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We consider spherically symmetric gravity coupled to a spherically symmetric scalar field with a specific
coupling which depends on the areal radius. Appropriate to spherical collapse, we require the existence of
an axis of symmetry and consequently a single asymptotic past and future (rather than a pair of “left” and
“right” ones). The scalar field stress energy takes the form of null dust. Its classical collapse is described by
the Vaidya solution. From a two dimensional “ðr; tÞ” perspective, the scalar field is conformally coupled so
that its quantum stress energy expectation value is well defined. Quantum backreaction is then incorporated
through an explicit formulation of the 4D semiclassical Einstein equations. The semiclassical solution
describes black hole formation together with its subsequent evaporation along a timelike dynamical horizon
(i.e. a timelike outer marginally trapped “tube”). A balance law at future null infinity relates the rate of
change of a backreaction-corrected Bondi mass to a manifestly positive flux. The detailed form of this
balance law together with a proposal for the dynamics of the true degrees of freedom underlying the
putative nonperturbative quantum gravity theory is supportive of the paradigm of singularity resolution and
information recovery proposed by Ashtekar and Bojowald. In particular all the information including that
in the collapsing matter is expected, in our proposed scenario, to emerge along a single “quantum
extended” future null infinity. Our analysis is on the one hand supported and informed by earlier numerical
work of Lowe [Phys. Rev. D 47, 2446 (1993)] and Parentani and Piran [Phys. Rev. Lett. 73, 2805 (1994)]
and on the other, serves to clarify certain aspects of their work through our explicit requirement of the
existence of an axis of symmetry.
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I. INTRODUCTION

The aim of this work is to study black hole evaporation
and the Hawking information loss problem [1] in the
simplified context of spherical symmetry. We are interested
in the general relativistic spherical collapse of a matter field
in a context which allows analytical understanding of its
classical collapse to a black hole as well the computation of
its quantum backreaction on the collapsing spacetime
geometry. These aims are achieved by choosing the matter
field to be a spherically symmetric massless scalar field and
by defining its coupling to gravity to be a modification of
standard minimal coupling, this modification being depen-
dent on the areal radius of the spheres which comprise the
orbits of the angular Killing fields of the spacetime.
We require the spacetime to be asymptotically flat in the

distant past. Initial data for the matter field are specified at
past null infinity. This matter then collapses to form a black
hole. Since the 4D spacetime is spherically symmetric and
in the distant past looks like standard 4D Minkowski
spacetime, the axis of symmetry is located within the
spacetime as a 1d line which is timelike in the distant past.
We restrict attention to the case wherein the axis of
symmetry is timelike everywhere. By definition, the areal
radius R vanishes along the axis. We note here that the axis
is distinguished from the R ¼ 0 classical black hole

singularity in that the spacetime geometry at the axis is
nonsingular.
The existence of the axis of symmetry in collapsing

spherically symmetric spacetimes is a key feature which
differentiates such spacetimes from those of eternal black
holes. In the case of spherical symmetry, the eternal black
hole geometry is that of the Kruskal extension of
Schwarzschild spacetime. Such an eternal black (and
white) hole spacetime does not have an axis of symmetry;
instead, and in contrast to a collapse situation, this
spacetime has not one, but two sets of infinities, a left
set and a right set.
Since this work aims at a better understanding of 4D

general relativistic black hole evaporation yet retains an
apparent similarity with black holes in 2D due to our
restriction to spherical symmetry, we turn now to a brief
discussion of the 2D Callan-Giddings-Harvey-Strominger
(CGHS) model [2]. From our perspective, certain short-
comings of the model stemming from its genuinely 2D
nature are not widely appreciated. First, the model has two
sets of infinities, a left set and a right set, and serves to
illustrate why the analysis of information loss in the context
of spacetimes with a pair of infinities becomes problematic:
the vacuum state at left past null infinity is viewed as
Hawking radiation by observers at right future null infinity,
whereas the collapsing matter (and, hence, the information
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regarding its nature) propagates from right past null infinity
towards left future null infinity. The problem is com-
pounded by the fact that, while right future null infinity
is complete, left future null infinity is not [3]. As a result the
spacetime has a black hole and a horizon when viewed from
right future null infinity but viewed from left future null
infinity one sees a naked singularity. As emphasized above,
while matter collapse is due to matter at right past infinity
propagating towards left future null infinity, Hawking
radiation is received at right future null infinity. This
situation is not only unphysical from a 4D general
relativistic collapse point of view, it also implicates left
future null infinity (which is classically sick as pointed out
above) in the consideration of the information loss prob-
lem. Second, since the dynamics of the geometry has no
relation to that of general relativity the detailed horizon
redshift is different from the 4D gravitational one and leads
to a Hawking temperature which is independent of the
mass. Despite these shortcomings, the model attracted great
interest in the 1990s by virtue of its classical solvability as
well as its amenability to semiclassical methods. While an
exhaustive review of the vast literature is beyond the scope
of this work (see for example [4] for an excellent sum-
mary), the overall perspective which emerged in the 1990s
to the best of our understanding was as follows: the
techniques used were mainly semiclassical, the classical
singularity persisted despite semiclassical corrections to
the dynamics and the overall conclusion leaned towards
information loss.
The CGHS model was revisited in Ref. [3] using a fresh

perspective. While the detailed analysis also relies on
semiclassical equations, the perspective employed is rooted
in natural proposals for structural aspects of the putative
deeper nonperturbative quantum gravitational theory. The
overall picture which emerges from the analysis of Ref. [3]
is that of information recovery through a mechanism
reminiscent of the paradigm proposed by Ashtekar and
Bojowald in [5]. The Ashtekar-Bojowald paradigm
assumes that the classical black hole singularity is resolved
by quantum gravitational effects leading to a quantum
extension of the classical spacetime beyond the classically
singular region wherein correlations with earlier Hawking
radiation emerge. In Ref. [3] the semiclassical equations are
subject to an asymptotic analysis at right future null
infinity. This analysis suggest that right future null infinity
admits a quantum extension wherein correlations with
earlier Hawking radiation restore purity of the state on
the extended spacetime. This asymptotic analysis is sup-
ported by subsequent numerical work in [6]. Nevertheless
the intrinsic shortcomings of the CGHS model discussed in
the paragraph before this one act as an obstruction to an
application of the lessons learnt from Ref. [3] to an
understanding of how information recovery might work
in a physical general relativistic collapse situation. From
this point of view our work presents a significant alleviation

of this obstruction by virtue of the shortcomings of the
CGHS model being absent in the system we consider. The
first shortcoming is alleviated due to our incorporation of
the axis of symmetry and the second by virtue of the fact
that the dynamics of the geometry in our work is general
relativistic so that the horizon redshift and the Hawking
temperature have the standard 4D behavior.
The action we use has been previously considered by

Lowe [7] in his beautiful and seminal work (so that this
second shortcoming is also absent in Lowe’s work). Hence
we turn next to a discussion of Lowe’s work in relation to
ours. While the equations of motion we obtain (namely the
Einstein equations for spherically symmetric gravity with a
certain type of spherically symmetric matter) are identical
to those of (the second part of) Lowe’s work, the underlying
technical difference with Lowe’s work is in our explicit
implementation of the existence of an axis of symmetry.
This is not merely a small technical difference as without
this implementation, it is not possible to (i) arrive at a clear
understanding of the classical dynamics, (ii) interpret the
spacetime geometry of the solutions as Vaidya [8] space-
times, (iii) understand the correct initial conditions that the
fields must satisfy at past null infinity, (iv) understand the
Hilbert space for the quantum matter degrees of freedom,
(v) understand the global semiclassical spacetime geometry
and (vi) phrase in a clear manner, in contrast to the
problematic case of the 2D “pair of infinities” topology,
the information loss problem.
This understanding, interpretation and phrasing is absent

in Lowe’s beautiful work. Further, while the numerical
analysis of the semiclassical equations in his work was far
ahead of its time, the initial conditions used at past null
infinity are most likely incompatible with a general
relativistic collapse situation for reasons discussed in detail
in Sec. IV E. Moreover, as we shall see in Sec. IVA, the
semiclassical equations require a choice of initial state.
Without an understanding of axis implementation and axis
boundary conditions on the quantum matter fields, it is not
possible to develop a clear and coherent understanding of
even the semiclassical equations (see Secs. IVA and IV E
for a discussion of this point). In addition while Lowe’s
work is numerical, we focus on several analytically
tractable aspects using well-motivated approximations. A
key advance over Lowe’s work is an asymptotic analysis of
the semiclassical equations which, inspired by prior work
in the CGHS context [3], yields a backreaction-corrected
Bondi mass balance law which in turn provides evidence
for a quantum extension of future null infinity, and hence
of the Ashtekar- Bojowald paradigm. In summary: with
respect to the seminal (and in our opinion underappreciated)
work ofLowe, ourwork here not only represents a significant
advance in physical applicability of the model due to the
implementation of an axis of symmetry but also develops,
withmore clarity, a picture of the global aspects of spacetime
geometry which are crucial to an understanding of the
information loss problem and its possible alleviation.
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Some of these comments apply also to a work sub-
sequent to that of Lowe’s by Parentani and Piran [9]. This
work also analyzes the same semiclassical equations.
However, in contrast to Lowe’s work, Parentani and
Piran [9] define the semiclassical equations without
recourse to action based arguments by positing the stress
energy tensor to be the sum of a classical part and a
quantum backreaction part. These two parts are indepen-
dent and unrelated. Hence there is no relation between the
classically collapsing matter and the quantum fields respon-
sible for the Hawking radiation. Without such a relation
there is no reason to tie the information about the collapsing
matter to quantum radiation and hence no way to phrase the
information loss problem. Further, while the work seems to
explicitly recognize the existence of an axis, the matter
profile is chosen to be aGaussian; such a profile could lead to
a very complicated classical singularity structure which may
exhibit local or even global nakedness [10]. Nevertheless the
numerical analysis of the semiclassical equations yield
several extremely interesting results. For a detailed discus-
sion of Parentani and Piran’s work see Sec. IV E.
Apart from the work of Lowe [7] and Parentani and Piran

[9], there have been several other works which use the same
or similar semiclassical equations as used in this work albeit
in different contexts. Specifically, Refs. [11–14] consider a
classical action identical to ours but are interested in quantum
effects captured by the 1 loop effective action using tech-
niques different from ours. Reference [15] uses a matter
coupling identical to ours in a first guess for subsequent
analysis of aspects of the stress energy expectation value for
the minimally coupled case; a key difference stemming from
motivations different from ours is the focus on staticity and
the choice of the Boulware state. Reference [16] uses the
stress energy expectation value for a matter coupling iden-
tical to ours as an ingredient in its solution for a nonsingular,
evaporating black hole.
Finally from the point of view of black hole collapse and

evaporation, let us summarize the questions posed in this
paper which to our knowledge have either not been asked
or not answered in the literature:
(a) Is there an analytically solvable set of equations with

physically appropriate boundary conditions derivable
from a classical action which describe general rela-
tivistic collapse1 of matter to a black hole together with
a clear understanding of the corresponding semiclass-
ical Einstein equations, given an initial quantum state
of matter which mirrors the classical collapse data?
Note that it is implicit in the articulation of this
question that the degrees of freedom which are
responsible for black hole formation are the same as
those underlying the Hawking radiation; this is a

feature essential to the very phrasing of the Hawking
information loss problem.2

(b) Do semiclassical effects drastically alter Hawking’s
picture of information loss in the context of black hole
evaporation?

