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Mean-field dynamo action in renovating shearing flows
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We study mean-field dynamo action in renovating flows with finite and nonzero correlation time (t) in the
presence of shear. Previous results obtained when shear was absent are generalized to the case with shear. The
question of whether the mean magnetic field can grow in the presence of shear and nonhelical turbulence, as seen
in numerical simulations, is examined. We show in a general manner that, if the motions are strictly nonhelical,
then such mean-field dynamo action is not possible. This result is not limited to low (fluid or magnetic) Reynolds
numbers nor does it use any closure approximation; it only assumes that the flow renovates itself after each time
interval t. Specifying to a particular form of the renovating flow with helicity, we recover the standard dispersion
relation of the &>Q dynamo, in the small 7 or large wavelength limit. Thus mean fields grow even in the presence
of rapidly growing fluctuations, surprisingly, in a manner predicted by the standard quasilinear closure, even
though such a closure is not strictly justified. Our work also suggests the possibility of obtaining mean-field
dynamo growth in the presence of helicity fluctuations, although having a coherent helicity will be more efficient.

DOI: 10.1103/PhysRevE.86.026303

I. INTRODUCTION

Understanding the origin of coherent large-scale magnetic
fields, observed in astrophysical systems from stars to galaxies,
is of fundamental importance in astrophysics. The standard
paradigm invokes the amplification of small seed magnetic
fields due to dynamo action, typically involving large-scale
shear flows combined with helical turbulence [1,3]. Recent
numerical simulations have also raised the possibility that
coherent fields can arise in nonhelical turbulent flows in the
presence of shear [4], although the mechanism of how this
happens is unclear [5,6].

The dynamics of large-scale magnetic fields is generally
described by using the equations of mean-field electrody-
namics. Here one defines the mean magnetic field B and
mean velocity field U by suitable averaging over the small
scales corresponding to the turbulent fluctuations. The mean-
field evolution is governed by the averaged version of the
induction equation, which results in an extra term, the turbulent
electromotive force € = (u x b), where u and b are the
fluctuating velocity and magnetic fields. Expressing £ in terms
of the mean fields themselves is a closure problem, even for
prescribed velocity fields. If the fluctuations can be assumed
to be small, one can employ the quasilinear approximation
or what is traditionally known as the first-order smoothing
approximation (FOSA) to express the turbulent electromotive
force € in terms of a term proportional to B (the o effect)
and one proportional to the mean current density (turbulent
diffusion). The « effect, which depends on the helicity of
turbulence is crucial to amplify mean fields.

However, turbulent motions above some modest magnetic
Reynolds number lead to a fluctuation dynamo and a rapid
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growth of magnetic noise [1,7,8]. The growth rate of the
fluctuation dynamo is typically larger than the growth rates
associated with the mean-field dynamo. In the presence of this
rapidly growing magnetic noise, the validity of the quasilinear
approximation or FOSA becomes suspect. The question then
arises whether one can indeed make sense of mean-field
concepts like the alpha effect.

In this context, considering exactly solvable flow models
becomes very useful. For example, if one assumes a random
flow whose correlation time is exactly zero, dynamo action, on
both small and large scales can be studied in great analytical
detail [1,7,8]; however, such a flow is unphysical. Renovating
flows discussed by several authors [9,10] (and references
therein) provide, on the other hand, models involving flows
with a finite nonzero correlation time but which are still
analytically tractable. In renovating flows time is split into
successive intervals of length T and the stochastic component
of the velocity in the different intervals is assumed to be
statistically independent realizations of an underlying prob-
ability distribution (PDF). As the flow loses memory between
different time intervals, the evolution of the moments of the
magnetic field over any one time interval can be calculated
by averaging over the underlying PDF. Considering random
helical renovating flows, Gilbert and Bayly (GB) [10] showed
that the magnetic field becomes increasingly intermittent with
time. Nevertheless, the mean magnetic field can still grow with
a growth rate which approaches that of a standard mean-field
«? dynamo in the limit of small 7 [9,10]. These works thus
provide explicit demonstration that the growth of magnetic
noise need not destroy the growth of the mean field even in the
case of flows (which have this periodic loss of memory) with
finite nonzero correlation times.

In the present work we generalize some of these results
to renovating flows incorporating also a large-scale shear.
Our primary motivation is to examine if the introduction of
shear can lead to a mean-field growth even if the stochastic
velocity field is nonhelical. It turns out that, once properly
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formulated in terms of renovating shearing waves, the details
of our calculation share some crucial features with those of
Gilbert and Bayly (GB) [10]. However, GB have not given
these steps; so to aid the presentation of our results, we begin
in Sec. II with a presentation of the main results of [10]
for the mean-field evolution in renovating helical flows. In
Sec. III we formulate the problem of renovating flows with a
background linear shear, and prove a general result that there is
no dynamo action when the flow is strictly nonhelical. We also
consider a particular example of renovating shearing waves
with helicity, caused by overdamped external forcing and
recover the dispersion relation for the > dynamo. The final
section summarizes and presents a discussion of our results.

II. RENOVATING HELICAL FLOWS WITHOUT SHEAR

We re-derive here the results of Gilbert and Bayly [10] on
mean-field evolution in a model helical renovating flow, in the
absence of background shear. Consider the induction equation
for the evolution of the magnetic field,

B

Esz[uxB—anB]. (1)
GB assumed the velocity field u to have zero mean with only
a turbulent component. In each renovating time interval t,
they took

u(x) = asin(q - x + ) + bl cos(q - x + ). )
with the conditions,

a-q=0, b=qxal/q, 3)

which implies incompressibility, that is, V-u=0. The
parameter £ satisfies —1 < & < 1 and determines the helicity
of the flow. This helical flow is made random by choosing
the parameters of the flow randomly and independently
from an underlying PDF, for every time interval t. The
ensemble considered is the following: In each time interval
[(n — Dz,nt], (1) ¥ is chosen uniformly random between O
and 27 ; (ii) the propagation vector q is uniformly distributed
on a sphere of radius g ; (iii) for every fixed q, the direction of
a is uniformly distributed in a circle of radius a in the plane
perpendicular to q. The parameters (g,a,h,7) are nonrandom
and completely describe the renovating flow. The randomness
of ¢ in condition (i) ensures statistical homogeneity, whereas
conditions (ii) and (iii) ensure statistical isotropy of the flow.

