
The Paine~r@ uphere* conceived by Rsnri Painafire in 

about 189& provides A canvanim6 way of prenrbsmf In8 

p o l ~ r i ~ a d  1fght m d  vrediet- huw m y  ~ 1 - n  retarder 

will ahmpe the p o l ~ r i ~ n t t a n  iam. The me$hab is 

asaenttally m a  of  in-atnet asch poinl on the ephere 

represent@ n dlff@rent polnrix~t$an farm. The map- 

Lng my be omrisd auf sqth the a3.A of R thnFgYlimrtr 

aianal model, a two-diwnnianal nrojectime trtgnometrv, 

or mnlytio ceamtry (Ths sethod f a  wnnlta~hla only 

of the Incident hewn iar aam'hs.2;caly galrrrlned.) 

(fn ndd i t ion  to i t 8  r n n n n h ~  i"uplattan, the adhere 

lends to  ehart-out balutlana of nroblenns b ~ a Z v i n ~  

setnrdarb, or c~nibtnatims o f  ~ctmrdesa ~ n d  %den1 hama- 

RllneauB ~ o l m t ~ e r c .  Wtth the ephare tn a%nQ, m a  m y  

often eee 8% a ~ L ~ n o a  the sol*r%%an 6f n prab'lcm thnt 

would be ddfftcult t- ~ o l m  by amvant lon~ l  wrsthn4e. 

This l a  truc, far exrmnlc, of '6)roblexae encatmtered by 

Pmaharatn~m and Kaeatcsr in E I S ~ X Q ~ ~ T I R  for n c l e ~ t g n  

of an wehomt2c, multllager retnrdry. 

Deapfta its ~ r e ~ t  usafulneaa, the Pafnc~re amerr  

hna been asvan l i t t l e  e t t e n t l m  in the lttar~tura. 



of it in my text book. Rowaver, brtef d e e e r t b & i m  

have ~ ~ T M B R P ~ ~  +n R number of teehnioml journhla; see 

Baumohnndr~a nncl Rnsentvtsh+m Je~rmd, Kaerster, MeWwter, 

Perrtn, 8kinner, Wnlk~r m d  Wrt~h8. 

P t w s  1 indtcates the ai.miftannoe of the =rlaue 

of the ~nkere .  'Fhe upaer a n d  lower pales rears- 

~ @ n t  left srtd r ight-olrcul~rly pol~rtncd  lights. Pntnta 

an the equoltar tnAtobate lfnsqr palnriwtlan. Other 

pahtra Lndtcrzts ellipttesrl nalml~nttcm,  An ~f?? ' l trn~t l ; tr  

ohasen naint H an thc, o q u ~ t n r  A e ~ t m r t e s  hartnmtal 

polnrts~t iaa  nn8 the dlnmetstcelly a-nostte pa?nt V 

d e r l m ~ t e a  V C ) P ~ % C R ~  polnrt~ ttm. Benms wha~a naleri~n- 

t lm farms w e  arthoganal w e  renstsantad b)r paint8 

a t  o-posfts mar of n dir~mster, Usuelly, the mdiu8 

a i  the ~phere t d  RBBUR)C)~ to be mi*; earntimes, 2f 

is reg8rdsd ae nro~ortion~L t o  the fntenelty af the henme 

A ~ e n e r ~ l  pcrlnt P on the surf~ars of thc (Unit- 

radius) Polnanre sphere 3s enacified 4.n tern sf the 

lan~ttube ( 2  ) and the lnt 'tube (Pw ), where 

-1eo*4 t ieo* ma -90es m~ A go0. 

The langltude ts poattive whan mnuuced ~rloarrtfiise ism 

palat  HI the lfttZtuRe ts  paai f  tvs when ne~stared d m -  

anrd from the equator, that  fe, toward the pale sebrs- 

aenting ripfht e%raulrrsly palnriaad li#it. 'Phua the co- 

ardlnntes of the  paint 9 in Fie. 1 nre paettivs. 



Ths rrigniflervrce of the ~enmral min t  'P' Is  

enai ly  atntsd. It renresents ?? eomletely palnri~ed 

beem whose e l l ipse  has nsimth e l l l a t i o f ty  t ~ n l w l  

a n d  a handeths~s that is l e f t  or r i ~ h t  ~coor6ina to  

whether P l i e s  in the unper or lmer hemisphere. In 

uumxaarp P represento 8a ell~pticral polr~rIr?eA bstcllm whoee 

aeetlaa pattern is desartbed thus. ( 

h ~ d ~ r r 8  l e f t  or right for B ne~~t ivcr  or paaltive 

reapeetivsly. 