(c) Is semiclassical analysis supportive of the Ashtekar-
Bojowald paradigm?

A description of the results obtained in this paper
together with its layout is as follows. In Sec. II, we discuss
the kinematics of spherical symmetry. We describe the
coordinates used, the location of the axis in these coor-
dinates and discuss the behavior of fields at the axis. We
prescribe “initial” conditions for the geometry which
ensure asymptotic flatness in the distant past and as well
as for the nature of matter data in the distant past. In Sec. III
we describe the classical dynamics of the system. We
exhibit the action and show that the matter stress energy
takes the form of a pair of (infalling and outgoing) streams
of null dust. We show that the dynamical equations together
with the initial conditions and the requirement of axis
existence are solved by the Vaidya spacetime (in which
collapse of the infalling null dust stream forms a black
hole). In Sec. IV we derive the semiclassical equations
which incorporate backreaction and then combine analyti-
cal results and physical arguments with prior numerical
work to describe the geometry of the semiclassical solution.
This geometry corresponds to the formation of a black hole
through spherical collapse of the scalar field and its
subsequent evaporation through quantum radiation of
the scalar field. In Sec. V we analyze the semiclassical
equations in the distant future and show that they imply a
balance law relating the decrease of a quantum back-
reaction-corrected Bondi mass to a positive, backreaction-
corrected Bondi flux. We argue that the detailed nature of
this balance law suggests, in a well-defined manner, that the
classical future null infinity admits a quantum extension
wherein correlations with the Hawking radiation manifest
so that the state on this extended future null infinity is pure.
In Sec. VI we combine the results of Secs. IV and V

together with informed speculation on the nature of the true
degrees of freedom of the system at the deep quantum
gravitational level and thereby propose a spacetime picture
which encapsulates a possible solution of the information
loss problem. The solution is along the lines of the Ashtekar-
Bojowald paradigm [5] wherein quantum gravitational

1By which we mean collapse devoid of the shortcomings
(i)–(iv) delineated earlier in this section.

2We note in this context the beautiful work of Vaz and Witten
[17], which considers dust collapse and its canonical quantiza-
tion. From our point of view the dust degree of freedom is more a
phenomenological degree of freedom rather than a fundamental
degree of freedom such as that of the scalar field. Further, the
quantization as discussed in [17] is aimed at the gravity-dust
degrees of freedom together and requires lattice regularizations to
define the Hamiltonian constraint operator at the deep quantum
gravitational level. Consequently it seems difficult to make
ready contact with standard quantum field in curved spacetime
(CS) considerations.
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effects resolve the classical black hole singularity open-
ing up a vast quantum extension of classical spacetime
beyond the hitherto classically singular region wherein
correlations with the Hawking radiation and information
about the collapsing matter emerge. Section VII is
devoted to a discussion of our results and further work.
Some technical details and proofs are collected in
Appendixes.
In what follows we choose units in which c ¼ 1. We

shall further tailor our choice of units in Sec. III so as to set
certain coupling constants to unity.

II. KINEMATICS IN SPHERICAL SYMMETRY

A. Spacetime geometry

Choosing angular variables along the rotational killing
fields, the spherically symmetric line element takes the
form:

ds2 ¼ ð2Þgμνdxμdxν þ R2ðdΩÞ2; μ; ν ¼ 1; 2: ð2:1Þ

Here R is the areal radius and ðdΩÞ2 is the line element on
the unit round 2-sphere which in polar coordinates ðθ;ϕÞ is
ðdθÞ2 þ sin2θðdϕÞ2. The space of orbits of the rotational
killing fields is 2 dimensional. The pullback of the 4-metric
to this 2 dimensional “radial-time” space is the Lorentzian
2-metric ð2Þg. The areal radius R depends only on coor-
dinates on this 2D spacetime and not on the angular
variables. Choosing these coordinates fxμg to be along
the radial outgoing and ingoing light rays and denoting
these coordinates by ðxþ; x−Þ puts the 2-metric in con-
formally flat form:

ð2Þgμνdxμdxν¼−e2ρdxþdx−¼ e2ρð−ðdtÞ2þðdxÞ2Þ ð2:2Þ

where we have set

x� ¼ t� x: ð2:3Þ

The areal radius R is a function only of ðxþ; x−Þ. The area
of a spherical light front at fixed xþ; x− is 4πR2. Hence,
outgoing/ingoing expansions of spherical light fronts are
proportional to ∂þR; ∂−R. In particular, a spherical outer
marginally trapped surface located at fixed xþ; x− is
defined by the conditions

∂þR ¼ 0; ∂−R < 0: ð2:4Þ

For future reference we note here that an outer marginally
trapped tube formed by a 1 parameter family of outer
marginally trapped surfaces is referred to as a dynamical
horizon. The notion of a dynamical horizon was originally
introduced in [18] and refined in [19] (we use the latter
definition here).

As indicated in the Introduction we restrict attention to
the case in which the axis of symmetry is a timelike curve
located within the 4D spacetime. Hence the axis is located
at xþ ¼ Fðx−Þ, with dF

dx− > 0. By using the conformal
freedom available in the choice of our conformal coor-
dinates, we can choose Fðx−Þ to be our new x− coordinate.
With this choice, the axis is located along the straight line

xþ ¼ x− ≡ x ¼ 0: ð2:5Þ

Next, we require that the 4-metric is asymptotically flat as
x− → −∞ so that past null infinity, I−, is located at
x− ¼ −∞. In conformal coordinates the detailed falloff
conditions at I− turn out to be:

R¼xþ−x−

2
þOð1=x−Þ e2ρ¼1þOð1=ðx−Þ2Þ: ð2:6Þ

As we shall see in Sec. III, the Vaidya solution satisfies
these conditions and in this solution the mass information is
contained in theOð1=x−Þ part of R and theOð1=ðx−Þ2Þ part
of e2ρ.
It is straightforward to see that (2.5) and (2.6) fix the

conformal freedom in the choice of the x� coordinates up to
(the same) constant translation c i.e. x� → x� þ c.3 As we
shall see in Sec. VII, our results are independent of this
remaining choice of coordinates and we fix them once and
for all hereon.
To summarize: The region of interest for us in this paper

is the x ≥ 0 part of the Minkowskian plane with I− located
at x− ¼ −∞ and the axis at x ¼ 0. Each point ðt; xÞ on this
half plane represents a 2-sphere of area 4πR2ðt; xÞ with R
vanishing along the axis of symmetry at x ¼ 0, this axis
serving as a boundary of the region of interest.
Finally, recall from the Introduction that the axis with

R ¼ 0 is distinguished from the expected classical sin-
gularity at R ¼ 0 by virtue of the geometry at the axis
being nonsingular. In the specific classical and semi-
classical spacetime solutions which we study in this
work, the geometry in a neighborhood of the axis will
turn out to be flat (and hence nonsingular). The physical
spacetime geometry in these solutions will occupy a
subset of the half ðt; xÞ plane due to the occurrence of
singularities (in the classical and semiclassical solutions)
or Cauchy horizons (in the semiclassical solutions). For
details see Secs. III, IV.

3Let X�ðx�Þ be new conformal coordinates. Equation (2.5)
and invertibility of X�ðx�Þ imply Xþ and X− are identical
functions of their arguments. The coordinate location of I−

implies that X−ðx− → −∞Þ → −∞. The first equation of (2.6)
implies xþ−x−

2
þOð1=x−Þ ¼ XþðxþÞ−X−ðx−Þ

2
þOð1=X−ðx−ÞÞ; the

difference of evaluations of this equality at I−, for arbitrary
xþ and for some fixed xþ1 yields XþðxþÞ ¼ xþ þ ðXþðxþ1 Þ − xþ1 Þ
which proves the desired result.
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B. Matter

The matter is a spherical symmetric scalar field fðt; xÞ.
Note that at the axis, R ¼ 0 so that ∂tR ¼ 0 there. The
requirement that the geometry near the axis is nonsingular
together with the assumption that x� are good coordinates
for the 2D geometry implies that ∂xR ¼ eρ at the axis (see
Appendix A 1 for details). This ensures that at the axis
ðt; RÞ is a good chart.
Recall that the axis is a line in the 4D spacetime. We

require that f be differentiable at the axis from this 4D
perspective. In particular consider differentiability along a
t ¼ constant radial line which starts out at, say, R > 0 and
moves towards the axis along a trajectorywhich decreasesR.
Once it moves through the axis, R starts increasing again.
Differentiability off at the axis then demands that− ∂f

∂R jR¼0 ¼
þ ∂f

∂R jR¼0 which in turn implies that ∂f
∂R jR¼0 ¼ 0. Reverting to

the ðt; xÞ coordinates this implies that

∂f
∂x

�
�
�
�
t;x¼0

¼ 0 ð2:7Þ

which in ðxþ; x−Þ coordinates takes the “reflecting boundary
condition” form at the axis:

∂f
∂xþ

�
�
�
�
t;x¼0

¼ ∂f
∂x−

�
�
�
�
t;x¼0

: ð2:8Þ

In addition to these boundary conditions we demand that f be
of compact support on I−. Finally, we require that f satisfies
the following condition at I−. Define

1

2

Z
xþ

xþi

dx̄þð∂þfðx̄þ; x− → −∞ÞÞ2 ¼ mðxþÞ; ð2:9Þ

where f is supported between xþi and xþf > xþi on I−. We
require that f be such that

lim
xþ→ðxþi Þþ

mðxþÞ
xþ − xþi

>
1

16
ð2:10Þ

where the limit is to be taken as xþ approaches xþi from the
right (i.e. xþ > xþi ). Condition (2.10) ensures that the prompt
collapse Vaidya spacetime is a classical solution (by the
prompt collapse Vaidya spacetime we mean one in which the
singularity is neither locally nor globally naked. For a
derivation of this condition and an explanation of how it
excludes locally and globally naked singularities please
see Ref. [10]).