The evolution of the magnetic field from time (n — 1)t to
nt is given by

Bi(x,nt) = /gij(x,y)B_i(y,(n— o) d’y, 4)

where G;;(x,y) is the Green’s function of the induction
equation Eq. (1). G;; is random due to the randomness of the
turbulent velocity field. We take the ensemble average of this
equation over the ensemble described above and note that the
velocity in any time interval [(n — 1)t,n7] is uncorrelated with
the initial magnetic field at time (n — 1)7. Thus the average of
the product of G;; and B; can be written as the product of the
averages, an important simplification arising from the loss
of memory of renovating flows. The mean field B then

PHYSICAL REVIEW E 86, 026303 (2012)

evolves as
B,(x,nt) = /g_ij(x,y)ﬁj(y,(n — D) dy. 3)

Furthermore, from the statistical homogeneity of the renovat-
ing flow, one has g_,-j(x,y) = %(X —y); then Eq. (5), which is
a convolution in physical space, becomes a product in Fourier
space. Defining the spatial Fourier transform,

Bk = [ dx Bixne ™, ®)
we have in Fourier space,

Bi(k,nt) = Gy;(k) x B(k.(n — D)1), %)

where the response tensor, G;;(k), is defined by

Gij(k) = / Gij(x —y)e MOV dx. (8)

The mean magnetic field will grow exponentially if its Fourier
component is an eigenvector of the matrix G;;(k) with
eigenvalue o, whose magnitude is greater than one. For such
an eigenvector we have

Biknt) = 0" Bi(k0) or Bi(ks)=0""Bi(k0). ()
and so the growth rate of this eigenmode is given by

) = @) (10)
T

Hence, the response tensor G;; (k) contains all the information
about the growth or decay of the mean magnetic field. We
now proceed to calculate it for the renovating velocity field of

Eq. (2).

A. The response tensor

In order to explicitly calculate the response tensor for the
evolution of the mean field in the renovating helical flow, an im-
portant simplification was introduced by GB. The renovation
time t was split into two equal subintervals. In the first subin-
terval (step 1) resistivity was neglected and the field was just
frozen-in and advected with the fluid, with twice the original
velocity. In the second subinterval (step 2), induction by the ve-
locity was neglected and the field was assumed to diffuse with
twice the resistivity. Although such an assumption seems plau-
sible in the limit of a short renovation time—as this would be
one way of numerically integrating the induction equation—
GB did not give any rigorous justification. For the present
purpose, we adopt the same simplification as GB. Thus we con-
sider the evolution of the magnetic field in these two steps and
then Fourier transform the resulting averaged Green function.

Step 1. During the time interval O to /2 we assume 1 = 0,
and double the value of the velocity field. Then Eq. (1) becomes
just the ideal induction equation,

ot
with the standard Cauchy solution given by

%E(i—i—Zu-V)B:(B-V)Zu, an

or;
Bi(r.1) = B—;B,-(y,m = J;;,(r)B;(y.1o). (12)
J
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Here B(y, f) is the initial magnetic field; r(¢) is the position of a
fluid element at time ¢, which was originally at a “Lagrangian”
position y at time #y. Note that the fluid elements follow the
integral curves of the velocity field, with

dx/dt = 2u = 2asin(®) + 2bh cos(D), (13)

where we have substituted from Eq. (2), assumed twice the
velocity for step 1 and defined the phase ® = q - x + 1. From
the incompressibility condition, we have d®/dt =2q-u =0
and thus Eq. (13) can be integrated to give at time t = t/2,

r=y+tu=y-+arsin(q-y—+ y¥)+brthcos(q-y+ ).
(14)

Here we have used the constancy of the phase ® and set it
equal to its initial value ® = q - y 4 . Thus the Jacobian is

3r,~
Jij(r) = F =6;; +aigjtcos(q-y+¥)
j

—bigjhtsin(q-y+ V). (15)

Step 2. During the time interval 7/2 to t the turbulent
velocity field is zero and there is only diffusion present, with
a resistivity 2n. The induction equation then reduces to a
diffusion equation for the magnetic field as

B 2

o = 2nV-B. (16)
The solution of this equation is given in terms of the resistive
Green’s function,
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The total Green’s function defined in Eq. (4) is simply
the product of the two Green’s functions in the above two
steps:

Gij(x,y) = G"(x — r(y)Ji; (r(y)), (18)

where we have written explicitly r as a function of y. The
response tensor defined in Eq. (8) then becomes

(x=r)?

1 -5 —ik-(x-y) g3
Gij(k) = W e n Jij(l’)e d’x

= Jij (r(y)e Tk, (19)

where in the second step we have done the integral over x.

The overhead bars in Eq. (19) denote ensemble averages, and
we will see below that due to the statistical homogeneity of
the renovating flow, this averaged quantity does not depend
on y, but only on k. Also note that in typical astrophysical
systems, the resistive time scale will be much larger than
the renovation time and the value of 7kt is typically much
smaller than unity, and so can safely be set to zero. A nonzero
but small n will decrease the growth rate by a negligible
amount.

We now evaluate the ensemble average in Eq. (19). Note
that GB state the final result, omitting all intermediate steps.
We give the detailed steps in Appendix A since they are
of use in the case when shear is present. Here we list the
important intermediate steps and the final expression. Let the
angle between k and q be 6; we will treat this as a colatitude
and denote the azimuthal angle of q by . Let the component

Y
G'(x—r) = ;2 exp [ — x—r) i| (17) of k perpendicular to q make an angle ¢ with a (see Fig. 1).
@)Y/ 4nt On averaging over phase ¥ we get
|
. ihaqt R .
G;j(k) =4;; Jo(taky sinf) — —[€imnkmgng;j1J1(Taky sinf), (20)
xksin6

where x = (cos® ¢ + h%sin” ¢)!/? and the overhead bars de-
note ensemble averages over the remaining random variables

A

q

FIG. 1. Thedifferent angles defined in the text. The angle between
k and q is 6. The vectors a, b, and q are mutually perpendicular to
each other. The component of k perpendicular to q makes an angle ¢
with a.

6, ¢, and ¢. Averaging over direction of q (i.e., averaging over
the angles 6 and ¢), we have

ihtaqe€;inkn
Gii(k) = ;) go(tak.h) + Z—k’gl(mk,h), @1
where
sin(s x) 1 (sin(sy) cos(sy)
go(s,h) = ; gl(s,h)=—< = )
sX x\ (sx) sX

(22)

and now the overhead bars denote ensemble averages over the
random variable ¢ (for maximally helical flow with h = +1,
so x = 1, and the response tensor becomes independent of the
random variable ¢. In the rest of this paper / can take any value
between —1 and +1). We recall that in step 1, we evolved the
field for a time interval 7 /2, but with twice the velocity (i.e., 2a
instead of a); nevertheless the combination at which appears
in the above equation remains unaffected.

One of the eigenvectors of G;; is k with eigenvalue unity.
But this eigenvector can be ignored since the magnetic field
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mode must be orthogonal to Kk (i.e., we must have V - B = 0).
The relevant eigenvectors of G;; are found to be (—i,1,0)T
and (i,1,0)T, with the corresponding eigenvalues, o and o_,
given by

taqh

o+ = go(tak,h) ¥ gi(tak,h). (23)

The growth rates A, are given by

1 1 taqh
Ar = —In(ox) = —In| go(tak,h) ¥ Tgl(rak,h) .
T T
(24)

Here we have divided by the full time interval t to get
the growth rate. Following GB it is readily verified that
both + mean-field modes can grow for sufficiently large
renovation times. GB also demonstrated that the magnetic
field becomes increasingly intermittent, in the sense that higher
order single-point moments of the field grow faster. Therefore,
as advertised, the mean-field dynamo operates efficiently in
this case even in the presence of strongly growing magnetic
noise. It is of interest to look at the growth rate in the limit of
small renovation times such that akt < 1 (this limit can also
be looked upon as a long wavelength, or small k, limit at a
fixed ), when

ha’tq 2 (1 + h*a’t
6 12

where o = —(1/3)u - (V x u)(r/2) and n, = (1/3)u-u(zr/2)
are the turbulent transport coefficients.! Thus the growth rate
for the case of small akt is identical to the growth rate of
the standard o> mean-field dynamo usually obtained using the
quasilinear approximation or FOSA. We now turn to consider
the influence of shear.

