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Among the most iconic features of classical dissipative dynamics are persistent limit-cycle oscillations
and critical slowing down at the onset of such oscillations, where the system relaxes purely algebraically in
time. On the other hand, quantum systems subject to generic Markovian dissipation decohere exponentially
in time, approaching a unique steady state. Here we show how coherent limit-cycle oscillations and
algebraic decay can emerge in a quantum system governed by a Markovian master equation as one
approaches the classical limit, illustrating general mechanisms using a single-spin model and a two-site
lossy Bose-Hubbard model. In particular, we demonstrate that the fingerprint of a limit cycle is a slow-
decaying branch with vanishing decoherence rates in the Liouville spectrum, while a power-law decay is
realized by a spectral collapse at the bifurcation point. We also show how these are distinct from the case of
a classical fixed point, for which the quantum spectrum is gapped and can be generated from the linearized

classical dynamics.
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Introduction—The question of how classical behavior
appears as an appropriate limit of quantum dynamics has
intrigued physicists since the dawn of quantum mechanics
[1-9]. For Hamiltonian classical systems, there is a dis-
tinction between chaotic and nonchaotic dynamics: a long
line of work has explored the spectral manifestations of this
distinction in corresponding quantum systems [10-23].
Non-Hamiltonian (dissipative) classical systems support far
more intriguing nonlinear phenomena, such as limit cycles,
bifurcations, period doubling transitions to chaos, and
strange attractors [24,25]. However, a detailed understand-
ing based on the quantum spectrum, at the level available
for Hamiltonian systems, is currently missing in the dissi-
pative case. The present work is a step toward formulating
and addressing these questions.

A Markovian quantum dissipative system is described
via a master equation p = Lp for the density matrix p,
where the Liouvillian £ is constrained to have the Lindblad
or Gorini-Kossakowski-Sudarshan-Lindblad form [26-28].
Lindblad dynamics generally relax exponentially in time to
a unique steady state, except in the case of special sym-
metries [29-32]. The behaviors at a classical limit cycle
(persistent oscillations) and at bifurcation points (algebraic
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decay) appear to contradict this quantum description. Here,
we show how such properties emerge from spectral features
of L as the classical limit is approached. We illustrate
our results primarily through a dissipative nonlinear spin
model. To demonstrate that our findings are generic, we
also illustrate some of these results using a driven-
dissipative two-site Bose-Hubbard model [33-35].
Highlights of main results—Figure 1 shows schematics of
the Liouvillian spectrum of a system approaching the
classical limit that features a limit cycle (top panels) or its
onset at a Hopf bifurcation (bottom panels). We focus on the
low-lying (i.e., slow-decaying) part of the spectrum close to
the imaginary axis. The spectral signature of a limit cycle is
an approximately parabolic branch of eigenvalues including
the steady state which collapses onto the imaginary axis
in the classical limit, forming an equally spaced linear array.
The eigenstates of this branch all have the same radial
structure in classical phase space (concentrated around the
limit cycle), but each has a different angular structure, ~e'¢
with [/ € Z. The superposition of an infinite number of such
states can yield a localized packet in phase space orbiting
the limit cycle, recovering the classical late-time dynamics.
Additionally, there are parallel branches that have weights at
increasing radial distances with proportional decay rates.
At a Hopf bifurcation the classical dynamics features
critical slowing down, relaxing algebraically in time. In
contrast, in quantum Lindblad dynamics the decay to the
steady state is generically exponential, governed by the real
Liouvillian gap. This conflict is resolved through an infinite
number of eigenvalues with the same angular but different
radial structures collapsing on the imaginary axis in the
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FIG. 1. Schematics illustrating the fate of Liouvillian spectra
(left panels) in approaching the classical limit (right panels).
For a limit cycle (top panels) the signature is a branch of equally
spaced imaginary eigenvalues yielding coherent oscillations, plus
gapped parallel branches, describing the approach to the limit
cycle. The branches are parabolic in the quantum case, which
causes dephasing at long times. At a Hopf bifurcation point
(bottom panels) the spectrum collapses onto the imaginary axis,
with macroscopic degeneracies at each harmonic, leading to
algebraic decay. Additional eigenvalues, e.g., associated with
other attractors in phase space, may exist, as indicated by the
orange diamonds.

classical limit. This allows the radial approach to have a
power-law form.

On the other side of the bifurcation, classical trajectories
approach a stable fixed point. The quantum signature is a
wedge-shaped array of Liouvillian eigenvalues [Figs. 2(c)
and 2(e)] that follow from the classical Jacobian.