III. CLASSICAL DYNAMICS

A. Action

The action for the spherically symmetric 4-metric ð4Þg is
the Einstein-Hilbert action:

Sgeometry ¼
1

8πG

Z

d4x
ffiffiffiffiffiffiffiffiffiffi

−ð4Þg
q

ð4ÞR: ð3:1Þ

Assuming spherical symmetry, integrating over angles and
dropping total derivative terms [in our analysis we have
ignored the issue of the addition of suitable boundary terms
to (3.1) so as to render the action differentiable], we obtain

Sgeometry¼
1

2G

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

R2

�

ð2ÞRþ2

�∇R
R

�
2

þ2R−2
�

:

ð3:2Þ

The matter coupling is chosen to depend on the areal radius
R so that the matter action is

Smatter ¼ −
1

8π

Z

d4x
ffiffiffiffiffiffiffiffiffiffi

−ð4Þg
q

ð4Þgab
1

R2
ð∇af∇bfÞ ð3:3Þ

where f is spherically symmetric and hence angle inde-
pendent. Integrating over angles, we obtain

Smatter ¼ −
1

2

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

ð∇fÞ2 ð3:4Þ

so that the areal radius dependent 4D coupling of f to the
metric ð4Þg in (3.3) reduces to 2D conformal coupling to the
metric ð2Þg in (3.4). The total action is then:

S ¼ Sgeometry þ Smatter

¼ 1

2G

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

R2

�

ð2ÞRþ 2

�∇R
R

�
2

þ 2R−2
�

−
1

2

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

ð∇fÞ2 ð3:5Þ

To summarize: The action for the geometry is exactly that
of general relativity reduced to the spherical symmetric
sector. This ensures that in classical black hole solutions the
infinite redshifting of light which propagates along the
event horizon to Iþ is exactly as in general relativity. This
in turn ensures that the Hawking temperature in a QFT on
CS calculation is the standard one with inverse mass
dependence (see remarks in Secs. I and IVA). In contrast
the matter action does not arise through a spherically
symmetric reduction of a 4D covariant action. In particular
it differs from such a reduction of minimal coupling due to
the areal radius dependence of the coupling; since the areal
radius is defined only in the spherically symmetric setting,
the matter action is defined only in the spherically
symmetric context. However this is a small price to pay
for the classical solvability of the resulting equations (see
Sec. III C) and the explicit computation of backreaction
(see Sec. IV). As we shall see in Secs. III B and III C the 2D
conformal coupling in (3.4) results in a matter dynamics
where there is no backscattering of the classical scalar field
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off the curvature; this is in contrast to the minimally
coupled spherically symmetric case where such backscat-
tering renders the dynamics nonamenable to analytic
solution. As we shall see explicitly in Sec. IVA the 2D
conformal coupling allows the application of the classic
results of Davies and Fulling [20] towards the well-
definedness of the matter stress energy expectation value
and the explicit formulation of the semiclassical Einstein
equations.
Note: Since the dynamics in spherical symmetry is

effectively 2 dimensional, it may also be viewed as a 2
dimensional dilatonic gravity system. In order to make
contact with this view, we define a “dimensionless areal
radius” R̄ as R̄ ≔ κ2R2 with κ being an arbitrarily chosen
(but fixed) constant with dimensions of inverse length. In
the 2D gravity literature κ is often referred to as a
“cosmological constant.” It is then straightforward to check
that the action (3.5) takes the form:

S ¼ Sgeometry þ Smatter

¼ 1

2Gκ2

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

R̄2

�

ð2ÞRþ 2

�∇R̄
R̄

�
2

þ 2R̄−2κ2
�

−
1

2

Z

d2x
ffiffiffiffiffiffiffiffiffiffi

−ð2Þg
q

ð∇fÞ2: ð3:6Þ

The interested reader may further substitute R̄2≕ e−2ϕ in
the above action to obtain one in terms of the 2D
gravitational metric ð2Þg, the matter field f and the dilaton
ϕ. Finally, note that in addition to setting c ¼ 1 we may
choose units such that κ ¼ 1. With this choice R ¼ R̄ and
there is no difference between the form of the actions (3.6)
and (3.5). Hence, in what follows, we shall work with (3.5)
and the reader may simply ignore the note above or take the
2D dilatonic gravity view in units in which κ ¼ 1. As we
shall see below, in addition to c ¼ 1we shall also setG ¼ 1
by choice of units but shall not set ℏ ¼ 1. From the point of
view of dilatonic gravity this implies fixing units such that
κ ¼ G ¼ c ¼ 1, where we recall that κ was chosen arbi-
trarily. On the other hand if we do not take the dilatonic
gravity view, we do not introduce an arbitrarily chosen κ
and we only set G ¼ c ¼ 1.

B. Dynamical equations

In what follows we shall often employ the obvious
notation ∂A

∂x� ≡ ∂�A≡ A;� for partial derivatives of a func-
tion A. Also, by GΩ̂ Ω̂ below we mean the component
GabΩ̂aΩ̂b of the tensorGab where Ω̂a is a unit vector tangent
in the direction of a rotational Killing vector field [for e.g. in
polar coordinates we could choose Ω̂a ¼ R−1ð ∂

∂θÞa].
Finally, we shall use units in which, in addition to our

choice of c ¼ 1made at the end of the Introduction, we also
setG ¼ 1. We shall however explicitly retain factors of ℏ so
we do not set ℏ ¼ 1.

Since the action for the geometry is the Einstein-Hilbert
action, the equations of motion which follow from (3.5) are
just the Einstein equations for a spherically symmetric
metric coupled to the matter field f i.e. the equations take
the form Gab ¼ 8πTab where Gab is the Einstein tensor for
the spherical symmetric 4-metric ð4Þg (2.1), (2.2):

−
e2ρ

4
GΩ̂ Ω̂ ¼ ∂þ∂−ρþ

1

R
∂þ∂−R ¼ 0 ð3:7Þ

R2Gþ− ¼ 2R∂þ∂−Rþ 2∂þR∂−Rþ 1

2
e2ρ ¼ 0 ð3:8Þ

R2G�� ¼ R2

�

−
2

R
ð∂2�R − 2∂�ρ∂�RÞ

�

¼ ð∂�fÞ2: ð3:9Þ

The remaining components of the Einstein tensor vanish as
a result of spherical symmetry. From (3.7)–(3.9), the only
nonvanishing components of Tab are

T�� ¼ 1

4πR2

ð∂�fÞ2
2

: ð3:10Þ

Since the matter is conformally coupled, it satisfies the free
wave equation on the fiducial flat xþ; x− spacetime.
Explicitly, varying f in the action (3.5) yields

∂þ∂−f ¼ 0: ð3:11Þ

C. Classical solution: Vaidya spacetime

Since f satisfies the free 1þ 1 wave equation on the
fiducial flat spacetime, solutions take the form of the sum of
left and right movers:

fðxþ; x−Þ ¼ fðþÞðxþÞ þ fð−Þðx−Þ: ð3:12Þ

Since the solution (3.12) has to satisfy reflecting boundary
conditions (2.8) at the axis, it follows that

∂þfðþÞðxþÞjxþ¼t ¼ ∂−fð−Þðx−Þjx−¼t ∀ t: ð3:13Þ

We shall restrict attention to f� of compact support in their
arguments. Equation (3.13) then implies that

fðþÞðyÞ ¼ fð−ÞðyÞ ∀ y: ð3:14Þ

The stress energy tensor (3.10) for the solution (3.12)
takes the form of a pair of (infalling and outgoing)
spherically symmetric null dust streams. If there was only
an infalling stream, the stress energy would be exactly of
the form appropriate to the Vaidya solution. Note how-
ever that

(i) If there is only a single infalling stream with f
satisfying the condition of prompt collapse (2.10),
the resulting Vaidya solution exhibits the following
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feature: As soon as the first strand of matter hits the
axis a spacelike singularity forms (see Fig. 1).

(ii) The solution (3.12) satisfies reflecting boundary
conditions (2.8) at the axis. This means that each
strand of the null infalling stream hits the axis and is
reflected to an outgoing null stream. Since the
singularity of (i) is spacelike, the outgoing stream
is “above” the singularity (see Fig. 1). Hence in the
physical spacetime solution we have only the in-
falling stream.

From (i) and (ii) above, a solution to the classical
equations (3.7)–(3.9) is the Vaidya solution with stress

energy tensor Tþþ ¼ 1
4πR2

ð∂þfÞ2
2

. Since the spacetime geom-
etry in this solution is flat in a finite neighborhood of the
axis, the Vaidya solution satisfies our axis requirements. As
shown below, it also satisfies the initial conditions at I−.
Hence it is an acceptable solution.
The Vaidya solution is usually presented in Eddington-

Finkelstein (EF) coordinates ðv; RÞ whereas here we use
null coordinates. The relation between the EF and null
coordinates is as follows (the reader may find it easier to
follow our argumentation below by consulting the Penrose
diagram for the Vaidya spacetime depicted in Fig. 1).
Consider the Vaidya solution for a mass profile mðvÞ at

I−. In EF coordinates ðv; RÞ the 2-metric is

ð2Þds2 ¼ −
�

1 −
2mðvÞ
R

�

ðdvÞ2 þ 2dvdR ð3:15Þ

with constant v radial lines being null and ingoing. These
ingoing light rays originate at I− of the Vaidya spacetime
where R → ∞. These light rays “reflect” off the axis and
become outgoing. Since every outgoing ray originates at
the axis as the reflection of a unique incoming ray, we can
uniquely label each outgoing ray by the value of v ¼
vaxis ≔ u at this origin point on the axis. Thus constant u
light rays are outgoing, constant v light rays are incoming
and every point in Vaidya spacetime is uniquely located as
the intersection of a pair of such rays. This implies that u, v
are null coordinates. We now show that the identifications
v≡ xþ; u≡ x− hold.
From (3.15) it follows that on an outgoing light ray R

changes as a function of v according to

2
dR
dv

¼
�

1 −
2mðvÞ
R

�

: ð3:16Þ

Consider the outgoing ray which starts from the axis at
v ¼ vaxis. As discussed above, we set vaxis ¼ u. Since R ¼
0 at the axis, we may integrate (3.16) to obtain, for the
trajectory of this ray,

2Rðv; uÞ ¼
Z

v

u
dv̄

�

1 −
2mðv̄Þ
Rðv̄; uÞ

�

: ð3:17Þ

Let the support of mðvÞ start on I− at v ¼ vi. Then for
v < vi, (3.17) implies that

Rðv; uÞ ¼ v − u
2

ð3:18Þ

so that the axis lies at

v ¼ u: ð3:19Þ

Note that we can rewrite (3.17) as

2Rðv; uÞ ¼ vi − uþ
Z

v

vi

dv̄

�

1 −
2mðv̄Þ
Rðv̄; uÞ

�

: ð3:20Þ

In this form it is clear that the integrand (and hence the
equation) is well defined everywhere except at the R ¼ 0
singularity.
Next, note that since I− is approached as R → ∞ along

constant v, it follows from (3.17) that near I−:

Rðv; uÞ ¼ v − u
2

þO

�
1

R

�

ð3:21Þ

so that I− is approached as u → −∞. In this limit, (3.17)
implies that

Rðv; uÞ ¼ v − u
2

þO

�
1

u

�

: ð3:22Þ

FIG. 1. The first figure displays the half Minkowskian plane
x ≥ 0. The axis is located along the left timelike boundary of the
figure at x ¼ 0. The two other boundaries are past and future null
infinity. The lines represent the support of the matter field and its
reflection off the axis in accord with Eq. (3.14). In the second
figure, gravity is turned on and a singularity, depicted by the wavy
line, forms as soon as the first strand of matter hits the axis so that
the reflected stream is cut out of the physical spacetime. The
physical spacetime is the Vaidya solution depicted in the third
figure. The event horizon is along the dotted line. A 1 parameter
family of outer marginally trapped spheres known as a dynamical
horizon (bold line) forms at the left end of the singularity and
follows the event horizon after matter collapse. Matter infall is
along the unbroken null lines from past null infinity to the
singularity.
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Next, note that setting R ¼ Rðv; uÞ in (3.15), we have

ð2Þds2 ¼ −
�

1 −
2mðvÞ
R

�

ðdvÞ2 þ 2dvðR;vdvþ R;uduÞ

¼
�

−
�

1 −
2mðvÞ
R

�

þ 2R;v

�

ðdvÞ2 þ R;u2dvdu

ð3:23Þ

which in conjunction with (3.16) implies that in these
coordinates the conformal factor e2ρ is given by

2R;u ≕ − e2ρ: ð3:24Þ

From (3.22) and (3.24) it follows that

−2R;u ¼ 1þO

�
1

u2

�

≔ e2ρ: ð3:25Þ

Note that from (3.17) we have that

ðR;uÞ;v ¼
mðvÞ
2R2

R;u: ð3:26Þ

Since from (3.18) R;u < 0 at the axis, (3.26) ensures that Ru

remains negative on every outgoing ray, and hence,
negative everywhere so that the identification (3.25) is
consistent with the positivity of e2ρ.
The above analysis shows that v, u are well-defined null

coordinates for which the axis conditions (3.19) and initial
conditions (3.22), (3.25) are satisfied. Further, the geometry
in the vicinity of the axis is flat and hence nonsingular.
Hence we may identify v with xþ and u with x−, and [from
the definition of mðvÞ for Vaidya spacetime] the mass
function mðvÞ as

mðvÞ ¼ mðxþÞ ¼
Z

xþ

xþi

dx̄þ
ð∂þfÞ2

2
ð3:27Þ

identical to (2.9) where the support of fðxþÞ in the above
equation is between vi ≡ xþi and xþf . As a final consistency
check, note that from (3.26), (3.24) we have that

ρ;þ ¼ mðxþÞ
2R2

; ð3:28Þ

which in conjunction with (3.16), (3.17), and (2.9) suffice
to verify that Eqs. (3.7)–(3.9) are satisfied.

IV. THE SEMICLASSICAL THEORY

A. Quantization of the matter field

Since the matter field satisfies the free wave equation on
the fiducial flat spacetime subject to reflecting boundary
conditions at x ¼ 0 it can be quantized with mode

expansion:

f̂ðxþ; x−Þ ¼
Z

∞

0

dk
cos kx

ffiffiffiffiffi

πk
p ðâðkÞe−ikt þ â†ðkÞeiktÞ: ð4:1Þ

Defining

f̂ðþÞðxþÞ≔
Z

∞

0

dk
1
ffiffiffiffiffiffiffiffi

4πk
p ðâðkÞe−ikxþ þ â†ðkÞeikxþÞ ð4:2Þ

f̂ð−Þðx−Þ≔
Z

∞

0

dk
1
ffiffiffiffiffiffiffiffi

4πk
p ðâðkÞe−ikx− þ â†ðkÞeikx−Þ ð4:3Þ

we may rewrite (4.1) as

f̂ðxþ; x−Þ ¼ f̂ðþÞðxþÞ þ f̂ð−Þðx−Þ: ð4:4Þ

Note that the operator valued distribution f̂ðþÞ is the same

“operator valued function” of its argument as f̂ð−Þðx−Þ.
This is exactly the quantum implementation of the reflect-
ing boundary condition (3.14)
The mode operators âðkÞ; â†ðkÞ provide a representation

of the classical symplectic structure which follows from the
matter action (3.4) so that the only nontrivial commutation
relations are the standard ones:

½âðkÞ; â†ðlÞ� ¼ ℏδðk; lÞ; ð4:5Þ

which are represented via the standard Fock space repre-
sentation so that the Hilbert space HFock is the standard
Fock space generated by the action of the creation operators
â†ðkÞ on the Fock vacuum.
This quantization may be used to define a test quantum

field on the classical Vaidya solution, or to define a
quantum field on a general spherically symmetric metric
of the form (2.1) or, as we propose in Sec. VI, to define a
quantization of the true degrees of freedom of the combined
matter-gravity system.
If we use it to define a 4D spherically symmetric test

quantum field [coupled to the 4-metric as in (3.3), hence
conformally coupled to the 2-metric ð2Þg] on the Vaidya
spacetime, one can put the test scalar field in its vacuum
state at I− and ask for its particle content as experienced by
inertial observers at Iþ.4 A straightforward calculation
along the lines of Hawking’s [1] leads to the Hawking
effect i.e. the state at Iþ exhibits late time thermal behavior
at Hawking temperature 1

8πM. The calculation is simpler
than Hawking’s as, due to the 2D conformal coupling, there
is no scattering of particles off the spacetime curvature and
hence no nontrivial gray body factors.

4From (2.6), the x� coordinate frame is freely falling at I−.
Hence the Fock vacuum in HFock is the vacuum state for freely
falling observers at I−.
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If we use the quantization to define a 4D spherically
symmetric quantum field [coupled to the 4-metric as in
(3.3), hence conformally coupled to the 2-metric ð2Þg] on a
general spherically symmetric metric (2.1), (2.2), we can
compute its stress energy tensor expectation value using the
results of Davies and Fulling [20]. Note that since the axis
serves as a reflecting boundary and since its trajectory is
that of a straight line in the inertial coordinates of the
fiducial flat spacetime, the results of Ref. [20] can be
directly applied.
Recall from [20] that in the case that the initial state at

x− → −∞ is a coherent state in HFock modeled on a
classical field f, the vacuum contribution to the stress
energy expectation value gets augmented by the classical
stress energy of f. Recall (see footnote 4) that the x�
coordinates are freely falling at I− so that the initial state is
a coherent state as seen by freely falling observers at I−.
This implies that the state dependent functions which are
alluded to by Davies and Fulling in [20] [and denoted by
t�ðx�Þ in Ref. [7] ] vanish when these coordinates are
employed.
Putting all this together we have, from [20] that the only

nontrivial components of the 4D stress energy expectation
value are given through the expressions

8πR2hT̂þ−i ¼ −
ℏ
12π

∂þ∂−ρ ð4:6Þ

8πR2hT̂��i ¼ ð∂�fÞ2 −
ℏ
12π

ðð∂�ρÞ2 − ∂
2
�ρÞ: ð4:7Þ

The factors of 8πR2 come from the definition of the 4D
stress energy [see (3.10)]. In general the expressions in
(4.7) would be augmented by functions t�ðx�Þ which are
state dependent. Here, these vanish because the mode
expansion (4.1) is defined with respect to the x� coor-
dinates [20].

B. Semiclassical equations

The semiclassical Einstein equations find their justifi-
cation in the large N approximation [21]. Accordingly we
couple N scalar fields exactly as in (3.3), quantize each of
them as in the previous section, put one of them in a
coherent state modeled on f5 and the rest in their vacuum
states at I−. From (4.6), (4.7) and (3.7)–(3.9), it then

follows that the semiclassical Einstein equations, Gab ¼
8πhTabi take the form:

−
e2ρ

4
GΩ̂ Ω̂ ¼ ∂þ∂−ρþ

1

R
∂þ∂−R ¼ 0 ð4:8Þ

R2Gþ− ¼ 2R∂þ∂−Rþ 2∂þR∂−Rþ 1

2
e2ρ ¼ −

Nℏ
12π

∂þ∂−ρ

ð4:9Þ

R2G�� ¼ R2

�

−
2

R
ð∂2�R − 2∂�ρ∂�RÞ

�

¼ ð∂�fÞ2 −
Nℏ
12π

ðð∂�ρÞ2 − ∂
2
�ρÞ: ð4:10Þ

C. Semiclassical singularity

We are interested in semiclassical solutions in which the
axis is located at x ¼ 0, the axial geometry is nonsingular
and for which the asymptotic conditions (2.6) hold. Note
that when ρ ¼ 0 the vacuum fluctuation contribution to the
stress energy expectation value vanishes. Thus, when f
vanishes, classical flat spacetime (with e2ρ ¼ 1; R ¼ xþ−x−

2
)

remains a solution. Hence for xþ < xþi we set the spacetime
to be flat with

e2ρ ¼ 1; R ¼ xþ − x−

2
: ð4:11Þ

Next, note that we can eliminate ∂þ∂−ρ between the first
two equations to obtain

1

R
∂þ∂−R ¼ −

∂þR∂−Rþ 1
4
e2ρ

R2 − Nℏ
24π

: ð4:12Þ

Following Lowe [7] and Parentani and Piran [9], we can
look upon (4.12), (3.7) as evolution equations for initial
data (i) on the null line xþ ¼ xþi and (ii) on I− for x ≥ xþi .
For (i), the initial data is given by (4.11). For (ii), the matter
data is subject to (2.10) and the gravitational data corre-
sponds to that for the Vaidya solution with mðxþÞ given by
(2.9) and R, ρ obtained by integrating (3.16) along I− and
then using (3.24). More in detail, at xþ ¼ xþi , we have data
near I− of the form (4.11). Equation (3.16) can be
integrated along I− with this initial data for R to obtain
R along I− for x ≥ xþ and e2ρ can then be obtained near I−

from (3.24). It can then be shown that the evolution
equations can be solved uniquely for R, ρ in the region
xþ ≥ xþi as long as the evolution equations themselves are
well defined.
From a numerical evolution point of view [7] one can see

this as follows. Along xþ ¼ xþi , Eq. (4.12) can be viewed as
a first order differential equation for R;þ on xþ ¼ xþi with
initial value for R;þ specified on I− and known coefficients

5A function f can be uniquely characterized by its mode
coefficients if its Fourier transformation is invertible. In a
coherent state, the Fourier mode coefficient of every positive
frequency mode is realized as the eigen value of the correspond-
ing mode operator. Functions f of interest are of compact support
at I− and satisfy the prompt collapse condition (2.10) so that the
function is not smooth at its initial support (its first derivative is
discontinuous). Nevertheless the function is absolutely integrable
and can be chosen to be of bounded variation whereby its Fourier
transform is invertible (see Appendix B for details).
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from (4.11). The solution R;þðxþ ¼ xþi ; x
−Þ together with

the initial value for ρ;þ on I− can be used to solve (3.7) for
ρ;þ on the line xþ ¼ xþi . From this one has data ρ, R for the
next xþ ¼ constant ¼ xþi þ ϵ line on the numerical grid
and the procedure can be iterated so as to eventually cover
all of xþ > xþi .
We now argue that for generic matter data the evolution

equations break down atR2 ¼ Nℏ
24π and a curvature singularity

develops. In this regard note that the denominator of the right
hand side of (4.12) blows up at R2 ¼ Nℏ

24π. If the numerator is
nonzero at this value of R the left hand side blows up and
through (3.7) so does ∂þ∂−ρ. Since (as can be easily
checked), ð2ÞR ¼ 8e−2ρ∂þ∂−ρ we expect a 2-curvature
singularity at this value of R2. If the numerator vanishes
at some xþ ¼ aþ > xþi ; x

− ¼ a− where R2ðaþ; a−Þ ¼ Nℏ
24π,

one can slightly change the initial data for f on I−, thereby
change the functionR along I− (for xþ > xþi ) and hence the
initial data R;þ for (4.12) at xþ ¼ aþ on I−. This would
generically result in a change of the numerator away from
zero. Thus one expects that for generic matter data there is a
singularity at R2 ¼ Nℏ

24π.
Thus the “initial point” of the Vaidya singularity of

the classical theory moves “downwards” along the initial
matter infall line xþ ¼ xþi away from the axis where R ¼ 0

to R ¼
ffiffiffiffiffiffi
Nℏ
24π

q

(see Fig. 2).