Obvloualy, e ~ o h  point em the aphere repreaente a 

d i f  f want polrrl~ntlom formt Canwrmely, eaah pobftriaa- 

tion form is rspreeanted by R dtffermt potnt l a  the 

bphdP(b. 

Coordbatea t Alternatively, P m y  be 

apsetilr&.t)$g memu of the 1 ~ f  ~~ht-hnnded cerrtesiaa8 aa- 

ardtnater X, I, surd 2 indicnted in FZfl.P. When the 

sphere hnr unit r a d i u ~ ,  the caordinatm~ of P & 



OtbnUmUghti L r r b r m p l a t r r r i r e d ,  8 r  0 

r a d b b f o l l c u g l r r 8 5 9 1 ~  Psa001) tmX~ lg?* 0, O, 

-a the light; i u  r r ~ ~ a d d y  ~ a r ? ~ m 4  tew a, te m + 
a n d t m W t h a t X * r l , Y * Q * Z r Q .  (Y8h.ll#4b. 

%hat9 Ja gaarnjl,, aqV ampleb11 pdlafi1Chd -raa 

XI f* a& Z nrlu.8 tibt saw A d l n U d  WB tha mmdkfed 

rWWs psmtimlo~~~, Z, Q, & 8 m a p ~ t i m % y ~  

hoa &W aquatSmw pmrrsnW abem, an, m s  that 

Lt tb Xl, I, md P1 ai r kra rrr glmn, tbrs a&im.xth, 

rtuipti~&tjf aAd )rpndd?Ml# b8 w&d thr) 

foppujas 

r m l / l a m  tur- 1 > 



i r  given here. The ohalce o f  paint (an the sphere) 

t o  eerve na a rentre of the are Qependa aolely an the 

type o f  rctnrder (It6 fnat eLFfmvcrator's a~lmuth), 

el11pt1clty9 m d  hmdedneae); the chaloc of arc l e n a h  

depends solely an the retcltrdkuzae. One and nf the w e  

i a  defined by the point that looatlcm deseribea the 

emerglne: bem. Latter bestdea Feeorlbtnq the 

procedure in betni t ,  present# rmoLfia appltctntlea. 

Xa qoneral, the Palnamedphem r@nresent~tlan 3 a 

uasful not merely in solvtng nmblanaa but &lea in farnu- 

latlna: thew - +t olmlfiea erne's thinking end t ~ l l t t q ~  

Xt fa  n kind of blaokbawtl atn ~ h t c h  to tnRtcrn=te the 

etartinc nsint, the vrocedure, m d  the o~ateams, q11 ~ T f h  

maxianrm economy of effort* 'Rre pr.lnatra1 s f sp  oBviaualn, 

$8 drawing an ma,  or, t o  use rl mare ao exnrc%aCcvn, 

rotating the ephere. 

&alnaare - Bvhare Mefhod* The preferred nlathod af 

predlating the effect of retarder m R benm of ~ o l n r b ~ e d  

l fght  l a  t o  emn'fay the Painenre snherc;. The mathod 

is rlnmltotty ft~elf. One marker the p o w  P that 

describe the nol~lrisntttm fom sf the f,neidmt bemi ~nci 

rotntea tha sphere ~baut  the ~para?,ri~te sxts rrnd through 

the ~ p ~ r o p r i ~ t e  w l e .  The new locnticm of potnt 9 

(relntlvd t o  the e~t&tnt%l a ~ h e r e )  chnrncter-err the 

p a l ~ r t s ~ t t o n  of the smr~tnq beam. 



As arir of r o t ~ t i a n  m e  ~ m l n y s  the rndlua mator 

from the center of the anhere t a  the naint B thst des- 

criber the feet ei~envector nP tFc rst~rder.  One r n t ~ t e a  

the abhers through Pn wple equnl Oa the wtnrR~ncs 

nag (whiah hna been ffef-tned @a ns t o  ha n l m y e  naattlve). 

