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1. INTRODUCTION

ONE of the important problems of molecular chemistry concerns the evalua-
tion of the correlation energy of molecules and the study, in general, of cor-
relation effects in many-electron systems. The motions of the electrons in
atomic or molecular systems are not independent of each other but are
dependent on (or correlated with) the positions and spins of the other elec-
trons. This correlation now is of two kinds—the first one arising from the
limitations imposed by the Pauli Exclusion Principle which forbids two
electrons of the same spin to stay in the same state, and the second kind
arising from the strong Coulomb repulsion experienced by any two electrons
when they try to approach each other closely.

The standard method of solving many-electron problems in quantum
mechanics is by means of the Hartree-Fock equations, which are the varia-
tional equations of the Hamiltonian operator for a wave function that is a
determinantal expression in the one-electron orbitals. Since the wave
function is a determinant in the one-electron orbitals of the different electrons
of the system, it will vanish when the co-ordinates of any two electrons
having the same spin become identical and-thus the Pauli Principle is implicit
in this scheme. Or in other words, the Hartree-Fock equations suggest
.and bring within their scheme the correlation between electrons of the same
spin, but because of the ore-electron approximation they fail adequately to
take into account of the Coulomb repulsion effects between the electrons.
Experience has in fact shown that the H. F. equations give a much higher
value for the energy of a molecular system than the experimentally observed
one; this is to be expected because the H.F. equations neglect the Coulomb
correlation between the electrons and would consequently contribute. a much
higher value for the repulsion energy of the system than is actually possible.

Coulomb correlation between the electrons can be brought into the
theoretical formalism in several ways, but the simplest and most direct method
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of them all is to multiply the wave function by a correlation factor g (rys, ris)
....) which is symmetric in the inter-electronic distances ryy, 43...... , etc.
Such a method has been found to be very effective for two electron systems
like He*ions and the hydrogen molecule, and it has been shown by Hylleraas,
Lowdin and Redei that by using simple correlation factors of the type e%Tu
or (1 + ary,), the energy for the Helium atom could be improved muth
beyond the value yielded by the H.F. equations. The introduction of the
correlation factor modifies the field in which an electron is moving, and
each electron moves in the average potential field of the remaining electrons
subject to the condition that no two electrons can approach each other
closely. The wave functions of the different electrons moving in such a
correlated field will be different from the one electron orbitals obtained by
solving the H.F. equations, and an important problem in the study of cor-
relation effects is to determine the one-electron orbitals in this case. The
equations determining these orbitals are given in Section 4 by making use
of a formula given by Lowdin; in Section 8 we give the correlated Hartree-
Fock equations for non-stationary systems. In Section 4, we have given
the integro-differential equations satisfied by the generalised density matrices,
and from these it is shown that one can obtain an expression for the energy
matrix of the system which will be useful in determining a correlated Thomas-
Fermi destribution. In Section 7, some remarks are made on the effects
‘of correlation by a study of the general equations for the simple case of two.
electron systems.

2. DENSITY MATRICES -

Let ¥ (x;, X,, ..., Xxx) be the normalised eigenfunction of the system
so that we have

[ P*Wdr = 1 , (1)
“where
Jdr = [dx,dx, ... dxy

“denotes integration over all space co-ordinates and summation over spin
co-ordinates. The generalised density matrices have been defined by
Lowdin as follows:

I (x| xy) ,
= N P* (/% ... 20) P (%, .. xn)dxy .. dxy
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T(x)/xy | x3%x5)

= (g-l) f v (xl'xa'xs e xN) w(xlxa ‘e xN) dxa e de
P(x/xy ... xp' | X125 ... xp)

= (I;) f W*}(xx'xz' cor XpXpey oo ) W 0. x)
» X dxp'l'l LI de. ~ (2)

For a system of N electrons, ¥ is an anti-symmetric function of the co-
ordinates (space as well as spin) of the electrons and we choose for ¥ the
following determinant:

: P (x)  Paxy) ... ()
!/ - (N!)..; '/’1 (xz) ¢2 (xz) . 'l‘N (xz)

........................

Py () P2 xn) .. - Py (xx)

We assume for the sake of simplicity that the ’s form an ortho-normal
system so that we have

£ (2) e () dlx = B " @

3

Now
V¥ = e =y detiipy )
where
N PO -
pij=Z Ye® (63) e ().
For future applications, we need also the quantity py; defined by
N S L
pig = Z dic* () e (x3)- ©)
- ..
Since the ¢'s form an ortho-normal set, we have

J ¢linpnjdxn = pij. BT @
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The integral of p over the co-ordinates of the various electrons has been
given in Mott and Sneddon® By adopting a similar procedure for the
evaluation of ths integrals and making use of (7), we can show that

(x| x)=p'u=p

1 |Pu Pa| 1
T (%' x5’ | x1%3) = 57 l ' . | ==37P7
- 2! P21 P 21 5
: Pu - Pip 1
P(x11x2I - xp' | xl e xp) — p—!- .'A. --------- p'Pp . (8)
g Pp1- P,pp -

where we have written p'p for the determinant in the above line contammg
p rows and p co’umns.