Spin model—We analyze a spin subject to a Zeeman field
H= —S'z and two competing quantum jump operators,
Ly =38,/VS and L, = \/y/$?5_8,. The former relaxes
the spin toward the ground state at the north pole. The latter
excites the spin away from it with a rate dependent on S_;
this nonlinearity is parametrized by the rate y. The normali-
zations of L j with factors of the spin length S guarantee
consistency in the classical limit S — co. In this limit, the
Lindblad time evolution of the spin operators reduces to
the following equations of motion on the unit (Bloch)
sphere [36]:

ds d

S o=, Lo )
where s, = (S.)/S = cos§ and ¢ := arctan[(g),)/@x)] can
be regarded as classical variables. For y < 1 all trajectories
flow to a unique stable fixed point s, = 1, whereas for
y > 1 a stable limit cycle at s, = 1/,/y coexists with
a stable fixed point at s, = —1, as shown in Figs. 2(a)
and 2(b). At long times deviation from the final state decays
exponentially for any y # 1. The separation point y = 1
features a Hopf bifurcation, at which the decay is alge-

braic, s, ~ 1 — 1/(41).
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FIG. 2. (a),(b) Classical flow and (c)—(f) quantum spectra for
the fixed point (left panels; y = 0.5 < 1) and limit cycle (right
panels; y =2 > 1) regimes of the spin model. (a),(b) Crosses
are fixed points and the curved arrow denotes the limit cycle.
(c),(d) Liouvillian spectra for S = 300. (e),(f) S — oo spectrum
from the semiclassical Fokker-Planck equation. In both regimes
the gap A, remains nonzero for § — oo, signifying the classical
approach rate, whereas the gap A, (decoherence rate) is nonzero
for the fixed point but vanishes for the limit cycle. The blue and
red dots in (f) correspond to the limit cycle and the coexisting
fixed point at s, = —1, respectively.

We now analyze the spectrum and dynamics of the
quantum model, explaining how the classical dynamics is
recovered. We will later argue that the major findings are
generic (model independent). In addition to numerical
solutions of the Liouvillian at finite S, we obtain comple-
mentary insights using a semiclassical limit of the Lindblad
master equation [38,39]. The resulting Fokker-Planck
equation for the phase-space distribution yields the exact
spectrum of £ in the § — oo limit. For finite S it describes
a wave packet that drifts along a classical trajectory and
diffuses under quantum fluctuations.

Fixed-point regime—For y < 1 the stable fixed point
corresponds to the quantum steady state with eigenvalue
A = 0 [Figs. 2(c) and 2(e)]. The steady state for finite S has
a distribution of width A@ ~ S~!/2 centered at the classical
fixed point [Fig. 3(a)]. The rest of the spectrum is separated
by a minimum real gap of A_ that approaches the classical
decay rate | —y as § — oo.

In fact, in the classical limit the low-lying (small-|Re A|)
spectrum, which governs the late-time dynamics, is fully
determined by the classical attractor. As shown in Fig. 2(e),

the eigenvalues have the form ), ,,n;l;, where n; are
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FIG. 3. (a) Steady-state quasiprobability distribution from the
Fokker-Planck equation with S = 20. It is uniform along ¢ and
peaked at @ =0 for y <1 and at the limit cycle (dashed line)
for y > 1. Their widths scale as A@ ~ 1/4/S|1 —y| fory # 1 and
A@ ~ S~'/* for y = 1. (b) The decoherence rate A, scales as S°
for y < 1 (fixed point), S~!/2 for y = 1 (bifurcation point), and
S~! for y > 1 (limit cycle).

non-negative integers and A; are eigenvalues of the
Jacobian matrix describing the linearized classical dynam-
ics about the north pole [here 1; = —(1 — 1) £i]. As we
discuss later, this structure arises whenever the classical
phase space has a stable fixed point. The corresponding
eigenstates describe wave packets at different distances
from the fixed point and are given by Laguerre polynomials
for the spin model [36]. Here the wedge-shaped spectrum
remains prominent for finite S [Fig. 2(c)].

Emergence of limit cycle—For y > 1 the classical limit
features an infinite number of equally spaced imaginary
eigenvalues. The A = O state is spread uniformly along the
limit cycle with a width A@ ~ S~/ [Fig. 3(a)]. The other
eigenstates of this branch are also clustered along the limit
cycle, but with an additional phase winding ¢'%. (The index
[ is the imaginary part of the eigenvalue and is a quantum
number for this model [36].)

For any finite § this branch is parabolic, A; =il —
(12/8)(y*> — 4y +5)/(2y — 2) [36], so there is only a single
state with a vanishing decay rate [Fig. 2(d)]. The curvature
can be characterized by the real part A, of the /=1
member of the branch, which collapses as S~ [Fig. 3(b)].
We argue later that the parabolic shape is responsible for
diffusive broadening along the limit cycle as \/t/_S , which
is suppressed for S — oo.