Tho sense of rfit~tlan " slwaya the aenee thrt *r..r.rerre 

alackrrtas t o  rxr obcerver ~ZtuaGsA for  out an the (extended) 

r e d i ~ s  veator. !t%e rbtatim m y  be c~rriod out an &n 

natu81 aphers, or an gr~zph n n w r  euited t o  the @tern- 

graphia srajeettern BuitPtble anheres, provtded with degree 

aanlsa, hnvs'been dasorSbe4 by Jsrrrad mid Swerttr enec*nl 

graph pRp@r uf * * W u l l f f ~ @ f t t  Lws gas been daaoribe by 

Ratahorna and Btururt  (-) ;Ind m l o p d  macesefully 

by Iaueter (such nqer t.8 obt;nWble far the Thi~aratty 

of Taraslto Press). A fme hand aeradeaf tm akstah ef 

the sphere (fig. 8 )   ill oftan ~ufiics far  q u @ I 8 t ~ t l w  

purvoreoa Am an i l tu s t r~~tCm a i  the methad, cmatdar 8 

barn of llat thnt 1. linenrly palnrl~ed at 48@ A, 

su$p@sted by pain* P Cn PQr3 mA gupbaee t h ~ t  the %enla 

enoauntere a l inear rst~rder whobe mtnrdnncs f a  W@ 

and whom fa@% a x f ~  i m  a t  ER.8 EWI tndtc~ted by 8.  Them 

the pertinent ratn8lcm b d C o ~ t s d  by the rlphthnndad 

qta8drrsnt~l are thnt a t w t s  a t  B end qmernted by R 

rat~ t tm rerbou* the, rai* veotar tbau* R e  The end 

p o b t  2' 28 the anmar r i b  inAioeGes the! patnrlianticm 

from the emerging bem. Olewly the henm Ze ?.eft- 



el l lpttcnl ly  bolnrl~ed (beattuse *I" l i e8  in the unber 

hemisphere); the major n r i s  l a  *t PP.8 (brcfiuztse 'pi 

' I lea on the en- mar.ttl.l@..n ~e R, nr\mly meridfnn for which 
0 P - 45'); the e l l tpt lc l ty  I s  trm RP.8 1 0.414P 

(bscnuse Pw = 4 ~ '  nnd hmce 1.) 22.9) 

If the Itnewly polnrl-ad lenoiilont henn were t o  

have vibration direatl@n thnt df f fara  by 4@ from the 

@OO retarder'e faat nxis, the end patnt ai Cha nrc wm2Q 

neoeesnrily be af  n. palaq hanee, the twe of 90 ret8xQem 

In etmvartinap linenxlj po'lnrtmd 1243ht t o  ttirculnrly 

polnri~ed ltght. 

If, in F-R. 3 the retnrdnnce were 180 the nto wou'E4 

be E aewbctrole and the end natnt v-.ould he fnun3 n t  H, 

repreeent  in^ Ftorf~nnt~11y pa'l~rtgad XIght. Tf the nra, 

were extended t o  farm R eonrlefe clsale, the mrtous nointm 

dlB the nra would repraeent every passible mtcam iros 

inserting (& the pllven %sea) .sfmrtk n i  isnt m. 
a linenr retarder hnvine cbv8r.v possible mlus  of r&tflx4mae 

- * :.* 
(and h d ~ f n ~  the k i v k  ~ e ~ m r t h  n f  the i n s t  axis). 

Xi the retardar I@ of rightrc%roulnr t m e ,  the saint 

R u o ~ o l d s r  wlth fhe lower pole ef &he s-hare m d  the 

ratp.tlon 18 pl~rfomrad nborat the rzililius vector *atesing 

through that pole. The remult%np acrs RrQt nll parallel 

t o  thc equntor, ~hrw~tna thnt if the ?netdent be-n ra 

rfght esllLpttcn1ly palnri~ad %he emeratnq heen w i l l  mled 

be r l ~ h t - e l l  tptlcmlly na1rari~;ed mB a fth the 

e12f pt icity. Ch~wing the re-trdmce of a ctrertlnr 



In   me real, the Polnams..asnhera representsticm i a  

uscefulnot merely in aarrylng out a problem tnvalvtng 

polnrlsed l f ~ h t  ruld retarders but a160 In formlnting 

the problem - thinklng nbaut it awtd taltin~ nbaut ft. 