There are several problems that deal with time-dependent processes,
and the density matrices in such cases can be defined analogous to.(2). Thus
if ¥ (x,x; ... xyt) is the normalised time-dependent wave function for the
system, we define the density matrix of order p as follows:—

T (x)/x) ... xp't" | X4%g - .. Xpt)

_ (N) f P* (x5 . xp Kpp oo Xnt) W (... X6l -
de.H oo AXN. (2 a)

If as before we choose for ¥ a determinant built from one-electron orbitals
so that

EEEI

V(xy ... xnt) = (N)Hdet {gh; (a) ... by (xx0)} QBa)

‘Where the orbitals iy, ¢, ..., ¥y satisfy the orthonormality conditions
[ > (xt) drc* () dx = Sy (4a)

then it follows that

LGy - %'t |_x,...gcpt)_=%§, - ®a)
In the above - ”
| Pu Pi-- Pip

!
" P'n P'az h -:‘P . | .

................
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"t

and ool e A U R

(Farther if G (x,x, ... x;) is a symmetric function of the co-ordinates o
[ electrons, it can be shown (see Appendix I for proof) that

: (N) f G (xxs ... x1) 5 bp Ndxy ... dxy

f G (xl s xl) p l+1 dxl “e dxl+1 + @Tﬂ—*
Pl e Pl Pl
G(xl._'xl) ‘.' ............. l-...,
X dx1 Ve dx1+1 Py sovevens PIL Pl |- (9)
DP l""l:l oo ap’l+l;l 0
BT

3. TeE ENERGY OF THE SYSTEM

The Hartree-Fock equatlons are the Euler dlﬁeren‘ual equations of the
variational principle

Sf{¥Y*HY¥Ydr=0. - . = S (10)

In view of the one-electron approximation, the Hartree-Fock equations
do not adequately take into account of the Coulomb correlation, and we shall,
following Lowdin, take the correlated wave function of the system as the
product of a correlation factor which is a symmetric function of the inter-
electronic distances and the Slater determinant. 'The wave function @ for
the system then becomes L

D =g(rgirs...) ¥. (11)
For g, we shall choose the form - - . o
gwrs..)=a+p 2 fy) (11a)
(e i<j . :

. where the functions f(ry) are supposed to be l;n0wn. The simple functions
139 OF (€97 — 1) may be regarded as good choices for the correlation function
-f(r12). One of the constants, say a, can be determmﬁd from’ the Condltwn
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and B can then be chosen as the best parameter minimising the energy. Now
the best one-electron wave functions ; (x) i = 1, 2, . .., N) can be determined
from the variational principle

8W = 8 [®* HOdr = 8 [ P* H.Wdr = 0 12
where
Hc = gHg. N (13)

Before writing down the variational equations we shall first fix the form
of He.

Now

H = {a +8 2 f("ij)} {3 Ei+1 X Fx, xk)}

1 <g

X {a + B 5,' f("ij)}

i<j

{‘51' Ei + 3 2 F (xu xk)}

+o £ 2 [fChEQ]

i<t

+28 2 X S(rst) F(x;, xx)

st i<k

+ B {f‘;«' é‘ Z’ f(rst)E (l)f(rs't)

st ik art’
<t i<k ¢ <¢’

+ 2 Z Zf(rst)F(xhxk)f("st)}

=T, +Te+Ts + Ty , (149)

In the above [u, v] denotes the operator (uv + vu). Consider now the term Ts,.

'The summation here contains N*(N — 1)/2 terms. Of these, the number
of terms for which i, s and ¢ are different is 3 () while the number of terms
ipvolving two indices only is N(N — 1),
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Let us write
T, s) = aB[f(ris), E() + E(s)]
To (s, 1) = aB{[f(rst), ED] + [f(ri), E(s)]

+ [f(ris), E ()]} (1549)
Then
Tz = ‘Z: T2 (l: S) + iZ' T2 (ia S, t)' (15 b)

Consider next T;. The summation over i, k, (i< k) and s, t(s < t)
contains N2(N — 1)?/4 terms. Of these, there are (!) (¥) terms of the
type rst F (x;, xx) involving four different indices, 6 (%) terms of the type
F (x;, xt) ris involving three different indices and (¥) terms of the type
rik F (xi, x) involving two indices only. If we write