Besides the main branch, there is a series of parallel
branches with decay rates ~nA, that are also distorted
parabolically for finite S [Figs. 2(d) and 2(f)]. These eigen-
functions (with Hermite polynomial forms [36]) support
wave packets at increasing distances from the limit cycle,
and thus describe the approach to the limit cycle at a
rate A,, which has the classical value 2(y —1)/,/y for
S - oo [Fig. 5(c)].

Figure 4 shows the quantum dynamics for § = 50 of an
initially Gaussian quasiprobability distribution. The center
of mass closely follows the classical trajectories as the wave
packet approaches and orbits the limit cycle and then
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FIG. 4. (a)-(e) Dynamics of quasiprobability distribution in
phase space from the Fokker-Planck equation with S = 50. The
distribution is initially localized at the equator. Besides approach-
ing the limit cycle as in the classical case, the quantum dynamics
shows spreading along the limit cycle (dephasing).

slowly diffuses around it [40], losing phase coherence in
the steady state due to the finite value of S.

Fixed point at south pole—The classical dynamics (1)
for y > 1 has a fixed point at s, = —1 (south pole of the
Bloch sphere), in addition to the limit cycle. In the Lindblad
spectrum, we see this as an eigenvalue approaching 0
exponentially with S [36] such that there are two degenerate
steady states for S — oo. [In Fig. 2(d) this state is too close
to distinguish for § =300 from the true steady state.]
Furthermore, there is a whole set of eigenvalues governed
by this fixed point which follow the n;4; + n,4, pattern
characteristic of fixed points.

Bifurcation point: Emergence of algebraic decay—In
Fig. 5(b) we show the low-lying spectrum at the Hopf
bifurcation point y = 1. These eigenvalues all collapse onto
A =il with decay rates ~S~'/2. Infinitely many eigen-
values become degenerate for S — oo at every [, in contrast
to the limit-cycle case where a single branch reaches the
imaginary axis. Thus, for the same harmonic we get a
superposition of an infinite number of eigenstates with
different radial structures. It is this combination that allows
an algebraic decay to the classical attractor. We explain this
later in more detail for a generic (model-independent)
setting. The width of the eigenstates scales as S™/4, as
opposed to S~'/2 for y # 1 [Fig. 3(a)].

Dissipative Bose-Hubbard system—To verify the gen-
erality of our results, we have examined systems other than
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FIG. 5. (a) Classical flow and (b) the Lindblad spectrum for
S =300 at the Hopf bifurcation point, y = 1. (c) Scaling of the
gap A, defined in Figs. 2(c) and 2(d), showing “critical slowing
down” at y = 1.
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FIG. 6. Bose-Hubbard dimer in the limit-cycle regime. (a) Low-
lying part of the spectrum. Inset: the limit cycle projected onto a
plane in the four-dimensional phase space, where |&,,|* are
rescaled boson numbers in the two sites [36]. (b) In the classical
limit 4 — oo one branch (blue dots) has a vanishing decay rate,
corresponding to the limit cycle, while all other eigenvalues (red
crosses) stay in the left half plane.

the spin model. In Fig. 6 we show spectra and scalings for a
dissipative Bose-Hubbard dimer. The model is that intro-
duced in [33-35]; parameters are documented in [36]. The
classical limit has a four-dimensional phase space, and
there is no quantum number such as [ for the spin model;
hence, this system is qualitatively very different. The model
has a parameter y that controls the approach to the classical
limit by tuning the average number of bosons. For a choice
of parameters leading to a limit cycle in the classical limit,
we observe the same signature of a branch collapsing onto
the imaginary axis [Fig. 6(b)]. The branch follows a
parabolic shape more closely as y increases.

Generality—We have used specific models to demon-
strate spectral signatures for three types of emergent
classical behaviors (fixed points, limit cycles, and Hopf
bifurcations). We now provide arguments and proofs that
these signatures are generic and not model dependent.

In Figs. 2(e) and 2(f) eigenvalues corresponding to
classical fixed points are given by A = n;1; + n,4,, where
n;,ny=0,1,2,... and 1,, are eigenvalues of the linear-
ized classical dynamics around the fixed point. This struc-
ture originates from the fact that at long times the dynamics
occurs close to the fixed point, so the slow-decaying
quantum eigenstates are peaked there, becoming infinitely
localized in the classical limit [as in Fig. 3(a)]. Under
such general conditions one can expand the quantum
Fokker-Planck equation about the fixed point and keep
the lowest-order terms, which gives a linear drift and a
constant diffusion [36]. This system can be solved using a
ladder-operator construction [41], yielding the eigenvalues
A= Zj njAj, where n; =0, 1,2, ... and 4; are eigenvalues
of the classical Jacobian. Note that the same spectral form
arises for quadratic Lindbladians [42].