AL ™~ Fk ~ +ak —nk*,  (25)

III. RENOVATING SHEAR FLOWS

We now investigate the evolution of the mean magnetic field
in scenarios when there is a mean shear flow over and above
the background turbulence. Shear flows and turbulence are
ubiquitous in astrophysical systems. Recent work suggests that
the presence of shear may open new pathways to the operation
of large-scale dynamos [4-6]. For simplicity we consider
the background mean velocity to be a linear shear flow. Let

'In these expressions for & and 7;, the factor /2 appears instead
of 7, because the transport coefficients are really time integrals
of correlation functions; see Eqs. (6.19) and (6.20) in [1]. For
renovating flows in which the velocity field u acts over the full
interval 7 [i.e., if we were dealing with Eq. (1), without the two-step
prescription of GB], this implies averaging ¢ over the time interval
(0,7), which is equal to 7/2. However, we get the same result even
for the two-step prescription of GB, because two effects contribute in
precisely opposite ways: When the velocity field is doubled in value,
the transport coefficients quadruple because they are quadratic in the
velocities; however, the doubled velocity field is ON for only the
first half of any time interval t. Hence, averaging “¢” over the time
interval (0,7) now implies integrating ¢ over the time interval (0,7/2)
and then dividing it by the full interval 7, which gives 7/8. Thus we
obtain4 x t/8 =1/2.
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(e1,e>,e3) be the unit vectors of a Cartesian coordinate system
in the laboratory frame, x = (xj,x,,x3) the position vector.
Without loss of generality, we choose this mean velocity to
be in the e; direction and varying linearly with x;. Thus the
velocity field is given by

u(x,r) = ug + Wy = Sx1€2 + Uy, (26)

where S is the constant rate of shear coefficient. The turbulent
velocity field uy,, is composed of renovating shearing waves
with quite general amplitudes at this point. In particular, we
take

Uurh(X,1) = A(t,q) sin[Q(?) - x + ¥/]
+ C(t,q) cos[Q(r) - x + V], (27)

where the wave vector is a shearing wave vector of the
form Q = (Q1,02,03) = (q1 — Sq2(t — 1:),92.93), and q =
(91,92,93) its initial value at the beginning of each renovation
period, thatis, att = ¢;. Note that q is chosen randomly from a
specified PDF (see below) for each renovating period. We will
see that such a form of uy,, naturally arises when we consider
Fourier modes of the velocity which satisfy the momentum
equation in a background linear shear flow. We will also later
adopt explicit forms of A(¢,q) and C(¢,q); but several of the
conclusions that we arrive at are quite generally insensitive to
the functional forms of A and C. We also assume the turbulence
to be incompressible with V - uy, = 0, which implies

Q®)-A@)=0; Q@) -C()=0. (28)

Thus the amplitudes have to shear in an opposite sense to
the wave vector so as to maintain incompressibility. The
shearing wave vector can be written in a compact form as
Q; =qivij(—( —t;)), where y;;(t) is the shearing matrix
defined by

vij(t) = 8;j + 828,15t (29)
The helicity of the turbulent velocity field wgy(X,?) is
H =uyp - (V X uyp) =C-(Q x A), (30)

and this vanishes unless both C or A are nonzero.

As in the previous section we consider the turbulent
flow to be a pulsed renovating flow. The turbulent velocity
field is assumed to be ON for a time interval t/2, with
twice its amplitude and with diffusion absent. For the next
7/2 interval, the turbulent velocity field is OFF and only
the diffusion is present with resistivity 2n. On an average,
the turbulent velocity field is then correlated only for a
time interval . The mean shear flow on the other hand is
always present for the full time interval 7. The turbulent
flow is randomized by considering an ensemble similar
to that assumed for the renovating flow without shear. In
each time interval [(n — 1)T,nt] (i) ¥ is chosen uniformly
random between 0 and 2m; (ii) the propagation vector
q is uniformly distributed on a sphere of radius g. The
randomness of A is decided by the explicit form of A itself,
which we fix later, when solving for the explicit form of
the response tensor. For the general analysis we will not
require it. The response tensor will be essential here, too,
to determine the growth or decay of the mean magnetic field
modes.
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A. The response tensor

We compute the response tensor for the evolution of the
mean magnetic field again in two steps.

Step 1. During the time interval t =0 to t =7/2,n =0
and Eq. (1) reduces again to the ideal induction equation,
whose solution is as before the Cauchy solution:

. oF; .
B;(#,t) = gBj(y,O) = J;j(H)B(y,0). (31)
j
Here 7 gives the location of the fluid element at time ¢, which
was at time ¢ = 0 at the location y. These positions are now on
the integral curve of the sheared and turbulent velocity field,

and so the trajectory now obeys
dx/dt = ug, + U = Sx1e, + 2A(z,q) sin ®
+2C(t,q) cos . 32)

We have substituted here from Eq. (26), assumed twice the
turbulent velocity for step 1 and defined the phase ® = [Q(7) -
x + ¥]. Note that we have not doubled the shear velocity, as we
keep the shear flow throughout the full period (0, 7). From the
incompressibility condition, we have Q - uy,p, = 0. Therefore,

d®/dr = Q- x+ Q1) - X = =Sqox1 + Sqaxi
+2Q - u = 0. (33)
The constancy of ® can be used to express it in terms of the
initial position of the fluid element y, and the initial wave
vector Q(r = 0) = q, that is, we can write ® =q-y+ .
Then Eq. (32) can be integrated to give
Fi =y (Orj,
rj =a;jt,q)sin(q-y+ )+ ¢;(t.qr)
x cos(q-y+v¥)+y;,

where r; is a sheared position vector that will be of use later,
and the coefficients &; and ¢; are defined by

(34)

t
aj(t,q;) = Vjp(—t)/ 2A,(t,q)dt’
0
t t
+S(Sj2f / 2A((t",q)dt"dt’,
o Jo
t
¢j(t.qi) = )’jp(—l)/ 2C,(t',qpdt’
0

t pt
+Saj2/ / 2C1([N,qi)d[”d[,. 35)
0 Jo

Therefore the Jacobian matrix is

oF; _
Jij(F(y),1) = % = Yip(Dp; + ap(t)gjcos(q-y + ¥)
j

— &g sin(q-y + W)l (36)

Bi(k,nt) = / Bi(x,nt)e KOOX g3y — / / g,”k(x,
2 T = T D illy —iK(nt)x dSZ
= /// ir;c <X7r7§> ka <"(y),§> Bj(lv(n - 1)7—')61}]9 K(n7) md3xd3y,
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We need this Jacobian to be evaluated at the time t = 7/2.