D. Outer marginally trapped surfaces

One possible quasilocal characterization of a black hole
is the existence of outer marginally trapped surfaces
(OMTSs) [18,22]. In this section we analyze the behavior
of spherically symmetric OMTSs in the context of the
system studied in this work. To this end, fix an R ¼
constant 2-sphere. Let the expansions θþ and θ− denote the
expansions of outward and inward future pointing radial
null congruences at this sphere. The sphere is defined to be
an OMTS if θþ ¼ 0; θ− < 0. A straightforward calculation
yields

θ� ¼ 2e−2ρ
∂�R
R

: ð4:13Þ

Since the physical spacetimes considered in this work are
flat near the axis, such OMTSs can only form in these
solutions away from the axis where R > 0. Hence (assum-
ing we are away from singularities), the conditions for an
OMTS to form are

∂þR ¼ 0 ð4:14Þ
∂−R < 0: ð4:15Þ

While an OMTS is a quasilocal characterization of a black
hole at an “instant of time” and hence a 2-sphere, the
quasilocal analog of the 3D event horizon is a 1 parameter
family of OMTSs which form a tube which we call an outer
marginally trapped tube (OMTT). The shape of a spheri-
cally symmetric OMTT (i.e. a tube foliated by spherically
symmetric OMTSs) can be studied as follows. Since (4.14)
holds, the normal na to the OMTT is

ðnþ; n−Þ ¼ ð∂2þR; ∂−∂þRÞ

¼
�

−4πRhTþþi;−
Re2ρ

4ðR2 − ℏN
24πÞ

�

ð4:16Þ

⇒ nana ¼ −4e−2ρ4πRhTþþi
Re2ρ

4ðR2 − ℏN
24πÞ

ð4:17Þ

where we have used the “þþ” equation in (4.10) with
(4.14) to calculate nþ and (4.12) with (4.14) to compute n−
in (4.16). From (4.17), nana is timelike, spacelike or null if
hTþþi is, respectively positive, negative or vanishing so
that OMTT is, respectively, spacelike, timelike or null.
Following [23], we coordinatize the trajectory of the

spherically symmetric OMTT by xþ and study how x−

changes with xþ along this trajectory. Since ∂þR vanishes
along this trajectory we have that

d∂þR
dxþ

¼ ∂
2þRþ dx−

dxþ
∂−∂þR ¼ 0 ⇒

dx−

dxþ
¼ −

∂
2þR

∂−∂þR

¼ −
�

16πe−2ρ
�

R2 −
ℏN
24π

��

hTþþi ð4:18Þ

FIG. 2. The figure depicts the proposed semiclassical spacetime
solution. Towards the left of the initial matter infall line, the
spacetime is flat. The singularity, depicted by a wavy line, starts
along this infall line and is located away from the axis at

R ¼
ffiffiffiffiffi
Nℏ
24

q

. A spacelike outer marginally trapped tube (i.e. space-

like dynamical horizon) horizon is born at the left end of the
singularity and grows as long as the classical stress energy
dominates the quantum contribution. Once the backreaction
dominates the effect of the classical matter stress energy, the
spacelike dynamical horizon becomes timelike i.e. it turns
upwards into a timelike marginally trapped tube which meets
the singularity. A Cauchy horizon forms along the last rays which
originate at this meeting point and travel to Iþ. There is also a
Cauchy horizon between the left end of the singularity and
the axis.
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where we have used (4.16). Equation (4.18) leads us to the
same correlation between positivity properties of the stress
energy and the spacelike, timelike or null nature of the
OMTT as above.
Next, note that on the OMTT:

dR
dxþ

¼ ∂þRþ dx−

dxþ
∂−R ¼

�

16πe−2ρ
�

R2 −
ℏN
24π

��

× ð−∂−RÞhTþþi ð4:19Þ

where we have used (4.14) together with (4.18). From
(4.15) it follows that R (and hence the area of the OMTS
cross section of the OMTT) increases, decreases or is
unchanged if, respectively, hTþþi is positive, negative
or null.
The above set of results correspond to those of [18]

restricted to the simple spherically symmetric setting of our
work.6 Let us apply them to the following physical
scenario. For a large black hole, we expect a low
Hawking temperature and low rate of thermal emission.
As we shall see in Sec. V, the Hawking emission in a QFT
in CS calculation goes as NℏM−2 at Iþ. Consequently, for
our purposes here the condition M2 ≫ Nℏ characterizes a
“large” black hole.7

Let us assume that the collapse lasts for a small duration
(i.e. xþf − xþi ≪ GM) during which classical infall domi-
nates quantum backreaction at large R (including at
R ∼M). Once the collapse is over, we expect the black
hole to start radiating slowly. We can estimate the local rate
of mass loss due to this radiation by assuming the geometry
at this epoch is well approximated by the classical Vaidya
geometry. More precisely, let us assume that the quantum
radiation starts along the line xþ ¼ xþf at the 2-sphere at
which the event horizon R ¼ 2M intersects this line. Since
this 2-sphere is an OMTS in the Vaidya spacetime, within
our approximation we may apply (4.19) to estimate the rate
of change of area of this OMTS with the right-hand side
calculated using the Vaidya geometry:

dR
dxþ

¼
�

16πe−2ρ
�

R2 −
ℏN
24π

��

ð−∂−RÞhTþþi ð4:20Þ

≈ ð−2∂−Re−2ρÞR28πhTþþi ð4:21Þ

≈ −
Nℏ
12π

ðð∂�ρÞ2 − ∂
2
�ρÞ ð4:22Þ

where in the second line we used the large black hole
approximation ðM2 ≫ Nℏ) and in the third we used the
property (3.24) of the Vaidya spacetime together with
Eq. (4.10). Using (3.28) with R ¼ 2M, we have ∂þρ ¼
1
8M and, using (3.28) together with (3.16) we have
ð∂þÞ2ρ ¼ 0. Putting this in (4.22) and setting R ¼ 2M
on the left-hand side, we obtain

dM
dxþ

≈ −
Nℏ
24π

1

64M2
: ð4:23Þ

Remarkably this agrees with the rate of mass loss obtained
at Iþ [see (5.19) of Sec. V]. This agreement of quasilocal
mass loss with that at Iþ for large black holes also seems to
happen for the case of CGHS black holes [23]. While this
agreement is expected on physical grounds, we do not have
a deeper technical understanding for this agreement; for
example, a proof of agreement based on stress energy
conservation together with the large black hole approxi-
mation would constitute such an understanding.

E. The semiclassical spacetime solution: Folding
in results from prior numerics

While the semiclassical equations do not seem amenable
to analytical solution, the particular semiclassical solution
of interest with flat geometry in a finite region around the
symmetry axis is amenable to numerical solution along the
lines reviewed in Sec. IV C. While we advocate a careful
numerical study along the lines of [6], there are two prior
numerical works by Lowe [7] and by Parentani and Piran
[9] which are of relevance. While these beautiful works are
not cognizant of key aspects of the coherent picture
developed in this work, the semiclassical equations they
solve are practically the same as those in this work and they
provide a key complementary resource to our work here.
The work by Lowe [7] uses exactly the same action (3.5)

(modulo some overall numerical factors) and hence obtains
the same semiclassical equations (modulo some numerical
factors). Since the importance of the axis and the axis
reflecting boundary conditions for the matter field is not
realized, the state dependent functions t�ðx�Þ (see the end
of Sec. IVA) are not prespecified but chosen in accord with
the physical situation which is modeled. The “classical”
component of matter is chosen to be a shock wave with a
Dirac delta stress energy along this infall line [from our
point of view the Dirac delta function ensures that the
prompt collapse condition (2.10) is satisfied]. Along the

infall line the data for R, ρ is chosen as R ¼ xþi −x
−

2
; ρ ¼ 0.

Initial conditions at I− beyond the point of matter infall are
specified which correspond to the asymptotic behavior of
the Schwarzschild solution. These suffice for well-defined
numerical evolution as described in Sec. IV C.

6We note here that the notion of an OMTT corresponds to that
of a trapping dynamical horizon. The notions of trapping and
antitrapping dynamical horizons are described in [19] and
constitute a refinement for semiclassical purposes of the notion
of dynamical horizons introduced in [18], the latter notion being
adapted for anticipated applications in classical (numerical)
gravity.

7Restoring factors of G, this condition reads, in units in which
c ¼ 1, as ðGMÞ2 ≫ NℏG.
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One difference with our work here is that these con-
ditions by virtue of the presence of logarithmic terms in
metric falloffs at I− [7] do not agree with the conditions
(2.6). We believe, contrary to the implicit assertion in
Ref. [7], that a continuation of the data of [7] on xþ ¼ xþi to

flat spacetime data R ¼ xþ−x−
2
, ρ ¼ 0 for xþ < xþi , is in

contradiction with the behavior of the Vaidya solution near
I−. While it would be good to clarify whether such a
continuation is consistent with the Einstein equations near
I−, this is beyond the scope of our paper. Notwithstanding
this, we shall assume that the physics which emerges from
the numerical results of [7] is robust enough that it applies
to the system studied in this work.
Lowe [7] notes the existence of a spacelike semiclassical

singularity and the emanation of an OMTT at the infall
line.8 Since the classical matter is a shock wave with no
extended support, quantum backreaction starts immediately
and the OMTT is timelike. The OMTT and the singularity
meet away from Iþ in the interior of the spacetime. The
outgoing future pointing radial null rays starting at this
intersection form a Cauchy horizon. There is no evidence of
a “thunderbolt” along this “last” set of null rays to Iþ. This
“outer” Cauchy horizon is in addition to the “inner”
Cauchy horizon which forms along the infall line beyond
R2 ¼ ℏN

24
.