The classical limit cycle is signaled by a branch that is
purely imaginary and equally spaced, where each eigen-
state is localized in the r direction and has a different ¢

harmonic, e, This spectral structure is necessary to give
rise to classical limit cycles. The azimuthal part of a quan-
tum wave packet can be expanded as ¢g(¢,7r=0) =
S e, with 1€ Z. For cycling dynamics, g(¢, 1) =
gl — wt,0) =", cie7 1?6l Since a state with eigen-
value A contributes a factor e to the dynamics, this
implies that the eigenvalues are A; = ilw and the eigen-
functions have the angular form ~e ¢, To reproduce a
sharp point on a classical trajectory, all Fourier modes (each
[ € Z) must be present.

Close to the classical limit the branch is parabolic.
This leads to g(¢.1) = 3, c;e =01 g=P1/7  pr(d=wi)?*/41
where 7 — co in the classical limit. Hence, the wave
packet broadens as A¢ ~ \/t/—r Such diffusive spreading,
expected from the diffusion term in the Fokker-Planck
equation, is thus coupled to the parabolic distortion of the
branch, which should be generic.

Close to the limit cycle a classical trajectory has a
vanishing radial speed, i — 0, but a nonzero angular speed,
r¢p — ri.¢. This decoupling of timescales produces many
quasistationary (slow-decaying) orbits at small distances
from the limit cycle, which show up in the spectrum as
additional branches. Note that these branches are absent for
a fixed point where the radial and angular speeds decay
proportionally.

Finally, we reported above that the classical bifurcation
point involves many quantum eigenvalues corresponding
to the same harmonic, and hence different r structures,
collapsing onto the imaginary axis. This enables the charac-

teristic algebraic decay, as (r) = 3, ¢,(r),e=5/VS is now
obtained as an infinite sum over vanishing decay rates
(n=20,1,2,...). Here, c, define the initial state in terms of
eigenstate overlaps, (r), are the eigenstate expectation
values of the radial coordinate, and —&,/+/S are the eigen-
values. (The values of ¢, and (r), depend on the normali-
zation of the left and right eigenstates, but their product is
uniquely defined.) In general, power-law scalings of these
quantities with n can give rise to algebraic decay; the specific
scalings are likely system dependent. In the spin model,
&, ~n??, and for a localized initial state, this leads to
(r) ~t71/2, as detailed in the Supplemental Material [36].

For a Hopf bifurcation, generically i/(r¢) ~ r vanishes
close to the classical attractor. Thus, we again have a
dynamical decoupling of radial and angular motion. The
quasistationary orbits at small r have the same angular
frequency, which implies that the imaginary parts of the
low-lying eigenvalues are equally spaced.

A generic system might be expected to have several fixed
points and/or limit cycles. Our observation for the spin
system at y > 1 [Fig. 2(f)] suggests that each such feature
governs a collection of eigenvalues in the corresponding
quantum Liouvillian spectrum.

Context and discussion—We have initiated the study of
the spectral origin of nonlinear dynamical phenomena in
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the classical limit of quantum dissipative physics. Such
classical limits are useful for understanding physical
phenomena in different setups [38-40,43-65]. We have
elucidated the prototypical cases of fixed points, limit
cycles, and critical slowing down. While such phenomena
have been predicted in quantum systems using semiclass-
ical equations of motion, this Letter provides a foundation
for how they arise from the full quantum generator.

Algebraic decay has previously been seen for the
thermodynamic limit [66-71]. Here, we illustrate the
general mechanism of algebraic decay in the classical
limit, as also observed in Ref. [72]. Our findings regarding
the spectral signatures of a limit cycle should also apply
to other open quantum systems that support limit cycles in
the classical limit, e.g., a quantum Van der Pol oscillator
[52,53,56,57,73], an open Dicke model [44,58,61,74], and
others [75-77]. We have shown how the apporach of an
infinite number of eigenvalues to the imaginary axis
provides mechanisms for both limit-cycle dynamics and
algebraic decay in the classical limit. Liouvillian eigenval-
ues located on or approaching the imaginary axis have also
been studied from other perspectives [31,59,71,78-95].

Our results open up several research directions and
questions: (1) It remains to be explained how other classical
nonlinear phenomena, particularly period doubling to
chaos, emerges from Liouvillian spectra [65]. (2) How do
the spectra of Liouvillian maps (confined to the unit circle
rather than the negative half plane) lead to discrete-
time nonlinear phenomena [50]? (3) Can one connect
classical nonlinear phenomena to statistical aspects of the
Liouvillian spectra, analogous to the Bohigas-Giannoni-
Schmit conjecture [10] for the Hamiltonian case?
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