Ty G, 5) = 208/ (ris) F (xi, x5)
Ts (G55 1) = 208 [F (xi, x1) (f(ris) + £ (rst)) + F (i, xs)

x (f(rie) + f(rsD)) + F (x, x¢) (f(rsi) + f (D) ]
Ts (i, k, 5, £) = 208 [ f(rix) F (x5, xt) + five similar terms arising
from the permutation of i, k, s and 7],
then
Ty = é‘ Ts(@s)+ ¥ TG, s,0)+ X Ti(, ks t). (16)

ik, s LN
i<k i<k<2 i<k<ls<i

We shall finally consider T,. The first term of T,, involving the operators
E;, consists of N3 (N — 1)2/4 terms and these can be split up into 30 (%)
terms containing five different indices, 48 () terms containing four differ-
ent indices, 21 (Y) terms containing three different indices and 2 () terms
containing two different indices. Similarly the second term of T, involving
the operators F (x;, xi) consists of N® (N — 1)3/8 terms ¢nd the terms invol-
ving 2, 3, ..., 6 different indices in this are given by the relation

NN D0 (M) 1 130 () o e () + 24 ()

+(3)- (17)
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Let us denote by T, (i, s), T4 (5,0, TyGoky5,8) ... Ty(i, k, 5,8, 5, t') the
terms in T, involving 2, 3, ..., 6 different indices. Then

Ty = 2 T4(t,s)+ .+ 27 > ¥ T, k,sts,t). (18)

st [1414
l<s R i<k<a<t<l’<t'

We shall now write
H! = a? E (i)
He2 (i, 5) = a2 F (xj, x5) + To (i, 5) + T3 (i, ) + T4 (G, 5)
He* (i, 5, 0) = To (i, 5, ) + Ts (5, 5, ©) + T4 G, 5, 8)

HE Gk, s, t,8,8)=T,Gk,s,t58,t) (19)
" Then obviously '

X Z' Z’ ZHcs‘(i, ). (20)

We may note that the functions He! (xy, X3, ..., x1) are symmetric in their
arguments. "

O\I,_.

Now
W = [ ®* HPdr = | ¥* HeWdr. _ ‘ @n
From (20) and (8) we have
‘ = [ Hc () T(xy' | ) dy + [ ch (erxe) T (xl'x'z | X1x8) dxldxa
v JHEE (iyxa. . xg) Ty oo X6’ | Xp. .. Xg) dxy. . .dxs.
(22)

where we are following the convention that, in the integrands, the operators
He! (xy), He? (x3, X2) . . . operate only on the unprimed co-ordinates x;, . . ., X,
and that, after these operations have been carried out, we have to put
¥ = X1 X3 = Xg; ...} Xs’ = x, before the integrations.

We see from (22) that the energy of the system is a functional of the
density ‘matrices along,
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4. THE CORRELATED HARTREE-FOCK EQUATIONS

Lowdin has determined the one-electron functions ¢, ¢y, ..., ¥x
that make the determinant ¥ the ¢ best’ approximation for the eigenvalue
problem

Qop. ¥ = WP T (@)
where Q,, is a many-particle operator expressible as
’ 1 » .
Qop. = Qo+ DAt D %5 D Yt 2B
4 [1) ik

The prime in the above indicates that the summation excludes terms having
two or more indices equal.

The equations determining the functions ¢,, ¢, ..., ¥ are given by

P (x)  Pr(xy)
p(xs, x1) p(xa'x9)
. P (x)  Pr(x2)  Pr ()

+ 71 f Qus | p(xa'x) plra'xs) p(x2'xs) | dxedx,
p(xs'x1)  p(xs'xp) p(xs'x9)

. Qe (%) + f £y dxf!

= é‘: Mcithi (). 25

Now H, is a many-particle operator similar to (24) and thus the best one-
electron orbitals that minimise the energy of the system can be obtained
from (25) by replacing £,p. by He. By expanding the determinants in (25)
along the first row and denoting by p';,; the co-factor of p’;; in p’;, we can
write the integro-differential equations determining the correlated orbitals as

He? (xy) ¢ (1) + Z (T__—_l_-l—)" f He! (xyxs - .. x1)

X E P'1; 1k (X)) dxy . .. dxy

i=1

—Z'Akm(xl):o k=12 ..., N)

(26)

il
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The conjugate complex of the above equation is given by

He' () ¢rc* (%) + Z g‘_l*T)‘! f H! Gy v o x1)

=2
1

X Z P15 1%k (x5) dx, . .. dxy

- Z’ Nih* () =0 @)

Equations (26) determine the correlated orbitals #;(x;). They are
a generalisation of the Hartree-Fock equations and since they explicitly take
into account of correlation effects, they can be expected to give better theo-
retical values for physical parameters like energy, than the simple Hartree-
Fock system of equations.