Vmiaur p u n ~ l l n &  mrablemm became clsnr mas the Znvaett- 

gntor trrulslatss the orabtem b t ~  the ~rmh%a,  mxlmsum- 

bsevity 1mgu~~e ai the Bolnewe sphere. 

Tn penernl my pel-rlsntian f o n  P2 cnn be cmverted 

t o  my other f o r m  P, by flnfling (em the @-here) n patnt 

B m l n m j  betwarn them, then tnsertin~ tn the b e ~ m  PI 

e I& retarder wh08e fnet  si@onmator earwapmds t o  Re 

Zf both Pi a d  Pt Indlarte line*-r ( m d  nmorthogon~l) 

fem8, the r q u l r e d  line-r rctnrder is n 180e n t n r d e r  

a d  i t r  fwt trxis mot  bieaat the ~ t n ~ l a  bsCween t h ~  vtbm- 

tlm direatlone Lnnl tad by Pi nnd ?$ (Whether the f p r t  

a x i s  or the elm axis b i a ~ a t e  Che m ~ l e  fo tBtrnOtCria1; m y  

two aointe PI and P p  are; of course, conncctsd by hro nro8 

of A g r e ~ t  cLrcle - 8 8hr)Ff; are +and 9 lane nso; the mid- 

pofxlt of e j  thcr raprssentr a ealutfcm far R, m d  theae 

twa  sa lut lma corres~mll ta hew the f n ~ t  ~ x t a  or the 

slaw n x i ~  biseat the nngle in qnaatfan. Rtnted dfffaren%ly 

the fact 8xfr of the retnsd~r m y  btseot wither the a-tm 





or the obtuse m ~ l e  b e h m  PI a d  PL) t. rurnnfa,  

Xi the traLn of , aery, three retardare fa uued, th-e 

rotnttms muat be derf0mWd in euaeemstcm nbnul the 

mdiua matbra thraugh t h ~  three aotnts 81, l)e and 

(pig. 4) The ratntiam nrs descrCbad by three P-me, 

eaeh o m e o t a d  $0 the nrxt. 

f OR ~ @ y # i r a R  and inteqretiua: ?&Jnternsdl nts cntteacas& 

&, mu P-. 

Jmas, fies~ortbes a palrri~ed bsnm with tha mxfmuan 

algebrkc brsvf t ~ ,  nnd is eainm%ly sufte4 to the salvtsg 

af prohlanrrs LnmPtin~ %QR= W ~ Q Q B  phnae ml~tioslr are 

ima~t~nt.  The greamt eeottcm d s f  tnes the Jmas wscfar, 

l i a t r  t f e  aoanaranerb farara and pelnter it t o  the mrs 

fnmil.ltw werya 04 deearihtng ~ a l ~ t r i ~ e d  1Zghf * k.hnra 

Alrro It mhms how the veatar t a  used la prabtama iaoolv+ng 

the aomblnin~ of 'bal~rtared heam af my p ~ l @ s l r r ~ t i o n  

fami a n d  my p h 8 8 ~  ral.nt.lmahf-. (?he use of the 



aom$cmcnts at earn ~ l m n  the vector hna the neneml fam 8 

Where Ex snd E N. the ecnliv aaaansnts (of the in- 
Y 

stantnneoura srlsotrte veetor) ? l q  the X - and T. fixes# 

Ax l r  the aaxiaum mlue of Ex b f. L*m d a- 

%.lt & 8% m d  $ l a  the nnximm vnlue of 1 Y' lFhe 

quantity af 4 i m  the phlh~se ai the oompment Ex at  

time t - 0 nnd at  the  given locatiaa; t i8 the 
pha.9 of %he c~mpancnt f the letter R my be used t o  

represent are tan A/A=). Zn gsner~l ,  enah elsannt 

of the calum vaetor t e  8 donrplax qamtfty. 

l a  unfty, the iagnltuda of sxp(iftl%) 20 unity. 'Phus 

th i s  lntter qufntlty racy be dra.-ad enttrely in thoere 

not nf Interest. A l a ~ t  problem of thtp t;vns, fqm, 
c ' 
I 

~ % . b a o r d b g 1 y ,  $he Jmeo mat %r tar often written In 

the folloalng farm, anlled the fill Jones metar. 



