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S e v e ra l m a th e m a tic a l d isc ip lin e s su ch a s d i® e r-

e n tia l g e o m e try , to p o lo g y a n d R ie m a n n g e o m e -

try o n w h ich R ie m a n n le ft h is m a rk h a v e a m a -

jo r im p a c t o n p h y sic s to d a y . T h is a rtic le d e -

sc rib e s so m e o f th e se c o n trib u tio n s o f R ie m a n n

to p h y sic s.

P lan e geom etry h as b een stu d ied sin ce th e an cien t G reek s.
T h e su b ject w as con solid a ted in E u clid 's E lem en ts, w h ich
p u t d ow n th e m a in id ea s in a x iom atic form . G en era -
tio n s o f m a th em a ticia n s h av e m a rvelled at th e a rch itec-
tu ral b eau ty of E u clid ean geom etry. A few years b efo re,

R iem an n th ere b ega n ex p lo ration s of cu rv ed g eo m etry.
T h e su b ject of n o n -E u clid ean g eo m etry w as arriv ed at
in d ep en d en tly b y G a u ss, L o b ach ev sk y a n d B olya i. T h is
n ew g eo m etry sa tis¯ ed all of E u clid 's a x iom s save o n e:
th e ¯ fth p ostu la te. O n e v ersion of th e ¯ fth p ostu late

sta tes th at given a n y ¯ gu re th ere is a sim ila r ¯ g u re of
an y size. T h is p ostu late a sserts th at th e E u clid ea n p lan e
d o es n ot h ave a n in trin sic scale. S ca le in d ep en d en ce is
n ot tru e of cu rv ed geom etries: th e sp h ere h a s a ra d iu s.
N on -E u clid ean g eo m etry w a s an im p ortan t in tellectu a l

d evelo p m en t: it esta b lish ed th e logical in d ep en d en ce of
E u clid 's ¯ fth p ostu la te a n d a lso in tro d u ced th e id ea of
cu rved g eo m etry. T h e sp h ere is a tw o d im en sion al su r-
face of co n stan t p ositive cu rvatu re a n d th e sad d le (or
L o b ach ev sk y sp ace) is a tw o d im en sio n al sp ace of co n -

sta n t n eg ative cu rvatu re. B o th h av e an in trin sic sca le
rela ted to th e cu rvatu re.

G a u ss stu d ied cu rv ed tw o d im en sio n al su rfaces em b ed -
d ed in th ree d im en sion a l ° a t sp ace. H e reco gn ised th e

d i® eren ce b etw een p rop erties in trin sic to th e su rface a n d
ex trin ic o n es, w h ich d ep en d ed o n th e em b ed d in g.
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Gauss

emphasized that

the intrinsic

geometry of a

surface was worthy

of study.

A ccord in gly, G au ss in tro d u ced tw o n otion s of cu rva tu re,

th e m ean cu rvatu re, w h ich d ep en d ed o n th e em b ed d in g
sp a ce an d w h a t is n ow called \G au ssian cu rvatu re". T h e
m ea n cu rva tu re m easu res h ow th e su rface va ries in th e
em b ed d in g sp a ce an d is also called th e ex trin sic cu rva -
tu re. F o r in sta n ce, th e cy lin d er (th e su rfa ce of a p ip e)

h as ex trin sic cu rvatu re, b u t it is n ot in trin sically cu rved
(it can b e cu t an d ° a tten ed on a p iece of p ap er). H e
em p h a sised th e in trin sic p rop erties a s w orth y of stu d y
an d p rov ed th at th e \ G au ssia n cu rvatu re" is a n in trin sic
q u an tity : it ca n b e d eterm in ed b y m ea su rem en ts m ad e

en tirely w ith in th e su rfa ce. G au ss w as so im p ressed b y
th is th eorem th a t h e called it th e T heorem a E gregium .
T h is latin p h rase can b e lo o sely an d co llo q u ially tran s-
lated in to m o d ern E n glish as \H ea p B ig T h eorem " .