Step 2. During 7/2 to t the turbulent velocity field is zero
and there is diffusion present along with shear. The induction
equation then reduces to the following form:

0
<§ + ugyp - V>B = (B- V)uy, +27V’B. (37)
The sheared Green’s function for this equation is [3]
nfo . T Yii(t/2) 12 —%i D%,
Hx,7,— | = ——(det|D — ],
g (x P 2) Gy et Pexp( —
(33)

where ¥; = y;;(—7/2)x; — 7, and D;; is a symmetric matrix
whose inverse is given by

1 —St/4 0
Dl=|-St/4 1+(S1)}/12 0 (39)
0 0 1

Note that in the above computation we have taken the

initial time to be t = 0 and the final time as r = t; but the
same steps and calculations go through for any renovating
time interval [(n — 1)T,nt], with the initial time being ¢t =
(n — 1)7, the final time being r = nt, and the initial wave
vector ¢ = Q((n — 1)t). Hence during any such time interval
7, the magnetic field at time = nt is related to the magnetic
field at time r = (n — 1)t by

B;j(x,nt) = /Q&(xi‘%) Jij (i‘(y),%)

x Bj(y,(n — D) d°F. (40)

We would like to calculate the response tensor starting from the
above evolution equation. For this we first define the Fourier
transform of B;(x,7) by expressing it in terms of the shearing
waves,

Bi(k,t) = / Bi(x,t)e KOXy, 41)
where we have defined the sheared wave vector K;(t) =
kivij( = (t = 1)) = (ki — Ska(t — t;),kz,k3) and k = K(t;) is
the initial wave vector at time #;, which for each step we
take to be the time (n — 1)r. We will see that the evolution
of the mean magnetic field is especially transparent when
the field is expanded in terms of shearing waves in Fourier
space.

We take the Fourier transform of Eq. (40), and change
the integration variable from 7 to y. The Jacobian for this
transformation is unity as the flow velocity which maps y to 7
is divergence free i.e. d°7 = d>y. We get

T
2

= T —iK(nt)x
,—) Jk,-(r(y),z) Bi(y,(n — DD)e KX @Pxady

(42)
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where we have also expressed the initial field at time (n — 1)t in terms of its Fourier transform. To do the integral over x, we use
the identity ¥, ()Ymp(—t) = 8, to write

exp (—iK - x) = exp (=i K;yjm(T/D[Vmp(=T/Dxp = Fin] = iK;yjm(T/2)im]) = exXp [=i K;yjm(T/2)(Em + Fm)],  (43)

and change the integration variable from x,, t0 X, = Yup(—7/2)x, — 7,,. Since det|y| =1, we can write d®x = d3%. The
integration over X now becomes a Fourier transform of the sheared resistive Greens function [3] and we get

gﬁk X,;,E e KX 3y — M(deﬂm)l/zexp M e KV Ko —iKyooF] g3 5
! 2 (4mrnT)3/2 4nt )
= Yiu(t/2)exp{ = NTKuYVum(T/2) Dy vip(T /DK e K2 = Gy (Rye ™7, (44)
where k,, = K;yjm(t/2) = k;jyjm(—7/2). Then we have
. - - T\ A iy iis A
Bi(k,nt) = yik(t/Z)exp(—ntka;rlk,)//ka <r(y),§> B;(,(n — Dr)eYe 'k wcﬁy. (45)

Taking the ensemble average of Eq. (45), we get for the mean-field evolution,

3
= 717 ik 2y E\ ity 30 |8 d’l
B;(k,nt) = y,-k(r/2)exp( — nrkap,. k,)/ [/ e~ T (r(y),§>e ) yi| B;(,(n — 1)1:)@.
Here we have assumed as before that the velocity field during the time interval (nt,(n — 1)t) and the initial magnetic field
at time (n — 1)t are statistically independent. Note the dependence on the stochastic parameters comes only through F(y). As
kym = kjyjm(—7/2) and 7, = yj(t/2)r;, we have k - F = k - r and the quantity in the square bracket can be written as

(46)

/ e~ kP (?(y),%)e”'ydBy = /e—ik'("Y)Jk_j (?(y),§>e_ik'ye“'yd3y = e~ k=, (?(Y),é)(ZW)BB(l -k). @)

In the last step we have used the fact that the averaged quantity is independent of y; , as can be easily seen by doing the averaging
first over the random phase i of the turbulent field; this also follows from the statistical homogeneity of the turbulence. The y;
independence is explicitly shown by calculation below. We then have for the evolution of the mean field,

Bi(k.nt) = G (KB (k,(n — D)1), (48)

where the response tensor G;;(K) is now

Gij(K) = v (D18 + agjcos(q -y + ¥) — &g; sin(q - y + ¥)le ™Y exp(—nthk, M, k), (49)

where M;; = yim(—r/Z)D,;Il, vjp(—1/2) and the coefficients & and ¢; are shorthand for &;(z/2,q) and ¢;(7/2,q), given in Eq. (35).
One can see that the form of the response tensor in Eq. (49) with shear is similar to the form of the response tensor in Eq. (19)
without shear and reduces to the latter when S = 0. Similar to the case without shear, we see that the effects of resistive dissipation

appear only as a separate exponential term. Since it is small in astrophysical systems of interest, henceforth we set n = 0.
We now average over the phase i of the turbulent velocity field, which leads us to the following expression:

Gij(k) = yu(r) oyj(k), oi(k) = [SU Jo(V(k-a) + (k-8 —i

where the overhead bar now refers to the averaging over the
directions of q and over the randomness of A. One can reach
some conclusions about the decay of the mean magnetic field
at this stage of the averaging itself. The mean magnetic field
evolves as

B;(k,nt) = y;(1)oy;(K)B;(K,0). (C1))

The growth or decay of the mean-field mode is governed
by the product of the two matrices, the shearing matrix
y(7) and the shear-turbulence tensor ¢ (k). It is known that
the field grows linearly due to the continuous shearing of the
background fluid which causes the B;(k) component of the
field to be continuously advected along the e, direction. This
is reflected by the presence of the shearing matrix y(r) in
the expression of the response tensor G(k) and is completely

Aaqik-¢—cqik-a)

Jk-a?+ k- e)?

Ji( (k-&)2+(k-5)2)], (50)

natural as well as expected. The turbulent stretching of the field
lines due to the transfer of energy from the turbulent pulses
of the fluid can, too, lead to the growth of the mean field
and the shear-turbulence tensor o (k) contains precisely this
information through its dependence on the random parameters.
Hence, it is of interest to look at the structure of the o (k) tensor
and calculate its eigenvalues depending on which the mean
field grows or decays exponentially.