Obviousla, I f  ft turn@ out: th-t the ti= mr+nttan 3s 

af interest, the fnotor exg(i!%rt) o m  be restored 

af any desired etaqe a t  thc cn1cuXaticm. 

- 0 80 the w e t o r  reduoes t o  

For l i g h t  thnt is linearly pol-rlssd at 48'. the two 

pumtftte. A and %  re equal, the qurntit ics  ex pad 
X 

e are equal m d  the wrcear reduoea t o  t 

Table 1 l lata! the full dmes vectnra for ~?rtcm~ fama 

fgtensttr of the Be- a 'Phe tntenrity of the beam is 



prapartimal t o  the ~ u m  of the squares of the 

~ . t f u d e a  of the ?nRioidufi~ elsnents. ?f the mtt8 of 

1nt;eneity or 8 m l i t u d t  RFIP chssm ea thnt the  POPO OX- 

tienally constant f m  unity, the relfi?ticm Beefimr 

Stmdnrd Ffsrmetli~csb J a s a  V e  8 Any f u l l  

o~etor nay be c m w r t e d  t o  r"* s t r rnda~d  nrsmnnlfeed form 

by xeatltio'lvt~ %t by whatever sa~ll2str ( 0 r d t m r f  ly a 

carnalax 6 o ~ l n r )  reduooa9 the -2s5tornasffv t o  ~ i f y  a d  

n l r o  r ~ d u o ~ a  the veatar t o  aimpleat far@. '3318 

praaem tr c~tled n0=lfla2n&~ Ex~~aples of n-limd 

and no~nmliseb veetorr ars af fo%luwrs 8 

Table 1 list6 the btmbr-rd narmlivldd vaotors icrr  W W ~ O U ~  

fa~.lgll of ~ I ~ W I A ~ A  I.%@'tf. 



the veotsr ~f nn orthoqmally pal*rtr;cd beam .La L 

ra.7 
where the ~ a t e r t r k  denote8 the camlex arnjugnte. 

'Phlu, far excmle, the follctwing twr) f o r m  nre 

Jpteraret af ion of the V e a W .  The n a l f l x i ~ ~ t  1 on 

form implled by n atven Jmea Vector my be emreaea% 

tn omwnt~mal term with the n i d  of tho f*Zlnwing 

8tatue of % m d  $ Inference TS t o  polnri- 
zr,ttm fom 

I!*-0,B + O  
Y 

L b m r ;  a $ 3 0 ~  

Z0,Er+*+=+ 
X 

Li;ner?rt a 4 9  

5 t( 0, By Z 0. Ex rn -By &ine~.rg a 4 6 '  

E B#E, I Right ctrculnr 

B~~ -1 tef't etrculnr 

Generrsl caee Ell.lp% t c ~ l  



When a veetar not f ~ l l l n q  mcd of the sCnrple cenea 

I# encountered R three-etep sraoedure f s  follmed. 

Step 1 cons l~ tb  fn cmverting the vectnr t o  the fern 

0 the full Jmea vector s 

he altar. the f l r ~ t  element hy renl~alng 3 by its 

Step t t m s l ~ t s  b comuttnp: the mffles R nnd r AePtneU 

a. I art t~ (*JAX)J mn 1% - ex). yn t b  

m M + l h g - - v  preasnt exnmle 

Step 9 caneiets tn eamloytw the Sallowtng malee 8 

If a h  70, the elltpase t e  r t ~ b t - h m d e d t  if 

s i n  F < 0 ,  the elldpea ir lef% hmded. 



Fhe nttmth a of the m!nr cxts i a  gtven by 

a - 1/2 w e  tcm btnn R) cas r) 1 
Ths e l l ipt ic i ty  b/n .ia giwn by 

b/a - tan $ 

where $ - I/!? w e  s i n  (sin S?~lsin 4". 