Parentani and Piran [9] define the semiclassical equa-
tions without recourse to action based arguments by
positing the stress energy tensor to be the sum of a classical
part and a quantum back reaction part. The former is
posited to be of the null dust type infall appropriate to
Vaidya. The profile of the dust is chosen to be a Gaussian
but in the numerics we are unable to discern if its tail is cut
off and if so whether, effectively, the prompt collapse
condition (2.10) is satisfied. While the work explicitly
recognizes the existence of an axis, its import for the
reflecting boundary conditions in the quantization of the
scalar field (see Sec. IVA) is not recognized. The fact that
the classical solution is Vaidya and that for a Gaussian
profile which is not one of prompt collapse, the classical
singularity structure is complicated and [10] is not appre-
ciated.9 The quantum contribution to the stress tensor is
chosen to be of exactly the form in (4.9) and (4.10) without
the realization that it could arise naturally through quan-
tization of an appropriately chosen classical scalar field as
shown in this work.

The solution chosen is, by virtue of ignoring the tail
contributions of the Gaussian, in practice flat in a finite
neighborhood of the axis so that the dynamical and
constraint equations and setup for numerical evolution
are exactly the same as Lowe. Since the setup is numerical,
initial conditions are at large but finite x− ¼ x−I rather than
at I−. A coordinate choice of xþ which agrees with ours for
xþ < xþi but differs from ours elsewhere is made. This
choice depends on x−I and as x−I → −∞ approaches ours.
We shall assume that the basic physics is robust with regard
to the difference in these choices.
Parentani and Piran note the existence of a spacelike

semiclassical singularity at R2 ¼ ℏN
24

and a OMTTwhich is
spacelike as long as classical matter infall dominates
after which it turns timelike and meets the singularity
away from Iþ. Similar to [7] a Cauchy horizon then forms.
Interestingly, the quantum flux at Iþ starts out as thermal
flux at temperature inversely proportional to the initial
mass, its mass dependence being ∼M−2 as expected.
However at late stages of evaporation, near the intersection
of Iþ with the Cauchy horizon, where the Bondi mass gets
small, the flux turns around to a less divergent function of
this small mass. We take this as evidence for lack of a
thunderbolt.
Putting together (i) the analytical work of Secs. IV C and

IV D, (ii) the physical intuition that the initial part of
spacetime is dominated by classical collapse followed by
quantum radiation and (iii) the beautiful numerical work of
Refs. [7,9], we propose the Penrose diagram in Fig. 2 as a
description of the semiclassical spacetime geometry.

V. A BALANCE LAW AT I +

In this section we show that the semiclassical equations
at Iþ imply a balance law which relates the rate of decrease
of a backreaction-corrected Bondi mass to a manifestly
positive backreaction-corrected Bondi flux at Iþ. The
derivation of the balance law rests on two physically
reasonable assumptions which we detail in the next para-
graph. These assumptions together with the semiclassical
equations relate the rate of change of Bondi mass to the
stress energy expectation value at Iþ. The stress energy
expectation value is not manifestly positive. However,
following identical considerations in the analysis of the
evaporation of 2D dilatonic black holes in Ref. [3], a
backreaction-corrected and manifestly positive Bondi flux
can be identified which drives the rate of decrease of a
backreaction-corrected Bondi mass. We proceed to the
detailed derivation.
We make two assumptions regarding the asymptotic

behavior of the metric at Iþ:
(A1) We expect that at early times at Iþ backreaction

effects have not built up and that the classical
ingoing Vaidya solution discussed in Sec. III is a
good approximation to the spacetime geometry.

8Following the approach of Ref. [23], we have integrated the
evolution equation (4.12) just beyond the infall line of a shock
wave, used junction conditions consistent with our asymptotic
behavior (2.6), and verified the existence of the semiclassical
singularity at R2 ¼ ℏN

24
and the emanation of an OMTT on the

infall line when R2 ¼ 4M2 þ ℏN
24
.

9This brings up the extremely interesting question: do back-
reaction effects cause the complicated (locally/globally) naked
singularity structure of the classical solution for nonprompt
collapse to simplify?
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(A2) We expect that eventually backreaction effects build
up and produce a nontrivial stress energy flux at Iþ.
Since the system is spherical symmetric we assume
that this situation can be modeled by an outgoing
Vaidya metric all along Iþ. Thus the metric near Iþ
is assumed to take the form:

ð2Þds2¼−
�

1−
2mBðūÞ

R

�

ðdūÞ2−2dūdRþO

�
1

R2

�

:

ð5:1Þ

Here R → ∞, ū is an Eddington-Finkelstein null
coordinate and the subscript B on the outgoing mass
indicates that this mass is the Bondi mass.

From (A1), at early times, Iþ is located at xþ ¼ ∞.
Since Iþ is null, we shall assume that at all times, it is
located at xþ ¼ ∞. Since ū is an outgoing null coordinate,
the 2-metric (5.1) near Iþ can be expressed in conformally
flat form in the coordinates xþ; ū as

ð2Þds2 ¼ −e2ρ̄dxþdū: ð5:2Þ

Similar to (3.28), to leading order in 1
R, it follows that

∂

∂ū
ρ̄ðxþ;ūÞ¼O

�
1

R2

�
∂
2

∂ū2
ρ̄ðxþ;ūÞ¼O

�
1

R2

�

: ð5:3Þ

Since ū; x− are both outgoing null coordinates, the
coordinate ū is a function only of x− and not xþ. Using
this fact together with the “−−” constraint (4.10), the
asymptotic form (5.2) and the behavior of the conformal
factor (5.3), it is straightforward to show that at Iþ in the
limit R → ∞:

−
1

2
R2Gū ū ¼

dmB

dū
ð5:4Þ

¼ −4πR2hT̂ū ūi ð5:5Þ

¼ −
1

2
ð∂ūfÞ2 þ

Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

−
ū000

ū0

�

ð5:6Þ

where each “ 0” superscript signifies a derivative with respect
to x− so that, for e.g. ū0 ≔ dū

dx−. Thus we have derived a
balance law relating the change of Bondi mass (with respect
to the asymptotic translation in ū along Iþ) to the energy
flux at Iþ:

dmB

dū
¼ −

1

2
ð∂ūfÞ2 þ

Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

−
ū000

ū0

�

≔ −F :

ð5:7Þ

The energy fluxF has a classical partF classical corresponding
to the first term on the right-hand side of (5.7) and a quantum

backreaction part F quantum corresponding to the rest of the
right hand side of (5.7)10:

F ¼ F classical þ F quantum ð5:8Þ

F classical ¼ 1

2
ð∂ūfÞ2 ð5:9Þ

F quantum ¼ −
Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

þ ū000

ū0

�

: ð5:10Þ

While the classical piece is explicitly positive definite, this
property does not hold for the quantum piece. However,
following [3], we can rewrite this quantum part as

F quantum ¼ −
Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

−
ū000

ū0

�

ð5:11Þ

¼
�
d
dū

Nℏ
48π

�
ū00

ðū0Þ2
��

þ Nℏ
96π

ðū00Þ2
ðū0Þ4 : ð5:12Þ

Using (5.12) we may rewrite (5.7) as

d
dū

�

mBþ
Nℏ
48π

�
ū00

ðū0Þ2
��

¼−
1

2
ð∂ūfÞ2−

Nℏ
96π

ðū00Þ2
ðū0Þ4 : ð5:13Þ

The right-hand side of (5.13) is now explicitly negative
definite. Equation (5.13) suggests that we identify the term in
square brackets on its left-hand side as a backreaction-
corrected Bondi mass mB;corrected,

mB;corrected ≔ mB þ Nℏ
48π

ū00

ðū0Þ2 ; ð5:14Þ

which decreases in response to the outgoing positive definite
backreaction-corrected flux F corrected received at Iþ:

F corrected ≔
1

2
ð∂ūfÞ2 þ

Nℏ
96π

ðū00Þ2
ðū0Þ4 : ð5:15Þ

The form of the backreaction-corrected balance law (5.13)
suggests that black hole evaporation ceases when the
corrected Bondi mass mB;corrected (5.14) is exhausted, at
which point the corrected fluxF corrected (5.15) also vanishes.
For F corrected to vanish both its classical and quantum
contributions must vanish separately since both are positive
definite. In particular the quantum contribution F quantum

corrected
must vanish so that

10Both these contributions arise from the stress energy expect-
ation value and hence are, ultimately, quantum in origin. The first
term on the right-hand side of (5.7) arises by virtue of our choice
of initial state as a coherent state patterned on classical data f and
depends exclusively on f with no dependence on ℏ, whereas the
rest of the expression has an explicit ℏ dependence hence the
choice of nomenclature.
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F quantum
corrected ≔

Nℏ
96π

ðū00Þ2
ðū0Þ4 ¼ 0: ð5:16Þ

Assuming that this happens smoothly, it must be the case
that

ū00 ¼ 0 ð5:17Þ

which implies that ū is a linear function of x−:

ū ¼ ax− þ b ð5:18Þ

for some constants a, b. Since ū is a future pointing null
coordinate, we have that ū0 > 0 and hence, a > 0. This
implies that as ū → ∞, x− → ∞which means that Iþ of the
physical spacetime is “as long” as that of the fiducial
Minkowski spacetime. Note that in contrast the Iþ of
Vaidya ends at x− ¼ x−H where x−H is the (finite) value of
x− at the horizon. In this senseIþ of the physical spacetime is
“quantum” extended beyond its classical counterpart. This is
the main conclusion of this section. We discuss its possible
implications in the next section where we also discuss the
origin of the classical contribution to F .
Before doing so, we note that it is possible to calculate

the flux F (5.8) at Iþ of the Vaidya spacetime with ρ
corresponding to that of the Vaidya solution. Recall from
Sec. III that in the Vaidya solution the outgoing classical
flux is absent. As shown in Appendix C, the quantum flux
F quantum evaluates at late times on Iþ of the Vaidya
spacetime to

F quantum ¼ Nℏ
24π

�
1

64M2

�

: ð5:19Þ

We can also calculate the corrected quantum flux F quantum
corrected

F quantum
corrected ≔

Nℏ
96π

ðū00Þ2
ðū0Þ4 ð5:20Þ

and as shown in Appendix C this agrees with F quantum at
late times i.e. at late times on Iþ,

F quantum
corrected ¼ F quantum ¼ Nℏ

24π

�
1

64M2

�

: ð5:21Þ

Equation (5.21) corresponds to the thermal Hawking flux
measured at Iþ in the quantum field theory on curved
spacetime approximation.