From (26) we have
Ney = Z (T_Lf)—, f $i* (x) Heb (x ... xp)

X Z’ o't 1 (cg) s . .. dxy (28)

j=1

and from (27) we see that
Aei = A¥ik. | , (29)

As in the H.F. scheme we see that the Ag; are a set of arbitrary constants
forming a Hermitean matrix. Again as in the H.F. scheme, the set of orbitals
Y1, P2y - .., Py are not uniquely determined as the equations (26) are in-
variant under an orthogonal transformation of these functions. The ele-
ments p';; of the density matrices (and consequently the density matrices
themselves) are, however, uniquely determined.

Multiplying (26) by i * (x,'), summing over £ and remembering that

1]
1 ’ ’ ! 4
ﬂ E Pl;le]j=I'(x1 e xl lxl..-xl) (30)

{=2



Correlated Hartree-Fock Equations & Generalised Density Matrices 179
we get from (26), (28) and (30) that

[:3
E lchl(x1 N ) I A C N R 7 SR 7) X7 - -

=1

i=2

P'm Piz---Pu

Pau Poa---Pal

Plu Plz...P U

= D) = J el Gy

dx,dx, ... dx.

€13

Multiplying (26) by ¢x* (x,) and subtracting from it the corresponding
equation for the conjugate of ¢ (x,) multiplied by ¥y (x,) and summing

over k, one gets

| Z(T—_l“f)”!fﬂc'(xl...x,)

=1

Par Paz---Pal
Pa Pa ... P2l

................

=Z’(1__l.mfncl(xa XD

=1

X

Pa Pra-. Pl

Paa Poe...Pal

...............

Pla Plz--- Pl

(32)

Equations (31) and (32) are integro-differential equations governing the density
matrices. When correlation effects are neglected, we have g = 1 and there-
fore a =1 and B = 0. It can easily be verified that in this case equations
(26) reduce to the ordinary Hartree-Fock equations. Further, if we writg
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F (x;, xg) = €*| ryy and B (x) = [ F (x3, x2) p (Xa x3) dx,, then equation: (32)
reduces to the well-known equation.®

E()+Bx) —EX)—BE)}p(x,x) ‘ |
— [F (x’ X”) —F (x’, x”)] P (x’ x”) P (x”’ x’) dx" = 0 (33)

If we write

24+ V(x),

2 h
EW =12 +V®=—gu

equation (31) becomes
- §1}rl-:-n3f 8 (x — ) Valp (¢, ) dx’ + (V + B) p (x, %)
—[F@X) ot X)Pdd +[p(, DE@) p (o x)dy
+ R, x| p(x, x)|2p(x", x") dx'dx" S
—[F(,x)p (s x)p(x,x") p(x", x') dx'dx". R 3‘1)

The above equation can be used to determine the charge deikaty p(x, x)
of the electron cloud of the atom. o Y

5. THE ENERGY MATRIX

Let us now consider in greater detail the left-hand side of equation (32).
We have

, > i L ...
L.H.S. = He* (x) p'art+ 2 ' g=n I(gxcz (xl dx; &
1=z

Pa Paz - Pal

...............

Puu Pla---PU
<, =~ 1
= He' (x) P'a1 + Z;(l—:—l)!chl(xl"'x
=2

| . |
X {p'up'z; nt 2, P,akP’l;lk} dxy ... dx.  (39)
: k=2 5
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Now since Hc!(x; ... x;) is a symmetric function of xy, x,, ..., x], it can
be seen by simple transpositions (x,, xx) (k =3, ..., ) of the integration
variables x,, X, ..., X; that the (I — 1) terms in the second summation of
the above integral are all equal to [ He! (xy.. .. %1) plaep’t; 120%2 . . . dxi.

Thus, .
1 ’ 1 1
LHS. = He' (s)P'a + g y; f He G- 20

X {P,alp'.l; u-t (l - 1) P'azP'l; 12} dx; ... dx;. (36)

Now pi; = p (xi, xj) = Z r* (x;) i (x;) can be regarded as the (x;, x;)-th
element of a continuous matrix p. We shall define a matrix K (x,, x,)
by means of the following relation:

K (o 0) = K (e ) + D | s K G ) (37)
' =2 .
where |
K (3, x2) = [ 8 (%2 — m) He' (1, py) 8 (7 — x1) dy
K' (g %) =8 (g — x) B (e) + ( — D[ H' (v ... x1)
s X p'l; 12dx3 Ce dxl; ' (38)
and ‘ s
B! () = [He' (%1 ... %) pism da ... dxy, )
We shall define the (al)-th element of the product by pK® by - -
(PKYar = [ K (x, 1) p (Xq5%2) dx. (40)