Sin lf < 0 ,  and omsequeratlg the ellfaror i s  

3 
l e f t  hmded. 

a * I/!? arc tm tm l ie0 con (-101~) 

A n  inwattgntar who t o  i ~ w i l t c r s  wlth the .Tones vector 

arvl enally aoepute the ~ a e u l t  of  aonblntng two coherent 

benmr of comlstc ly  palnriaed light. !fa writfee d m  

the two ful l  veatora npnraprtnte t o  the ~ t v e n  nolm-frntCm8 

forms, gttten lntmaitf ce and g t m  phasea. He then 

~ d d s  the veetaree 

Coneider fnr exnmle, the result nf nddfnq toon 

lfinsnrlj palartzcrtb b s ~ n a ,  me! of rh'ch i a  nolmrtaed 

harimmtally find t h e  ather vertic~lfy. L e t  ehch h e m  



On referrin8 t o  t ~ b l e  1 m e  findm t h r t  the mstaltfnq 

expresalan tm the Jmea veatas of h e m  af vert ica l ly  

Am m emmle of campreerbe the lnf n r n ~ t  ims 3nta 

an@ satrix, conaides the cfrculnr ~ a l n r l a e r .  !Phis 

consists of a l inecr  polnrlter mil n 90.  1fne.r setrrder 

cemented t o  tt nt the n~tnauth of 4%'. fl the trmeal- 

ssion nxis nf the polari~cr t s  hortcontnl mR the f ~ . s t  

ax l r  of the retarder CP a t  4sa t - m e  looks an %he t R b l a  

the Jon98 Y C C ~ Q P  of the inatdmt be=, XM rPfiroh %a 

a~rumod t o  t b  be o mtty tntane?Cy hcnm thc t  f s  l c f i  

oircul~rly nal.r?.sced. One loeks up thrt Jenea 

mntrtx of 4 tdcnl hamo~eneoua anttcnl devicaa .i,.tr. quaetfan 

nanely 1) R 1 i n e ~ r  pol8rIssr. atth trm-mlaalan  xi. 

harlsantnl E )  a l i n ~ n r  90. rctardrw wtth f ~ e t  ~ . x i e  nt 

4s6 3) a llncnr ~alrriver wtth t r n a l a i ~ a i m  rrtxie rt 

489 and 4) a 90'" r i ~ h t  e t r c u ~ r  octardnr. Thus m e  

ftndr the multi~El~~ttan called for 



when mr2t.2plicnt5an t e  parfarmed tzrrtnc nrnbsr 

aequcnce the cxia 

T h l a  carsrisgands to a hcsrlsrsntnlly ~alnrl~ed bean whose 
a! 

intensity Zs 1 ar 1/4. 

I-Ma- 'Ehs ardinnr;v mntrtx af the dmer C~Zeulus 

cnncelasd wfth antical dev-iae ~s a whelq, mil r*lves 

no Inform-tian RI $R+ t e  efchter the p a l v i ~ ~ t i a n  farm 

a t  the intq.gm@dfn& 16)o~tim wlthln the, device or the 

chnn~q af no'bnriarticm farm thrvt is '7rr3dueed D@S mtC 

path length within the devfce. However, Znfar~?tlm of 

t h i s  type i l p  provided by vhnt d~neer h ~ 8  ~ n l l e d  

It-Matrix, a mntrix t h a t  ie ahtalned from the '"t~.~~rr'axtn.c)+e 

e t n s l d ~ r d  =trfx ( M ~ t r i x )  by n nrocesa involvtng 

dtffersntiatian* Ob~iauely~ the H.?htr?x Be~erCbaa the 

intenstty pranertten of the devCcs, nnd ie Cndsed a meet 

eucoinct m& W'0rm~t1ve @pedl f f c~ t fan  b i  theae properttee. 

Each QS the 8 mjar  types of r sp t i c~ l  behavto~u: 61 eryatala 

hne tter m type of Hlzar7trLx. By exnmlnin~ the 8-~trtx 

of R ~lvcsn crys tn l  m e  e m  determine ths Fverwre v ~ Z u e s  

of the refr~ctive index and the sibsarptfan oaefftafmt, 

the airculrzr birsir&wemce guld cisculnr dichsoisaa, 



a n d  the 1Ene:-r birefringence &nd I lnt~r  dialwetem 

with respoot t a  the caerdtnnte rxes and nl.th rr~aect tn 

the bqsectrtre of thcua exes. The mathad 18 explained 

by J m e s  md Ramtnchnndrm m d  Ramnscsllrhw. 

