,) cnrries the inform-tion ne te
abeolute vhase, The matrix (Pg) of a ~olnriser at
some nonprincipal arimuth 9 is eceily obtainecd from
the Matrix (Po) of the polrrizer in itS vrineinle
asimuthes Ae in the course of Mueller Calculue the
procedure involvea a retrtder matrix and o c-unter
retator matrix, These latter, called (S(8)) =na
8(~8) , hnave the forms

¢, 8 c, 8
8(8) = | 1 ! ana s(-8) = | 1 1
B e 5 Cy

where 02 and 81 are anereviation for car 0 and gin 28

respectively. The relation between ‘:Pé] and [:P&} is

2, = |s8(0)] [r,)] [s(e)]

A corresponding rel-tion apvlies to the nonvrincinal

matrix I:Ré] of & reterder end the principal m~trix [:Ré)
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of the retarder. Apain, the nb mrtrix deseridbes
the retarder in 1ite principal orientrtion, and hence
may be regarded as the simpleat, most bHrsic deserintion

of the retarder.

Te find the reeult of interposing geweral ontical
devices iN o bean of 100 vercent nolrrised lishi, one
writes down (at the right) the Jones Vector of the
incidence benm, and then writees down t he Jones mntrivee
of the v rioup Adevices. Again the sequence of the matrixes
importrnt, snd muet correspond to th~t of the magrices
themeelves; the matrix of the lénct-te=-the encountered

device puet cprenr the the left.

Example of applicition +  Consider a unit-intens'ty

horirentelly volarised berm etrikes an idecl homoreneous
linenr 180° retarder whose Pret axis is at 45% what is

the charceter of the emerging beam

he Since the Jones Veotor of the incidence heam 1

[:1:] and the Jones "mtrix of the retnrder is ij 3:}
0 1

the axis is found by ebtaining the rroduct

o 1 1 0
-
1 0 0 1
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SZAHRAED NATRICES
Abbreyistionss O3 s Cos 8, B3 » Sim ¢ for polariser and
| Gos / and 8in [ for retarders, ,Gg @ Cos 80 eto,

Y = Oos(2 ave tan Wa), P = exp(in/4),
Qs expl-tz/4), Z= 2 8in(3 aro tan We),

8%, Matrix " Jones Natrix
Sntical Devias |
Ideal plate of isetyopis, P 0:)
abso glass vhere .
transait is k or P8 [" r
Begion deveid of matter, oF .
fdeal plate of isotrepia, 10
non-absorbing glass 0 1]
Totally sbeorbing plate B e
Idsal dopolariser (nething ”
closely pr:]'n-blu this) nons
Astmuth @ of transmission axis 10
0 des. o0
00 deg. -
45 deg. el ﬂ
- 48 d." m “§ '.;l

General l%’ 01'1)
0131 8;.
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