VI. SPECULATIONS ON THE DEEP QUANTUM
BEHAVIOR OF THE SYSTEM

We propose that the true degrees of freedom of the
system (3.5) are those of the scalar field and that the
gravitational degrees of freedom can be solved for in terms
of specified matter data (classically) or when the quantum

state of matter is specified (semiclassically and at the deep
quantum gravity level). This proposal is supported by the
fact that in the classical theory if we set the matter field to
vanish, flat spacetime is the unique classical solution to
Eqs. (3.7)–(3.9) subject to asymptotic flatness at past null
infinity (2.6) as well as the condition that the axis of
symmetry exists and is located at (2.5).11 Clearly, the
proposal would be on a firmer footing if for the classical
and semiclassical equations, we could prescribe precise
boundary conditions on the geometry variables ρ, R at the
axis together with the initial conditions (2.6) such that a
specification of matter data at I− subject to reflecting
boundary conditions at the axis (as discussed in Sec. II B),
results in a unique solution. While a complete treatment is
beyond the scope of this paper, in anticipation of future
work towards such a treatment, we initiate an analysis of
possible boundary conditions at the axis in Appendix A and
comment on the complications which arise due to its
timelike nature.
Notwithstanding the remarks above, let us go ahead and

assume that the true degrees of freedom at the classical level
are those of the classical scalar field data at I− and that,
correspondingly, the true quantum degrees of freedom of
the gravity-matter system are those of the quantum scalar
field. This implies that the Hilbert space for the quantum
gravity-matter system is the Fock space HFock constructed
in Sec. IVA and that the natural arena for these degrees of
freedom is the Minkowkskian half plane x ≥ 0. This
assumption is supported by the considerations of Sec. V
wherein we argued that the physical Iþ was as long as the
fiducial Minkowskian Iþ.
More in detail the starting point for this argument in Sec.V

is an assumed validity of the semiclassical equations at Iþ.
These equations via the arguments of [21] relate the Einstein
tensor of the expectation value of the metric to the expect-
ation value of the stress energy tensor and are assumed to
hold when the quantum fluctuations of the geometry are
negligible. Hence, while the semiclassical equations are not
expected to hold near the singularity where geometry
fluctuations are expected to be significant, it seems reason-
able to assume that they do hold near Iþ. If they do hold near
Iþ (assuming, of course that the expectation value geometry
is asymptotically flat), then the reasonable assumptions of
Sec. V lead to the conclusion of a quantum extended Iþ

which is as long as the fiducial Minkowskian Iþ; this
conclusion is supportive of the idea that the correct physical
arena is the half Minkowskian plane.
Note also that the proposed true degrees of freedom,

namely those of the quantum scalar field, propagate on the
fiducial flat spacetime by virtue of their 2D conformal
coupling. Hence these degrees of freedom admit well-
defined propagation through the semiclassically singular

11We have checked this explicitly. The result may be inter-
preted as an implementation of Birkhoff’s theorem.
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region. The infalling quantum scalar field is reflected off
the axis transmuting thereby to the outgoing scalar field
which registers on the quantum extension of Iþ. This is the
origin of the classical contribution (5.9) to the asymptotic
flux of Sec. V.
Since quantum evolution of the true (matter) degrees of

freedom of the system is well defined even at classically or
semiclassically singular regions, one might hope that it is
possible to define the action of operator correspondents of
gravitational variables in these regions as well. In this sense
one may hope that the deep quantum theory resolves the
singularities of the classical/semiclassical theory.
From the above, admittedly speculative, discussion we

are lead to the spacetime picture depicted in Fig. 3. This
picture is reminiscent of the Ashtekar-Bojowald paradigm
[5] and of that discussed in [19] wherein gravitational
singularities are assumed to be resolved by quantum gravity
effects, the classical spacetime admits a quantum extension
and quantum correlations with earlier thermal Hawking
radiation emerge in this quantum extension. Since, in the
spacetime picture of Fig. 3 the quantum extended space-
time arena is exactly the Minkowskian half plane, we do
expect the quantum state at its Iþ to be pure. However it is
not clear if the state lies in the same Hilbert space HFock as
the initial coherent state on I−.
Preliminary calculations suggest that if ūðx−Þ is suffi-

ciently smooth and approaches x− as x− → �∞ sufficiently

fast the relevant Bogoliubov transformation between freely
falling modes at I− and Iþ suffers from no ultraviolet
divergences. There seem, however, to be infrared diver-
gences. Infrared divergences are typical of massless field
theory in 1þ 1 dimensions and require a more careful
treatment [24]. As indicated in [25], it is possible that such
a treatment may lead to the conclusion that it is only
ultraviolet divergences which are an obstruction to the
unitary implementability of the Bogoliubov transformation.
If so, we would expect that under the above conditions on
ū, not only is the quantum state on Iþ pure, it is also in the
same Hilbert spaceHFock as the initial coherent state on I−.
Note that if a ¼ 1 in (5.18), then provided ūðx−Þ is
sufficiently smooth and approaches x− as x− → −∞
sufficiently fast, the above discussion applies. For the case
a ≠ 1 we are unable to make any statement and we leave
this case (as well as a confirmation of our preliminary
calculations for the a ¼ 1 case) for future work. If the state
at Iþ is not inHFock, we may still interpret it as an algebraic
(and presumably pure) state from the perspective of the
algebraic approach to quantum field theory [26].

VII. DISCUSSION

We start with (affirmative) answers to the questions
posed in Sec. I:
(a) Is there an analytically solvable set of equations with

physically appropriate boundary conditions derivable
from a classical action which describe general rela-
tivistic collapse of matter to a black hole together with
a clear understanding of the corresponding semiclass-
ical equations, given an initial quantum state of matter
which mirrors the classical collapse data? The action
of Sec. III together with boundary conditions and
initial conditions of Sec. II appropriate to the topology
of a collapse spacetime result in the classical Vaidya
solution of Sec. III. The incorporation of axis (reflect-
ing) boundary conditions for the quantummatter field in
Sec. IVA in conjunction with the specification of the
initial state as a coherent state as in Appendix B fixes
the state dependent functions t�ðx�Þ (see Sec. IVA) to
vanish and reproduces the classical initial data for the
matter in expectation value thus providing an affirma-
tive answer to (a). Also note that in the system
considered in this work the degrees of freedom
responsible for collapse are the very same ones
underlying the Hawking radiation thus allowing for
a precise formulation of the Hawking information loss
problem.

(b) Do semiclassical effects drastically alter Hawking’s
proposed spacetime Penrose diagram describing
information loss in the context of black hole evapo-
ration?
The discussion in Secs. IV C–IV E already shows

that semiclassical effects alter Hawking’s picture to
that depicted in Fig. 2.

FIG. 3. The figure depicts the quantum extended spacetime
manifold which coincides with the half Minkowskian plane. The
oval striped region indicates the semiclassically singular region
which is resolved at the deep quantum level. In this part of the
manifold, spacetime geometry fluctuations are large and there is
no clear notion of causality. A vast region of spacetime opens up
beyond this hitherto singular region. The classical matter field,
depicted by unbroken lines, passes through this region, is
reflected off the axis and arrives at the extend Iþ. The arrows
correspond to outgoing quantum stress energy.
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(c) Is semiclassical analysis supportive of the Ashtekar-
Bojowald paradigm?
The asymptotic analysis of Sec. Vis supportive of the

existence of a quantum extension of future null infinity
and hence of the Ashtekar-Bojowald paradigm.

Next, we proceed to comments of a detailed nature which
touch on issues for future work. In light of the discussion of
Sec. VI, we expect that the state at (the quantum extended)
Iþ is pure. We expect that at early times, the state at Iþ is a
mixed state of slowly increasing Hawking temperature.
Hence it is of interest to understand how this state is
purified to one on extended Iþ. Directly relevant tools to
explore this question have been developed in the recent
beautiful work of Agullo, Calizaya-Cabrera and Elizaga-
Navascues [27]. Envisaged work consists in a putative
application of their work to the context of the system
studied in this paper. Another question of physical interest
concerns the classically/semiclassically singular region.
While the quantum fluctuations of geometry are expected
to be large in this region, it might still be possible to
describe the expectation value geometry through an effec-
tive metric. In this regard, the setting for the arguments of
[28] seem to be satisfied so that it might be possible to
argue that the semiclassical singularity is mild in the sense
that the conformal factor is continuous at this singularity. It
might then be possible to continue it past the singularity
along the lines of [28] and compare the resulting geometry
to existing proposals in the literature such as [16,19,29,30].
It would also be of interest to understand the semi-

classical solution numerically, especially with regard to the
behavior of the spacetime geometry and stress energy along
the last set of rays from the intersection of the marginally
trapped tube and the singularity to Iþ. In the closely related
semiclassical theory of the 2D CGHS model, there is a last
ray from exactly such an intersection and extremely
interesting universality in quantities such as the back-
reaction-corrected Bondi mass and Bondi flux (scaled
down by N) at the last ray [6]. This universality holds if
the black hole formed by collapse is sufficiently large in a
precisely defined sense. An investigation of physics and
possible universality along the last set of rays in the system
studied in this work is even more interesting given that, in
contrast to the CGHS case in which the Hawking temper-
ature is independent of mass, the Hawking temperature
here has the standard inverse mass dependence. As far as
we can discern, the black holes studied by Parentani and
Piran [9] are microscopic; it would be exciting if the turn
over to less singular behavior in the flux near the last rays
seen by them holds also for initially large black holes.
We end on a brief technical note related to the residual

choice of conformal coordinates discussed in Sec. II. Recall
that this choice was that of identical translations in x� i.e.
x�new → x� þ c. Clearly, this choice is a special case of
Poincaré transformations in x� and does not affect the
identification of the vacuum state at I−. This, in turn,

implies that the form of the semiclassical equations remain
unchanged. The reader may verify that the asymptotic
analysis of Sec. V is also unchanged because Iþ is still
located at positive infinity of the new “þ” coordinate and
the subsequent analysis only depends on derivatives with
respect to the new conformal coordinates, these derivatives

being unchanged by virtue of dx
�
new

dx� ¼ 1. Hence as claimed in
Sec. II, the physics is independent of this translational
ambiguity in the choice of conformal coordinates.
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APPENDIX A: COMMENTS ON AXIS
BOUNDARY CONDITIONS

Note that the geometry in the vicinity of the axis is, by
definition of the axis, nonsingular. As shown in the next
section, A 1, the requirement of nonsingularity at the axis is
quite powerful and constrains the behavior of ρ, R at the
axis as follows:

R ¼ 0 ∂xR ¼ eρ ∂xρ ¼ 0 ðA1Þ

∂
2
xR ¼ 0: ðA2Þ

In order to obtain these results we assume, in addition to the
requirement of nonsingular geometry near the axis, that x�
is a good coordinate system for the 2 geometry defined by
ð2Þg. Specifically we assume that
(a) The coordinate vector fields ð ∂

∂x�Þa are well behaved
everywhere and in particular near and at the axis.