When helicity is zero, then either @ or ¢ is zero from
Eqgs. (30) and (35). Then the second term in o;;(k) vanishes
and we get

01j(K) = 8 Jo(k - @), (52)

where we have chosen ¢ = 0 without any loss of generality.
In this case, the eigenvalue of o (k) is just 0 = Jy(k - @). Note
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that the maximum value of the Bessel function Jy(x) is unity.
Hence after averaging over all the possible values of k - @ as per
the ensemble chosen, we must necessarily obtain Jy(k - a) <
1. This shows that in the absence of helicity the mean-field
modes eventually decay with a decay rate > = ()~ ! log o [see
Eq. (10)]. Therefore, quite generally, there is no mean-field
dynamo if the turbulent velocity is strictly nonhelical, even in
the presence of shear.

B. Forced overdamped shearing wave

We now solve for the form of the o;;(k) by taking a
particular form of the uy,, in Eq. (27) obeying the following

PHYSICAL REVIEW E 86, 026303 (2012)

forced, damped Euler equation:

a ad
(E + lea_xz>uturb + SutlurbeZ + (uturb . V)uturb

_ —Vp _ Ugurb

+ f, (53)
Td

where 7; is a given damping time and f(x,#) is the exter-
nal forcing which is assumed to satisfy V -f=0. In the
approximation duy,y/9t < U/ T4, the wave is assumed to
be overdamped, saturating quickly in time 7, to its terminal
velocity. In Eq. (B13) of Appendix B the following solution is
derived:

Uur(X.1) = A(r,q) sin[Q(t) - X + ¥] + C(r.q) cos[Q(t) - X + ],  where
3 01302 _ Qi + 03 ;
A3 =aps+ Stua [m}, Ay = ap + Sta) — Staa, [m]’
2 2
Ciz= h{C1’3 + Stc [%} }, Gy = h{c2 + Stcy — Sty [%] }’ o4

where Q; = q;¥;j(—t),q-a=0, ¢ ={ x a, and h such that —1 < & < 1 determines the helicity of the flow. Here the forcing
function is related to the constants {a;,a»,a3} and {c;,c»,c3}. In addition, note that the vectors A(¢,q), C(¢,q), and Q(q,t) contain
the the effects of shear, but have been expressed in terms of a, ¢, and ¢ which are statistically isotropic. In the limit of very
strong damping, that is, 7; — 0, the above expressions simplify and can be written compactly as

A =vyjta;, C;=hy;(t)x;. (59)
The turbulent velocity field now becomes
[ (X,0)]; = yij(0)a; sin[Q(1) - X + Y] + hy;j(t)c; cos[Q() - x + Y. (56)

Substituting Eq. (55) in Eq. (35), we find that @ = at and ¢ = hct ; hence the response tensor in Eq. (50) becomes

GiyK) = yu(o) | 8 Tk - ar)? + (k- cht)?) — l.(aijhrk ¢ —cq;htk - a)
V(K- a)? + (k- ch)?

Sk at)? + (k- chr)z):| . (57

As before, let the angle between k and q be #; we will treat this as a colatitude and denote the azimuthal angle of q by ¢. Let the
component of k perpendicular to q make an angle ¢ with a. Then, on averaging over the phase 1 we can write

ihaqt

Gij(k) = yu(7) {51./‘ Jo(zaky sinf) — xksin@

[elmnkanEI\j] Jl(takx Sll’l@)} ) (58)

where y = (cos” ¢ + h?sin? ¢)!/? and the overhead bar denotes ensemble averages over the remaining random variables 6, @,
and ¢. Comparing with Eq. (20), we see that the form of the response tensor is identical to its form when shear is absent with
the only difference being an overall y;;(7) factor. Since the ensemble average is done at one arbitrary instant, the final form of
G;;(Kk) is identical to Eq. (21) with the extra y;; factor. Hence, we have

ihtaqe€mkn sin(s x)
Gij(k) = yu(r)oii(k), 01(k) =6, go(mk,h)~|—Tg1(wk,h), 8o(s,h) = sx
(59)
1 (sin(sy) cos(sy)
&mm=—( AL X)
x \ (sx) sX

and now the overhead bars denote ensembles averaging over the random variable ¢ (for maximally helical flow with h = %1,
so x = 1, and the response tensor becomes independent of the random variable ¢). The shear turbulence tensor  has the two
nontrivial eigenvectors (—i,1,0)T and (i,1,0)T, with the corresponding eigenvalues o, and o_ given by

taqh

ot = go(tak,h) F gi(tak,h). (60)

026303-7



KOLEKAR, SUBRAMANIAN, AND SRIDHAR

For zero helicity, the second term vanishes and dynamo action
is absent, as was shown in the general case in the previous
section. Moreover, even if there were mirror-symmetric fluc-
tuations in %, this would not lead to a dynamo. This is because
go(s,h) and g((s,h) are even in h, while the coefficient of the
second term of the response tensor in Eq. (59) is linear (and
hence odd) in 4. Thus on averaging the response tensor over
any symmetric PDF of i with zero mean only the first term
of G;; survives and there is no dynamo. This conclusion is
similar to that obtained by GB for the case without shear.

IV. &?Q DYNAMO

Let us look at the expression in Eq. (59) of the response
tensor in the case of small correlation times, when akt < 1.
Then to quadratic order in t, we get

1+ h?
Gij(k)=68; |1 — w(rak)z
12
]’l 2.2
+8[25j15‘17+i ar qéijmkm

= 8;j(1 — 0, Tk*) + 828 1ST — iTa€;jmk,  (61)

where « = —(1/3) [t - (V X uyw)] (7/2) and 5, = (1/3)
[u~u] (z/2) are the turbulent transport coefficients. The mean-
field evolution equation [Eq. (48)] then becomes

B 1 —ntk? —iatk; iatky Bo,
sz = iOl‘L'k3 + St 1-— ntsz —iOl‘L'kl B()z s
Bf3 —iOlTk2 iOt‘L’kl 1— }'}tsz Bo3

(62)

which is the evolution equation for the o>Q dynamo [1]. We
seek solutions of the eigenvalue problem when &k, = 0. Of the
three eigenvalues, o7 = (1 — n,Tk?) is irrelevant, because the
corresponding eigenvector does not satisfy the solenoidality
condition (V - B) = 0. The remaining two eigenvalues are

or =1 — tnk® + 1(@%k* — iaksS)'/?, (63)
corresponding to the eigenvectors,
(aks, +iva?k? —iaksS, — ak))T. (64)

The growth rates A of these eigenmodes are given by
1
e = —In(oy) = —nk? £ (%K% —iaksS)?,  (65)
T

which are the same as one would get in the case of the «>Q
dynamo [1].

V. DISCUSSION AND CONCLUSIONS

This paper presents studies of dynamo action in turbulent
shear flows when the turbulence has a nonzero correlation time.
Our goal is to study the dynamics of a system which is complex
enough to be a useful model, yet tractable analytically; the
renovating flows discussed earlier by several authors [9,10]
(and references therein) provide just such a platform. Our
contribution is to consider random, helical renovating flows in
the context of a background linear shear flow.