The definition is the same as the usual matrix multiplication law, but we take
care to write p(x,, x,) after the operator K (x,, x;) so that the latter can
operate on p(x,, x;). We can then show the left-hand side of equation
(32) to be the (al)-th element of pK. We have in fact

(PKDar = [ 8 (x, — x2) BL(x,) p (o %xy) dxy .y
+ (- l)chl(x1 ce xl)P'l;mP'az coedxy ... dxy

\ )
= B! (x) p'a + TH (% ... xp) kZ; P'1;1kP akdXs . . . dxy
Par Paz--- P’cl

—_ ch’.(xl LX) Par P22 -.-pal dxy ... dx;. (A1)

...............
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Further H,! (x,) p'a; is obviously the (el)-th element of pK'. Thus the left-

hand side of equation (32) is the (a')-th element of pK. Similarly

RHS. = He' () ¢ “+Z(l—1)' B G ™

P1a P12 -- Pl *

P2 Pag .- pal

--------------

X

Pla Plz---PU

—-Hc (xa.)Pal + Z(N l)' (l— l)'

I=2

X ¥ (3% ... Xx) Hel (xap - . . %1)
X W* (xXs ... Xn) dXy ... dXy

—Hc (xu)Pul"'l_ 2 (N I)' (l_l)'
X [ ¥ (XgXs ... Xn) Hel (x,%5 ... x1)
X W XXy ... Xn) dXa ... dxy
since Hc! is a real operator.
Thus we have
E 11 Hel (%, ... x1)
e ML , a
R-H-S. -_ Hc (xa) pa,]_ + (I _ 1)! dx2 . dxl
Par Paz - Pl
P'21 Plag - Pal

................

Now

Ko = Z' (= J K G 5B (o 5 i

I=1

- Z(Ti“l)!{Bl(xa)p',.l+(l~l)fHJ(x.,xz..-

X P'l; 2ap'2ldx2 e dxl}
—~ RHS.

(42)

43)

x1)

44)
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as éaﬁ be seén‘ by expanding the determinants in (43) élong their first columns.
Thus the equation (32) is the {al)-th element of Kp — pK. Hence we can
write

Kp — pK = 0. 45)

The second term in Kj (x,, x;) subtracts from the matrix B (x,, x;) =
8 (x3 — x,) B (x,) the physically irrelevant terms corresponding to the action of
an electron upon itself and at the same time accounts for the exchange effect.

We can in fact express the energy of the system in terms of the matrices
K! (x;, x;) we have

o ($9)]

where D denotes the diagonal sum or spur.

The matrix K is a generalisation of the matrix (E + B — A) (see Frenkel,
pages 428-36) for the case when correlation is introduced into the theoretical
formalism, and reduces to the latter when correlation is neglected. It can
thus be regarded as the energy matrix for the system in analogy with the
theory of the density matrix based on the Hartree-Fock equations. The
importance of the energy matrix lies in the facility with which it enables one
to pass on to a representation in the phase space and thus to obtain a semi-
classical expression for the density of the charge cloud of the system. It is
well known that by transforming the matrix K (x;, x) into one {K (x;, p))}
involving the position and momentum of the particles, one can obtain
the so-called Thomas-Fermi-Dirac equation that includes exchange effects
besides. Thus the matrix K (x;, x;) defined in (37) can be used as a con-
venient starting-point to derive the equation governing the charge cloud of a
molecular system; the details of this transformation theory leading to a
correlated Thomas-Fermi charge distribution will be published separately
in a different paper.

- 6. A GENERAL CORRELATION FACTOR

In the above discussion, we have chosen a correlation factor which is
a linear function of f(r;;) where ry; is the inter-electronic distance between
the j-th and j-th electrons; each term of g thus contains the co-ordinates of
two electrons only. While this type of correlation factor is the simplest
to deal with and can certainly be expected to improve the H.F. equations,
it does not take into account of the multiple correlations connecting the
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positions of different electrons at the same time. A general correlation
function is either a polynomial in the (%) inter-electronic distances or a
convergent power series in them. Let us suppose that H. (= gHg) is of the

form
He = ZN' {Z’ FH (3, xz)}- @n

The correlated H.F. equations in this case become

Z(l 1)'ch (31, X3y - - ,xz)sz 2k () dx, . . . dx

=1

N
= Dk =0 G=12...N. @)

The difference between (48) and (26) consists only in the summation
for I; while in (26) the summation for / runs from 1 to 6, in (48), it runs from
1 to N. The integro-differential equations satisfied by the density matrices
in this case can be obtained from (31) and (32) by making the summation
for I to run from 1 to N.