(b) The conformal factor e2ρ is finite and nonvanishing
(c) In the timelike distant past (i.e. as t → −∞), the metric

is flat with ρ → 0, R → x.
In Sec. A 1 we interpret the requirement of nonsingular

axial geometry as the finiteness of ð4ÞR; ð2ÞR and Gabvawb

(for all well-behaved vector fields v, w). It is possible that
additional conditions are implied by a similar requirement
of finiteness of the Weyl tensor. We leave the relevant
analysis for future work.
Due to the timelike nature of the axis, we are not sure if

the entire set of conditions (A1) and (A2) can be
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consistently imposed. More in detail, from the point of
view of well posedness, we have a system of 2nd order
differential equations subject to initial conditions at I−

which is a null boundary, as well boundary conditions at the
axis at x ¼ 0, which is a timelike boundary. Issues related to
existence and uniqueness of solutions to such a “mixed”
boundary value problem are beyond our expertise and we
lack clarity on a number of points. Since the dynamical
equations (3.7)–(3.9) are just the Einstein equations in
spherical symmetry, the Bianchi identities imply that not all
components of these equations are independent. It is not
clear to us which of these equations we should consider as
constraints and which as “evolution” equations. It is also
not clear if the conditions (A1), (A2) over-constrain the
system and need to be relaxed or if certain ones should be
dropped and augmented differently. Since we are concerned
with 4D spacetime geometry, it is not clear if we should
demand axis finiteness of the 2D scalar curvature as above
or if this (or different conditions) would result from a
demand of finiteness of other 4D curvature invariants/
components such as those constructed from the Weyl
tensor.
Instead of explicitly demanding axis finiteness of various

physical quantities as in Sec. A 1 below, one may, instead,
adopt a purely differential equation based point of view in
which one specifies data f, ρ, R which satisfy the “−−”
constraint (3.9) [or (4.10)] at I−, as well as data for ρ, R at
the axis x ¼ 0 such that in the region between the axis and
I− where the dynamical equations are well defined, a
unique solution results. This is a weaker requirement than
the axial nonsingularity as interpreted above. A preliminary
analysis of the equations suggests that imposition of the
conditions R ¼ 0, ∂xρ ¼ 0 at x ¼ 0 for all t may suffice.
We leave a detailed analysis and possible confirmation to
future work. Note that if indeed these are the correct
conditions, the classical and semiclassical solutions we
have constructed in Sec. III and proposed in Sec. IV are
unique given the initial data f subject to (2.6), (2.10).

1. Derivation of (A1) and (A2) from assumptions (a)–(c)
In what follows we refer to assumptions (a)–(c) above as

A(a)–A(c). We interpret the requirement that geometry be
nonsingular at the axis to mean that the 4D scalar curvature
ð4ÞR, the 2D scalar curvature ð2ÞR, and Gabvawb for all
well-behaved vector fields va, wb are finite in a small
enough neighborhood of every point on the axis. A(a) then
implies that the � components of the 4D Einstein tensor
Gab at the axis are finite. In addition, note that the angular
killing fields can be rescaled by factors of R−1 so as to
render them of unit norm. These unit norm vector fields,
denoted here by Ω̂a can be taken to correspond to well-
defined unit vector fields at the axis so that GΩ̂ Ω̂ ≔
GabΩ̂aΩ̂b is also finite [as an example choose Ω̂a ¼
R−1ð ∂

∂θÞa at θ ¼ 0 with ϕ; θ being the standard polar

coordinates on the unit sphere; in Cartesian coordinates
ðX; Y; ZÞ with X2 þ Y2 þ Z2 ¼ R2, this corresponds to the
unit vector in the “Z” direction and clearly admits a well-
defined limit at the axis].
To summarize: We have that Rðt; x ¼ 0Þ ¼ 0 so that all

derivatives of R with respect to t vanish at the axis i.e.

�
d
dt

�
m
Rjx¼0;t ¼ 0 ∀ m ¼ 1; 2; 3::; ðA3Þ

and further that ð4ÞR; ð2ÞR; GΩ̂ Ω̂; G�� and Gþ− are finite at
the axis.
Straightforward computation yields

ð4ÞR ¼ 1

R2
ð2þ 8e−2ρ∂−R∂þRÞ −

1

R
ð16∂þ∂−RÞ þ ð2ÞR;

ðA4Þ

GΩ̂ Ω̂ ¼ −
ð2ÞR
2

− 4e−2ρ
1

R
ð∂þ∂−RÞ ðA5Þ

G�� ¼ −
2

R
ð∂2�R − 2∂�ρ∂�RÞ: ðA6Þ

Finiteness of GΩ̂ Ω̂;
ð2ÞR at the axis together with A(b),

Eqs. (A5) and (A3) implies that at the axis

R−1
∂þ∂−R ¼ finite ⇒ ∂þ∂−R ¼ −ð∂xÞ2R ¼ 0: ðA7Þ

This together with axis finiteness of ð4ÞR; ð2ÞR implies that

ð2þ 8e−2ρ∂−R∂þRÞ ¼ 0 ⇒ ð∂xRÞ2 ¼ e2ρ ðA8Þ

A(b) together with (A6), the axis finiteness of G��, (A3),
(A8) imply the finiteness of ∂2�R. Equations (A3) and (A7)
then imply finiteness of ∂t∂xR at the axis. This implies that
∂xR is continuous along the axis so that from (A8) we have
that at the axis

∂xR ¼ eρ ðA9Þ

where we have used assumption A(c) that in the distant
past the 4-metric is almost flat so that R ∼ x, ρ ∼ 0.
Equation (A9) together with (A6), the axis finiteness of
G��, (A3) and (A7) imply that:

∂t∂xR ¼ 2∂þeρ ¼ 2∂−eρ ðA10Þ

which implies that

ð∂þ − ∂−Þρ ¼ 0 ⇒ ∂xρ ¼ 0: ðA11Þ
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APPENDIX B: COHERENT STATES FOR
PROMPT COLLAPSE

From (3.12), (3.14) and the fact that fþ is of compact
support in xþ, it follows that at I−:

fðxþ; x− ¼ −∞Þ ¼ fðþÞðxþÞ ¼
Z

∞

−∞
dkf̃ðþÞðkÞ

e−ikx
þ

ffiffiffiffiffiffi

2π
p :

ðB1Þ

Reality of fðþÞðxþÞ implies that f̃ðþÞðkÞ ¼ f̃ðþÞð−kÞ. Since
fðþÞðxþÞ is continuous and of compact support, it is
absolutely integrable. Hence its Fourier transform
f̃ðþÞðkÞ exists and is continuous [31]. Let us further restrict
attention to fðþÞðxþÞwhich is of bounded variation (i.e. it is
expressible as the difference of two bounded, monotonic
increasing functions). For such functions the Fourier trans-
form is invertible [31] and we can reconstruct fðþÞðxþÞ
from (B1) with

f̃ðþÞðkÞ ¼
Z

∞

−∞
dkfðþÞðxÞ

eþikxþ

ffiffiffiffiffiffi

2π
p : ðB2Þ

Defining

cðkÞ ¼
ffiffiffiffiffi

2k
p

f̃ðþÞðkÞ k ≥ 0; ðB3Þ

we define the coherent state jfi patterned on the function f
through:

âðkÞjfi ¼ cðkÞjfi: ðB4Þ

We note here that

lim
xþ→ðxþi Þþ

mðxþÞ
xþ − xþi

¼ lim
xþ→ðxþi Þþ

mðxþÞ − 0

xþ − xþi
ðB5Þ

¼ lim
xþ→ðxþi Þþ

dmðxþÞ
dxþ

ðB6Þ

¼ 1

2
lim

xþ→ðxþi Þþ
ð∂þfðxþ; x−ÞÞ2 ðB7Þ

where in last line we used (2.9). Condition (2.10) together
with (3.12) then implies that

lim
xþ→ðxþi Þþ

∂þfðþÞðxþÞ > � 1

2
ffiffiffi

2
p ðB8Þ

which indicates a discontinuity in this first derivative at
xþ ¼ xþi from zero to a nonzero value in accordance with
the inequality. It is evident that there is a rich family of
functions fðþÞ of this type which are also continuous
functions of compact support and bounded variation.

APPENDIX C: CALCULATION OF HAWKING
FLUX FOR VAIDYA SPACETIME

The Vaidya line element is given by (3.15). As seen in
Sec. III, the coordinate v is identical with the coordinate xþ.
However for easy comparison with (3.15), in this section
we will use the notation v instead of xþ.
At Iþ, v; R → ∞. The collapsing matter is compactly

supported at I−. Let its support be between v ¼ vi and
v ¼ vf. For v > vf the spacetime (3.15) is Schwarzschild
with v being the ingoing Eddington-Finkelstein coordinate
andmðvÞ equal to the Arnowitt-Deser-Misner (ADM)Mass
M. It follows that with

ū ≔ v − 2R�; ðC1Þ

with R� the tortoise coordinate

R� ≔ Rþ R
2M

ln
�

R
2M

− 1

�

; ðC2Þ

the line element takes the outgoing Vaidya form (5.1) with
mB ≔ M. Since we only have infalling classical matter in
the Vaidya spacetime, from (5.6) the stress energy expect-
ation value is given by purely by the quantum “vacuum
fluctuation” contribution:

−4πR2hT̂ū ūi ¼
Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

−
ū000

ū0

�

: ðC3Þ

It remains to compute derivatives of ū with respect to u. To
obtain the Hawking flux, we are interested in computing
these derivatives as ū → ∞. Since ū is only a function of u
and not of v, we can compute these derivatives at any fixed
value of v > vf. Let this value be v ¼ v0. From (C1), (C2),
we have that ū → ∞ as R → 2M i.e. as we approach the
horizon along the null line at fixed v0. Let the value of u at
the horizon be u ¼ uH. Since u is a good coordinate, we
have that the conformal factor e2ρ is finite for u near and at
u ¼ uH at fixed v ¼ v0. Using (C1), (C2), and (3.25), we
have that at fixed v ¼ v0:

R;u
R;ū

¼ αðu; v0Þ
1 − 2M

Rðu;v0Þ
ðC4Þ

where we have set e2ρðu;v0Þ ≔ αðu; v0Þ. From the fact that
ūðuÞ is independent of v, we have that for all v > v0 that

ū0 ¼ αðu; v0Þ
1 − 2M

Rðu;v0Þ
: ðC5Þ

As remarked above, we are interested in late times at Iþ
and hence in the behavior of (C3) as

u → uH ≡ ū → ∞≡ R → 2M: ðC6Þ
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A long but straightforward calculation shows that in this
limit:

4πR2hT̂ū ūi ¼ −
Nℏ
48π

�
1

ū0

�
2
�
3

2

�
ū00

ū0

�
2

−
ū000

ū0

�

ðC7Þ

¼ Nℏ
48π

1

32M2
: ðC8Þ

We can also compute, in this limit, a “corrected” stress
energy tensor through the right-hand side of (5.13):

4πR2hT̂ū ū;correctedi ¼
Nℏ
96π

ðū00Þ2
ðū0Þ4 : ðC9Þ

It is straightforward to check that the evaluation of the
right-hand side of (C9) exactly agrees with that of (C8), that
is to say that 4πR2hT̂ū ū;correctedi ¼ 4πR2hT̂ū ūi at late times
near Iþ. Finally, we may also compute the backreaction-
corrected Bondi mass at late times on Iþ of the Vaidya
spacetime. It evaluates, through (5.14), to

mB;initial−corrected ¼ M þ Nℏ
48π

1

4M
: ðC10Þ
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