PHYSICAL REVIEW E 86, 026303 (2012)

We began with a review of the work of Gilbert and Bayly
(GB) [10] on random helical renovating flows in the absence of
a background shear flow. GB considered random flows, each
of whose realizations was a plane, sinusoidal helical wave.
The merit of choosing such simple random ensembles is that
the trajectories of fluid elements, in the flow caused by each
wave, can be integrated analytically. Thus the Green’s function
mapping the magnetic field from one time step to another can
be obtained, and averaged over the underlying PDF of the
random ensemble of flows. GB give the final result, while
skipping almost all the intermediate steps. We found it useful
not only to record these missing steps, but lay them out for the
reader so that it becomes easier for us to present our analysis
of the more complicated problem of renovating flows with
shear.

We then formulated the problem of renovating flows in
the presence of a background linear shear flow. Following
GB, we considered an ensemble of random flows, each of
whose members is a plane, sinusoidal helical wave. However,
unlike in the case considered by GB, the wave cannot be time
independent. In fact, each of these members must be a shearing
wave, one whose amplitude and wave vector are both time
dependent. Then the trajectories of fluid elements (in the flow
caused by each shearing wave) were determined analytically,
the Green’s function (mapping the magnetic field from one
time step to another) derived, and averaged over the underlying
PDF of the random ensemble of flows, to obtain a general
expression for the (averaged) response tensor. We showed that
even without fully averaging the response tensor, for which
one requires the explicit form of the time-dependent, shearing
wave amplitude, it is still possible to prove a general result:
that there is no dynamo action when the shearing waves are
strictly nonhelical. This is an important and nontrivial result
in view of the considerable current interest in the existence or
otherwise of such nonhelical shear dynamos (see [4-6]).

We then considered a particular model in which the shearing
waves were generated through external forcing of the linear
shear flow. Working in the overdamped limit, we derived an
explicit form for the response tensor. It is interesting to note
that this form is closely related to the response tensor of GB;
specifically, our response tensor is the product of the response
tensor of GB with the shearing matrix. This was then applied to
the case of @22 dynamos in the limit of small correlation times,
and we recovered the standard dispersion relation for the o>
dynamo. Thus the growth of the mean field in sheared helical
turbulence is as expected from quasilinear closures usually
employed to derive the mean-field equations. This is obtained
in spite of the fact that magnetic fluctuations in such renovating
flows are expected to grow more rapidly (as shown explicitly
by GB) than the mean field, wherein, one may imagine, that
quasilinear closures break down. Our work therefore provides
another illustration that rapidly growing fluctuations need not
destroy the growth of the mean field.

Our result that there is no mean-field dynamo in strictly
nonhelical turbulence, even in the presence of shear, raises
the question as to what causes such growth in numerical
simulations [4]. One possibility is the incoherent «-shear dy-
namo [11]. There seems to be evidence from such simulations
for fluctuations in « (the first reference in [4]). Here the mean
fields are defined as averages over two spatial directions, and
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fluctuations in o over time are considered as meaningful. In
the present context, we can define the required fluctuations
as due to fluctuations of the parameter 4 from one renovation
time to another, which is easier to justify as being physically
meaningful. GB themselves considered fluctuations in 4, but
argued that the PDF of % needs to be skewed for there to be
net growth.

Even in the presence of shear, if we averaged the response
tensor say in Eq. (59) over a mirror-symmetric PDF of & with
zero mean, the “helical” term would vanish and one would
not have a dynamo. However if we think of the mean field as
being defined before averaging over &, then one could study
its dynamics under such fluctuations. In the presence of shear,
we can see from Eq. (65), that both signs of & would cause

PHYSICAL REVIEW E 86, 026303 (2012)

growth, but the eigenvector in Eq. (64) would get an extra
phase shift. It would be interesting to work out exactly how
such random changes to the eigenvector alters the efficiency
of the dynamo. One would expect that a coherent 4 would lead
to a more efficient dynamo rather than a fluctuating 4.

The work here has focused on the mean-field evolution.
The same model can also be used to generalize the Kazantsev
model [8] for the fluctuation dynamo, to the case with finite
correlation time and including shear.
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APPENDIX A: CALCULATING THE AVERAGED RESPONSE TENSOR IN THE ABSENCE OF SHEAR

Below we give the details involved in going from Eq. (19) to Eq. (21).

Gij(k) = [8;; + aiq;jT cos(q -y + V) — big;ht sin(q - y + )] e~k@rsin@y+yytbrhcos@y+y)), (A1)
Let the angle between k and ¢ be 6. Let the component of k perpendicular to q make an angle ¢ with a. Now k can be written as
K- K-
kz[k_q( 2q)}Lq( 2q)’ (A2)
q q

perpendicular to q along q
Since a and b both lie in the plane perpendicular to (, and also since a and b are perpendicular to each other,
k-a=k, -a= |k ||la]cos¢ = (ksinf)acos¢, k-b =kasin6 sing. (A3)

Now we average G;;(k) term by term. For the first term, we have

I = Sije—ik-(at sin(q-y-+v)+bth cos(qy+y)) (A4)
The argument of the exponential is written as
—itkasin6 [cos¢sin(q -y + ¥) + hsing cos(q -y + ¥)] = —itkay sinf sin(q -y + ¥ + «), (AS)

where x = (cos® ¢ + h?sin® ¢)"/?, x cosa = cos ¢, and x sino = /i sin ¢ . Hence, we have

]1 — aije—irkax sin 6 sin(q~y+w+a). (A6)
First we average over y. Since ¥ goes over all the possible phases, on averaging we get

2w

. o.d

I =24 / emittkaxsno)ine 8 _ 5 g caky sing), (A7)
0 2w

where we have used the following integral representation of the Bessel function of the first kind.
/ P cos(nx)dx = i"m J,(B). (A8)
0
We next average over the direction of q. We keep k fixed (say, along the z direction) and vary q about k over all the solid angles.