7. SPECIAL CASE

In this section, we write down the explicit form of the correlated H.F.
equations for the case of the simplest two-electron system, namely the Helium
atom. We do not propose to evaluate the energy of the system as this has
been done by several authors, but give the form of the equations (26) as this
might enable one to have some insight mto the meaning of these equations.

We have here
e = om0 = 55 -2}
He? (%) = a¥F (3, %) + of [ (1), B () + E (x9)]
+ 2082100 o g 1) [ (o) + B (51 (30

ﬂze *f ("12) (49)

e
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Equations (28) become
He! (x) ¢ (%) + [ He? (31, Xa) $2® (%) dxa] 41 (x1)
— [J He® (x1,-x3) $2* (x2) s (xa) dxa] o (x)
= Eyh (x) ~ ; (50

and a similar equation for electron 2 which may be obtained from the above

by interchanging the indices 1 and 2. In the above we have chosen a dia-

gonal representation for the matrix (A;;), and E, and E, denote the diagonal

elements. H¢' denotes the kinetic energy operator of the clxctron 1 plus
its potential energy in the field of the nuclei. The second term in the brac-

ket gives theaverage of the operator H¢2 (x;, x,) for all positions of the electron

2 and the third term gives the exchange effects. Since Hc? (xy, x,) contains

a term a®F (x;, x,), the part of it containing the factor 2 can be interpreted

as the potential energy of elsctron 1 moving in the average electric field of
electron 2. The terms aof [f(ryw), E (xp) -+ E (xy)] give the influence of
correlation on the kinetic energies of the electrons. The term [af8 [ f(ry2)

P2 (xp) dx,]) E (x) especially shows that the kinetic energy of electron 1

is not independent of the motion of the electron 2, but is.correlated with it.

Since correlation reduces the chances of two electrons coming close to each

other, it also reduces the fluctuations in the kinetic energies of the electrons

and thus tends to make the distributions of the kinetic energies rather uni-

form. If we take f(ris) = ryg, then af %[ f(ri2)/ris ¥s? (x2) dx; = af.2 and

therefore the Hamiltonian for the electron 1 contains a constant term. By

transferring this term to the right-hand side, the latter becomes (¢; — afe?®) i,

and thus the influence of the correlation factor is to reduce the energy of
the system. Since f(r;5) is an increasing function of r;,, the effect of the

term B2e? f 2 (ryg)/r1z in He? (xy, x2) Will be to increase the average inter-electro-

nic distance and consequently to diminish the energy of the system.

8. NON-STATIONARY SYSTEMS

There are several problems of physical and chemical importance that
depend for their solution on the time-dependent Schroedinger equation

h o
(H + o)X =0, (51)

In this section, we consider such non-stationary systems and find out the
orbitals iy (x, f) that make the function @ = g¥, where ¥ is given by
b
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(3 @), the ¢ best’ approximation for the equation (51). These orbitals are
given by the variational principle

squ*(H*’z at)‘pdf:o S (2)
or.
sf 'F*(Hc—ihG%) Wir = 0 . (520
where S
G =g T
=0.2+ 2 ; G(l’])+3' 2 ; G(l.],k}
ik )
+4, E G(ij kD) - (53)

G (/) = 2aBf (ryy) + B % (ris);
G (G, J, k)= 282 [ f(rig) {(f Cepe) + £ (i) +f (rine) S (rim)} |5
G (i) k, D=2 {f (ris) f (i) + f (rie) S (r30) + £ (rid) S (rjno)}- (54)

We shall now evaluate the variation in (52 a) in, two steps: first find out the
variation of J; = [ ¥* H.¥dr and secondly calculate the variation of

J, = f G+ %’ dr. (55)

(a) First consider '
8Jy = [ 8¥* HcWdr + [ SWH¥* dr. . (56)

Now | ¥* H, Wdr is given by (22) and [ 8¥* H.¥dr can be obtamed
from this by varying only the primed quantities (or the quantities with an
aesterisk) without varying #y, ¥, ..., . We shall denote variations of
this type by 8*. Similarly ]“8Y’Hc‘lf* dr can be obtained by replacing the
I’s in (22) by their complex conjugates and varying only the functions
bba, .ty In T* 0%y ooox)" X% ...x1) (I=1,2,...,6). As men-
tioned earlier we follow the convention that the operators Hg! and d/at
operate only on the unprimed quantities and that after these operations have
been performed one should put x;/ = x; (i=1,2,...,N) and ¢ = ¢ in
.the integrals. : :
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Since by (8 @) the Is are functions of p';;,. we have
S*I(xy/xy .. x| Xy ... 1)

rxy ...xt'lx ... x ,
(x1 l|1 1)8*pi,-

4 %p'ij
= %Z’ P (Z Se* (xi') e (xj)) G7)
i, =1 k=1 ' -

where p;; ;5 is the co-factor of p’;; in p';.
Now
J8P*H Vdr

=8*5,'chl(xl...xl)I‘(xl'...xl’]xl...xl)dxl...Jxl»