t l h a  of the J w  Calculue. Thie calculus 

i a  mother treatment in whtch the incident li,?ht i r  

deaarlbsd by a vector the n q t L 0 ~ 3  Aev'ce t e  deecrtbed 

by R mtrtx m d  the a~~t;oane ia camputcsd by muIt9~lyfn~ 

the vector by the mtrbx. It ~mnleya R aaal2r.~ mntrtx 

( 3  x 2) nnd i e  abblicable ts ~rsh tem fn which fafar rtim 

asrr t~ phnae m e t  preserved. but %my o f  its m-trtx 

elements nre csmlar nnd it i s  fna~pltcabls  to  apttcal 

devices thnt have dspalfirtring tondencias. lPhe Jonea 

Matrix 02 fa~6rBsnee ~ ~ l ~ r l v e e  and rethzdera are pfosn 

I n t e r .  FacF ~atr9x  deecrtbsa an ~ 2 v c n  devloa m a 

given a r i a n f n t f m  and ae~ums@ thnt a given f n t e  serves 

aa entrmce fnca. The mntrfaea are dar%vad fray the uaunl 

ranthcmfltloetl expression far a nranachramntic (polmrtxed) 

wnve trsin cad from mthe-ptPoal mnlya la  sf the  chnnrea 

produced by tatarpna3.n~ a af w n  nnlns l~ar  cbr ~ r t - r d a r ;  

The mts icer  prc~snted in &re tn thp lstmnlcst form nrsd 

a r e  r3t onlled stnndnrd rtntrices. lPhav &ire Sdehlly 

deaPgned far uee by m inveatE@itsr tntarevte4 Sn the 

lnten#Cty in pal?tri~atisn farm n f  cul ewraf.nc heam. 

Hewaver they ~ a n t * ~ f n  no inf~rm*~t lart  ae t o  the ch~arte 



produced Ln the ahenlute phnae. An .fnvestiqcttnr 

wiahin~~ to detem2ne the nbealt~to  nhnse af rulermrginq 

bcnm must uRe the f u l l  nn%rfxr B Q ~  exnmle, the full 

mn t r l x  a f  iden1 homaaeneau~ l inemr n a l ~ x i ~ e r  oriented 

with t t a  trrnsmiaeim nxie harimntnl Qs 

Whare n i s  pertinent refraotive index, d l e a  thc thick- 

nee., a n d  i~ the wave lenpth in ~ c u u r .  Obviaualy 

the term . x p ( - i ~ n d / h  ,) cnrries the inf orapt fan .re f a  

nbealuts ptzc\a@o The nntrtr (Po) of' a -a l~ .rL~cr ~t 

a@m@ nonprinolpar ~9fmCh 8 i e  e ~ a i l y  a k t n b e d  F ~ s n  

the Mntrix (Po) of the palrrlsar tn its arineqple 

rreimth. Ae tn the caurae at' llhaellctr CaZcutu.@ the 

procedure hvalvc?e R ratR$dec matrix nnd n e-untcr 

rstator mrtrfx. These lntter, called (S(9))  ~ m d  

S ( 4 )  , Irave *he farm 

where C and 8 w e  anarevlaticun few car 8 an& a9,n 9 
2 2 

reepectively~ The r ~ l n t i m  between 

A carrespgmdinp p e l - t l m  npnXf er  f a  %he nmnrincivnl 

mctrtx [%I o f  e reterder m d  the a r h c f p s l  mnLrtx 



of the retcrdsr. Aeatn, the nrtrtx dseordbes 

the retwRer in l t e  principal orient~.tton, md h c ~ c e  

be f i n d  thc rseult af Znterpasin~ @(11oml articPhf 

devices in m BPM etf 100 aerce.nt n s I ~ . r l v ~ d  li~hL, one 

writes down (at the riahf) the Jmes Vector of  the 

inaidmcar hanm, a i d  then rrrttes d a r n  the Jmea mtrilxee 

of the v-rime detfcea. A6nI.n the aequetnca QT the mntrfxee 

Zmnparhmt, cad m ~ t  correepand t o  t h r t  of the &2cea 

thcrneslvee~ the mfitrix 91 the lkart-to-the mcauntercd 

devioc i sn r~ t  ppyenr the the l e f t .  

Examla aX 8anZicr- a Ccmsi der a unlt-intsmrs lty 

har2cenlntly aaX~sined benm strtkes rn idsnl hanea~eneaua 

l h a n r  180@ retarder whose  st oxts f a  ~t 48' whet 16 

the charixctas ( ~ l f  the emr$$tnlsr; beam, 

the   xis 18 f m d  by abttxfnfn~ the prnAuc% 
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