™o in0dode  &; ("
I =6 Jo(raky sing) 09049 _ % [T iky sin6) sin 646
/ 4 2
o Jo s 0
sin(tak )
taky

Lastly we average over the direction of a. Since a can point in any direction in the plane perpendicular to ¢, we average over the
angle ¢. We get

fis

= & fz Jo(tak x cos ) cos8dO = §;; (A9)
0

sin(s x)
go(s,h) = X2,
sx

where (A10)

Iy = &;; go(tak,h),
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where the overhead bar now denotes the ensemble average over the random variable ¢. We proceed to the remaining term of
G;j(k) in Eq. (Al):

L = [a;q;7 cos(q - ¥ + ) — big;ht sin(q - y + y)]e= <G sintay-+)+brh cosiay=i), (A11)
We proceed in a similar way as above. We define slightly different parameters. The argument of the exponential is now written as
—itkasin® [cos¢sin(q-y+ )+ hsingcos(q-y+ )] =itkaysinfcos(q-y+ ¥ — @), (A12)
where x = (cos? ¢ + h?sin? ¢)!/?, x sinae = —cos ¢, and x cosa = —h sin ¢ . Therefore we have
I = [a;iqjTcos(q-y + V) — big;ht sin(q - y + )]eirkaxsint cos@yty—a), (A13)
First we average over y. Since ¥ goes over all the possible phases, we write
2 ke sing ' ) dé—
I, = / gl (thax sin )“’“[aiqu cos(¢ +a) — bigjht sin(¢ + a)]z—. (A14)
0 JT

Expanding cos(¢ + «) and sin(¢ + «), and keeping only the even terms under integration, we get

2 ) . d
L = / elTkaxsin®)eoslyg. 4.7 cosa cos ¢ — biq;ht sina cosg“]z—g =it[a;gjcosa — b;q;h sinalJi(vakx sin6)
0 T

ihtq; .
—————[a;(k-b) — b;(k - a)] Ji(taky sin6), (A15)
xak sin 6
where we have used Eq. (A8) to arrive at the second expression and Eq. (A3) to obtain the last expression. This can be further
simplified as
q;lai(k - b) — b;(k - a)] = g;[k x (a x B)]; = q; [k x a*@], = a*q€innkndnd;. (Al6)

We next average over the direction of q. We keep k fixed along the z direction and vary q about k over all the solid angle, then
we can write § = sinf cos ¢ i+ sin6 51n¢J + cos Ok,

27—, . - ~
iht R . sinf8dO0d¢
- / / —Xaksine[azqe,-,,mkmqnq,-m(rakxslne)—4n . (A17)
0

The ¢ dependence comes only through §,§ i, hence we integrate it first over @. Note from Eq. (A16) that the z component of §,,
does not contribute to the integral in Eq. (A17). Then we get for the x, y components of §,, §;, fozn 4ndj ‘zﬂ = 8—’ sin?§. Thus,

/” iht sinfd®  ihtaqe;sjks sin 6d0
0

I = i3k 0Ji(tak 0
p [a*qei3 k3] sin® 0y (vakx sin6) 22k

_ / (sin@J(taky sinf))
xak sin6

ihtaqe;sjks sinfdo ihtaqe;jzks sin 9d9

d
2k /0 |: d(taky) o(Taky sin )} > 2k d(takx)/ o(takyx sin0)
_ ihtaqeijzks  d sin(taky)
T x2k  d(zaky) :

Lastly we average over the direction of a. Since a can point in any direction in the plane perpendicular to q, we average over the
angle ¢. We then get

(A18)

Taky

ih i3k
I = TA9GsKs k. with gy = - ((SEX) _ cosx)) (A19)
2k (sx)? s X
where the overhead bar now denotes the ensemble average over the random Vanable 0.
Combining the results for 7} and I, the response tensor is obtained to be
Gij(K) = 8;; go(Tak,h) + ——dmIn o (ak p), (A20)

2k

APPENDIX B: FORCED OVERDAMPED SHEARING WAVE

The forced, damped Euler equation with a background linear shear is (in this appendix we use v instead of uy,y, for brevity) as
follows:

9 9
2 s ) vt Svies+ (V-V)v=—Vp— 41, (B1)
al‘ 0x7 Td

where 74 is a given damping time, and f(x,¢) is the external forcing which is assumed to satisfy V - f= 0. The pressure,
p(x,t), is determined by requiring that Eq. (B1) preserve the incompressibility of the flow. We consider external forcing of
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the form,
f=Re{F(t) exp [iQ(") - x1}; Q) -F@t) =0, (B2)
which excites a single plane shearing wave:
v=Re{W(@) exp[iQ@) -x]}, p=Re{P@)expiQ@)- x]}. (B3)
Incompressibility (i.e., V - v = 0) requires that
Q- W=0, (B4)
which makes the nonlinear term, (v - V) v, vanish because
W -V)exp[£iQ(®)-x] =x(Q - W) exp[iQ(?) - x] = 0. (BS)
When Eq. (B3) are substituted in Eq. (B1), we obtain
dW d w
—+iW<X~—Q+SX1Q2>+SW182=—iQP——+F. (B6)
dt dt Tq
Requiring that the x dependent terms inside the parentheses vanish implies that Q(#) must be of the form,
Q1 =q1—Stq2; Q2= q; 03 = g3, (B7)
where q = (g1,92,93) is a constant wave vector. Then W(z) satisfies
dW W
— + SWie; = —iQP — — +F, (B8)
dt Td

where 0% = Q- Q = (¢1 — Stq2)* + g3 + g5 . We consider the overdamped case when |[dW/dt| < |W/z4l, so we drop the
time derivative term on the left side of Eq. (BS). P can now be eliminated by taking the dot product of Eq. (B8) with Q and using
Q - W = 0. Then W(¢) satisfies

w
sWies = sw, (22) W g (B9)
0? Tq
The solution is
2 2
W1 =‘L’dF1+S'L'd |:2Q1—Q2i| ‘L’dFl, WQZTsz—STd |:2Q1;Q3:| ‘L'dFl,
0° — 8510102 0 — 8510102
0,0 (B10)
2¢3
Wy =1F5+ S _ F.
2=l rd[QZ—STdQle]Td :

Using Q - F = 0, it can be verified that Q - W = 0. The above solution for W is valid for quite arbitrary forms of the forcing.
Now we make a specific choice for F(¢):

ki =Gy, wF, =Gy + StGy;  taF5 = Gs, (B11)
where G = (G,G,,G3) is a constant complex vector that is orthogonal to q (i.e., q - G = 0). Then the dependence of W on
time ¢ is given in explicit form as

010>
0% — 519010>

W2=G3+S‘[d|:

W1=G1+S‘L'd|:

2 2
+
}Gl, W2=G2+StG1—Std[ Qi + 05 :|G1,

=
0 —819010> (B12)

0% - 5140,0>

We now write the velocity field in explicit real form, using arguments familiar from the discussion of the polarization of
monochromatic plane electromagnetic waves. G is a complex vector. If its square, G = G - G, has argument equal to 2v, then
we may write G = E exp [iy] with q - E = 0, where E is a complex vector whose square, E2> = E - E, is a real quantity. We
now express E in explicit form as E = (hc — ia) with q-a =0 and q - ¢ = 0, where ¢ and a are real vectors orthogonal to q,
and h is a real number; we can choose |¢| = |a] and —1 < h < 1. Since E? = (h*c? — a® — 2ih ¢ - a) has been chosen to be a
real quantity, we must have ¢ - a = 0. In other words, a and ¢ are mutually orthogonal vectors lying in the plane perpendicular
to q. Then the velocity field of the sheared plane wave of Eq. (B3) is given by

v(x,t) = A(t,q) sin[Q(t) - x + ] + C(r,q) cos [Q(t) - x+ ], where

0,03 ]G1~

2 2
Az =a13+ Staay [2&;&} . Ay =ay + Stay — Staay |:2Q1;Q3i| ;
0° — 81,0102 0 — 871010
0130; 01+ 03
Ci~=h S ——== |}, Co=h Stey — 8§ - )
b {Cl’” e [Q2 —SrdQIQZ]} ’ {C” aToma [Qz— 570105
where Q1 =¢q1—Stq2, OQx=¢q2, O3=gq3; q-a=0, c=qxa —-1<hr<L (B13)

026303-11



KOLEKAR, SUBRAMANIAN, AND SRIDHAR

[1] A. Brandenburg and K. Subramanian, Phys. Rep. 417, 1 (2005).