6 1 N
= 15 [ ; REC )] %‘15 P'L; ij { ké’l 3 Pic* (i) e -(xj)}
X dx;...dx

=Z' l'ch (..
{Z'W,Z 8 dic* (vr)) e ()
-+ Z Z P14 Z Sne* (i) Y (xa)} | (58)

=2 =1
Now the terms corresponding to the cases i = 2, 3, ..., / can all be obtained
from the first term of the above bracket by means of the cyclic permutations
(%1, X9); (x15 X3)3 - .. (x4, x7) of the integration variables and thus the sums

corresponding to the cases i = 2,3, ...,/ are all identical with the sum cor-
responding to the case i = 1. Thus

| 8¥*H ¥ dr

=ZG‘(T:1mf He (xy ... x1)

i=1

% {Z Z P'1; 15 Otbi (%) e (x,-)} dxy ... dx (9)

=1 k=1
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A similar expression follows for f §$¥Hc¥*dr in which the variation acts

on the unasterisked quantities alone. Thus

1, = Z =i Z’ ZN' Siic* (x)

X {He (% - -« X1) p'1; agtbic (x3) dxy . . . dxi}
+ [ SPH P* dr.
(b) Next we have

8T, = f Gowr 2 dr — f Gow 2L dr.

Now
5* [ GP* ﬁ’ dr
= a2 .S_ ' f 8* (1) S 3V (xl’ ) gx,
4
+ E Tse L f G(x...x) Pl*‘dxx . dxiy
=2
Z' N — l -1
-1- ( )s*fG(xl..-xl)Ql.i.ldxl...
where
P11 Piz «-vvv-ve Pil+1
P21 L Pzl
Quy = R EEEEEEREEETTRETE
Pu Pla v-vvnven Pllva
% 1, Punl g
ot o

. _
= D [ ot 0y BBt 1 4

k=1
k=1

)

1)

dxl—i-] s
(62)

(63)

(64)
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where ¢, and ¢, denote respectively the second and third terms in the above
expression. We shall first consider #,, We have

fy = _:s*fc;(x1 Co) By, | day

= E zlifG(xl°'-xl)%8‘P’l+l\dxl"‘dxl+l
bRTHS
= l' dxl . dxl+]

=2

X a% {; E Pl i Z Sifne® (xi') Y (xa)} (65

=1 k=1
Now the integrals of the sums corresponding to the cases i =2,3, ...,/
are all identical with the integral for the case i = 1. Further let us inter-

change the integration variables x, and x;,, in the sum corresponding to
the case i=17+ 1. Then we get

ty = Z’-}J[le(xl XD+ G (s X1l

z ' 8 Yr* (x1) dxlu (66)
where
‘ P (0, 1) e (%0, 8) - - . P (X140, 1)
Pkl-;-1= P'u P'ea . . (67)
P'l+1, 1 P'.l+1, 2 cee P'l+1, l+1
Next

. E(N—l—l) G(x...x)
8 dxl dxl,.(,.l

X {Z E’ Qu4a; 15 ( Z Sipre* (x1) Y (J@))
+ Z Qutg; 141, § (Z Opic™® (x142) ‘—k—(l))} (68)

=1

-
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Now
Ql+1; 1, 7 = Pl4a; 141, §» ' o (69)

Interchange as before the variables xj,; and x, in the sécond term in the
bracket of the above integral. Then we get

t3=Z' s _l_.-l)fZ Sic* (xp) dxy ... dXi

I+1

X {IG (*1 ... x1) Z Qui; 15 ‘/‘k (xj)

i=1
1
d
+G(xy... x119) E Pl 1 i (xj)} (70)
j=1
(c) Thirdly the orbitals i; (x) satisfy the orthonormality conditions

J dic* (xp) 3 (x1) dxy = 0 ' (711)
or T
Ai f S‘I'k* (30) #i (x1) dx, + Ai [ 'ﬁk* (%) s‘ﬁz (x1) dx, =0

G k=1, 2 »N) (72)

where Ay; are arbitrary constants.

Subtracting (72) from 8 (J, — i%#J,) which is given by (60), (64), (66) and
(70) and equating to zero the coefficients of the variations 8y * (x,), we get

{Het (x) — iia® 5} e () + Z =1t |
X f H.! (x1 cer XD Z P'1; 15 Pk (x,) dx, ... dx

—ihZ rl!f{lG(xl )+ GO X1}

e
X DP L+1 de e dx1,+1

mZ‘(N‘—l—l)’

=2




Correlated Hartree-Fock Equ'ations & Generalised Density Matrices 191

f {IG (C I 7)) Z Ql+1, 1] ‘/’k (x,)

=1

+G(x, .. xL|.1) Z ’ Plia; 15 b¢k (xj)} dxs .. d?ﬂ+1

=1

=Zkki*ﬁi(x1)ﬁ ' : ' T3

and a similar equation for the complex conjugate of ¥ (xp).

In the above equation, the Lagrangian multipliers Ag; are functions of
time; further when correlation is neglected, (21) reduces to the time-dependent
H.F. equations as can be seen by putting a =1 and g = 0.
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SUMMARY

The paper deals with a study of correlation effects in many-electron
systems. Coulomb correlation is introduced into the theory by multiplying
the Slater determinant formed from the one-electron orbitals by a correlation
factor which is a symmetric and increasing function of the inter-electronic
distances. The integro-differential equations satisfied by the best one-
electron orbitals have then been deduced for non-stationary systems. From
the extended Hartree-Fock equations given by Lowdin, the integro-differ-
ential equations satisfied by the density matrices have been derived. An

expression for the energy-matrix of the system which is helpful in deriving
a correlated Thomas-Fermi charge . distribution, has also been given.
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APPENDIX 1
We shall here evaluate

(N)
bP N
G (%5 ... x7) =5 .. dxn (H
and prove the relation (9) of Section 2. We have

n-0) (1) pocun,

dx; ...
{Z Z px; iJ Bt Pij 4 Z Z Px; ij g;’} | )}
=Ty + T, (say) % A3)

where T, denotes the summation of ‘i from 1 to 6 and T, denotes the sum

of terms for i=17-+1 to N. Since G (x,, ..., x3) is a symmetric function

of xi, ..., X1, the integrals of the sums corresponding to the terms i = 2, 3,
., | are all identical with the sum for the case i = 1. Thus

=)
f IG (x, ... xl)ZpN, 25 gy . e @

YTy

Again the integrals corresponding to the cases j=1[-+2,/+3,...,N are

all identical with the value of the integral for the case j =/ + 1, as can be

seen by the transpositions of the integration variables (x5, X142); (X141, X149)s
.» (X143, xy). Further when j < (I + 2), _

IPN,‘:lidxl—l-Z'“de=(N—'I)!Pl+l,'1,’i- o) .

Thus

T IG(x, ..
1= l‘ dx1 dxl+1

1
'b ’
X { E ’ Plia; 13 bt b N — D pra; 1040 Pla(tlﬂ)} . (6)

f=1
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We shall next consider T.,.

By means of the transpositions (x143 X142) . . . (X144, Xx) of the integration
varjables, one can see that the integrals corresponding to the cases i = I 4 2
to N are all identical with the value of the integral for i =/4- 1. Thus

(N D G ... x) §'pN L PO

i=1

Q)
(%)
——-—-(N l)fG(xl x)
I+1 ,
X{ E PN;l+1jBB%' +N-I-1)
X p'N; 1, e 3_&1;__1[,1“} dx, ... dxy (8)

which follows again by the same argument of permutation of integration
variables used above. Integrating the first term in the above with respect
to the variables xi,, to xy and the second term with respect to the variables
X1;3 tOo xyx one gets

o1 G(x ... x)
2—T! dxl...dxl+1

+1
d
X {(N— D E Pl+1,l+1,a'£‘lﬂ"J + (N — lf 1)

j=1

0P 141,1
X Plig; T, l+2 L;lt—ﬂ dxi } )

Let us now consider the second term of the above expression and denote it
by T,2. Expanding the determinant pyyp; 144,142 along its last column, inte-
grating with respect to the co-ordinate of the electron (/ + 1) and changing
the integration variable xi,, into xiy, in the resulting integral, one gets

T22 _= — (E\I——-:l*"l———_—l")fG(xl .. xl) dxl oo dxl+1
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bp;ltl+1 __l_ aP 41, W s } ‘ (10)

X {IPH] R 25 3w PrHuleia

From (9), (10) and (6), we get on summing T, and T, and grouping together
like terms that

(T1+T2)=l—l!flG(x1...x

1+1
X ( Z ’ Pl+1,1a Y )dxx Y 4 9

G(x, ...
+1 ) ax, .. dx1+1

D
{(N d) E P l4a; 141, l+1,7

2p' ln, l+1} 11)

+ P 1, e Ty

or

=—llfG(x] ...xl)dxl-..dxl+1

i +1
X { 2 ’ Z , Pl i u bt i Z' Pl1; Li,j Pl+1,7
i=1 j=1
+N-I-1) E ' Plys; L41 l+1,1} (12

On writing the summations in the above term in a determinental form, we
get the relation (9) of Section 2.