[2] H. K. Moftatt, Magnetic Field Generation in Electrically
Conducting Fluids (Cambridge University Press, Cambridge,
1978); R. Beck, A. Brandenburg, D. Moss, A. Shukurov, and
D. Sokoloff, Annu. Rev. Astron. Astrophys. 34, 155 (1996); R.
M. Kulsrud and E. G. Zweibel, Rep. Prog. Phys. 71, 046901
(2008) ; E. G. Blackman, arXiv:1203.0823 (2012); A. Bran-
denburg, D. Sokoloff and K. Subramanian, arXiv:1203.6195
(2012).

[3] F. Krause and K.-H. Radler, Mean-Field Magnetohydrodynam-
ics and Dynamo Theory (Pergamon Press, Oxford, 1980).

[4] A. Brandenburg et al., Astrophys. J. 676, 740 (2008); T. A.
Yousef, T. Heinemann, A. A. Schekochihin, N. Kleeorin,
I. Rogachevskii, A. B. Iskakov, S. C. Cowley, and J. C.
McWilliams, Phys. Rev. Lett. 100, 184501 (2008); Astron.
Nachr. 329, 737 (2008); P. J. Kapyla, M. J. Korpi, and A.
Brandenburg, Astron. Astrophys. 491, 353 (2008); 500, 633
(2009); D. W. Hughes and M. R. E. Proctor, Phys. Rev. Lett.
102, 044501 (2009).

[5] I. Rogachevskii and N. Kleeorin, Phys. Rev. E 68, 036301
(2003); 70, 046310 (2004); Astron. Nachr. 329, 732 (2008);
K. H. Radler and R. Stepanov, Phys. Rev. E 73, 056311 (2006);
G. Ridiger and L. L. Kitchatinov, Astron. Nachr. 327, 298
(2006).

PHYSICAL REVIEW E 86, 026303 (2012)

[6] S. Sridhar and K. Subramanian, Phys. Rev. E 79, 045305(R)
(2009); 80, 066315 (2009); S. Sridhar and N. K. Singh, J.
Fluid Mech. 664, 265 (2009); N. K. Singh and S. Sridhar, Phys.
Rev. E 83, 056309 (2011).

[71 Y. B. Zeldovich, A. A. Ruzmaikin, and D. D. Sokoloff,
Magnetic Fields in Astrophysics (Gordon and Breach, New York,
1983).

[8] A. P. Kazantsev, JETP 26, 1031 (1968).

[9] P. Dittrich, S. A. Molchanov, D. D. Sokolov, and A. A.
Ruzmaikin, Astron. Nachr. 305, 119 (1984).

[10] A. D. Gilbert and B. J. Bayly, J. Fluid Mech. 241, 199
(1992).

[11] E. T. Vishniac and A. Brandenburg, Astrophys. J. 475, 263
(1997); D. Sokoloft, Astron. Rep. 41, 68 (1997); N. A. Silant’ev,
Astron. Astrophys. 364, 339 (2000); S. Fedotov, . Bashkirtseva,
and L. Ryashko, Phys. Rev. E 73, 066307 (2006); M. R. E.
Proctor, Mon. Not. R. Astron. Soc. 382, 1.39 (2007); N. Kleeorin
and L. Rogachevskii, Phys. Rev. E 77036307 (2008); S. Sur and
K. Subramanian, Mon. Not. R. Astron. Soc. 392, L6 (2009); T.
Heinemann, J. C. McWilliams, and A. A. Schekochihin, Phys.
Rev. Lett. 107, 255004 (2011); D. Mitra and A. Brandenburg,
Mon. Not. R. Astron. Soc. 420, 2170 (2012); K. J. Richardson
and M. R. E. Proctor, Mon. Not. R. Astron. Soc. (in press)
(2012).

026303-12


http://dx.doi.org/10.1016/j.physrep.2005.06.005
http://dx.doi.org/10.1146/annurev.astro.34.1.155
http://dx.doi.org/10.1088/0034-4885/71/4/046901
http://dx.doi.org/10.1088/0034-4885/71/4/046901
http://arXiv.org/abs/arXiv:1203.0823
http://arXiv.org/abs/arXiv:1203.6195
http://dx.doi.org/10.1086/527373
http://dx.doi.org/10.1103/PhysRevLett.100.184501
http://dx.doi.org/10.1002/asna.200811018
http://dx.doi.org/10.1002/asna.200811018
http://dx.doi.org/10.1051/0004-6361:200810307
http://dx.doi.org/10.1051/0004-6361/200811498
http://dx.doi.org/10.1051/0004-6361/200811498
http://dx.doi.org/10.1103/PhysRevLett.102.044501
http://dx.doi.org/10.1103/PhysRevLett.102.044501
http://dx.doi.org/10.1103/PhysRevE.68.036301
http://dx.doi.org/10.1103/PhysRevE.68.036301
http://dx.doi.org/10.1103/PhysRevE.70.046310
http://dx.doi.org/10.1002/asna.200811014
http://dx.doi.org/10.1103/PhysRevE.73.056311
http://dx.doi.org/10.1002/asna.200610527
http://dx.doi.org/10.1002/asna.200610527
http://dx.doi.org/10.1103/PhysRevE.79.045305
http://dx.doi.org/10.1103/PhysRevE.79.045305
http://dx.doi.org/10.1103/PhysRevE.80.066315
http://dx.doi.org/10.1017/S0022112010003745
http://dx.doi.org/10.1017/S0022112010003745
http://dx.doi.org/10.1103/PhysRevE.83.056309
http://dx.doi.org/10.1103/PhysRevE.83.056309
http://dx.doi.org/10.1002/asna.2113050305
http://dx.doi.org/10.1017/S0022112092002003
http://dx.doi.org/10.1017/S0022112092002003
http://dx.doi.org/10.1086/303504
http://dx.doi.org/10.1086/303504
http://dx.doi.org/10.1103/PhysRevE.73.066307
http://dx.doi.org/10.1111/j.1745-3933.2007.00385.x
http://dx.doi.org/10.1103/PhysRevE.77.036307
http://dx.doi.org/10.1111/j.1745-3933.2008.00570.x
http://dx.doi.org/10.1103/PhysRevLett.107.255004
http://dx.doi.org/10.1103/PhysRevLett.107.255004
http://dx.doi.org/10.1111/j.1365-2966.2011.20190.x