R iem an n 's ap p roach to cu rvatu re w as fa r m o re g en era l
th an G au ss's. In a sm a ll region o f sp ace (sm all com -
p ared to th e sca le of th e cu rva tu re) on e ca n ad o p t a
lo cal n otion of p arallelism : a ru le fo r com p arin g vec-
tors a t d i® eren t p o in ts. It tu rn s ou t th a t on a cu rved
sp a ce th is lo ca l n otion d o es n o t in tegra te to p ro d u ce a
glob a l n o tion o f p a rallelism . T h is is b est illu strated b y
u sin g th e ex a m p le of th e su rface o f th e E arth . In every -
d ay life, w e d o n o t b oth er a b ou t th e cu rvatu re of th e
E a rth (sin ce th e E arth is m u ch b ig ger th an ou r cities)

an d som e p lan n ed cities (S a lt L ake C ity, U tah , U S A is
a go o d ex a m p le) h av e a C a rtesia n g rid of streets laid
ou t straigh t lik e a ch ess b o ard . W e ta ke p ain s to en -
su re th at th e M ain road s are d irected \ p ara llel" to ea ch
oth er. L ik e w ise, th e cro ss ro ad s are d irected \ p arallel"

to ea ch oth er a n d m eet th e M ain roa d s at righ t a n gles.
If you start on a M ain roa d an d take fo u r left tu rn s of
n in ety d egrees (w alk in g say, ¯ ve b lo ck s b etw een tu rn s)
yo u w ill b e b ack on a M a in ro ad . H ow ev er, if th e city
grow s so th at it covers a go o d fraction o f th e E arth 's

su rfa ce (say 1= 8), th is p arallelism is n o lon g er p ossib le.
(T ry stick in g sm a ll b its o f gra p h p a p er o n an o cta n t of



58 RESONANCE  November   2006

GENERAL  ARTICLE

a sp h ere m a in tain in g p a rallelism !) Y ou w ill ¯ n d th at if

yo u sta rt on a M ain roa d an d take fo u r left tu rn s (ea ch
after traversin g a q u arter of th e E arth 's circu m feren ce),
yo u en d u p on a cross ro ad . T h e grid h as rotated b y a
rig h t a n gle! R iem a n n ian cu rvatu re is d e¯ n ed u sin g th e
n on -in tegrab ility of p ara llelism . R iem an n 's d e¯ n itio n of

cu rvatu re h a s con sid erab le a d van tag e over G a u ss's: it
is m an ifestly in trin sic. T h e T heorem a E gregium is n o
lon ger a th eorem b u t a n ob v io u s fa ct. R iem a n n 's id ea s
gen eralise easily to a n y n u m b er of d im en sio n s. T h ey also
w ork for m etrics o f L o ren tzia n sign atu re. T h is tu rn ed

ou t to b e im p orta n t for G en eral R elativ ity. It w a s al-
read y clear fro m sp ecial rela tiv ity th at sp ace-tim e in th e
ab sen ce of grav ity (M in kow sk i sp ace-tim e) h a d a geom -
etry of L o ren tzia n sign a tu re. T h is follow s from th e fact
th at in sp ecial relativ ity it is th e in terval x 2 + y 2 + z 2 ¡ c2 t2
w h ich is o f p rim ary in terest, a s o p p o sed to th e (sq u ared )
len g th x 2 + y 2 of E u clid ean geom etry. W h a t E in stein
n eed ed to d escrib e th e g rav ita tion al ¯ eld w as cu rvatu re
in fo u r d im en sio n al sp ace-tim e, i.e sp ace-tim e w ith a
fou r d im en sio n al L o ren tzia n m etric. S u ch a b straction
w as n ot easy to a ch iev e b ased on G a u ss' lin e of a ttack

u sin g em b ed d in g in E u clid ean sp ace.

E in stein 's G en era l T h eory o f R ela tiv ity w en t on to ac-
q u ire a life o f its ow n , p red ictin g m a n y p h y sica l e® ects

th at co u ld b e m easu red in th e S olar S y stem , rev olu tio n -
isin g C osm olog y an d A strop h y sics. T h e th eo ry also p re-
d icts B lack H o les, w h ich con tin u e to stretch o u r im a gi-
n ation an d d efy o u r u n d ersta n d in g. M an y id eas w h ich
n ow form th e G en era l T h eory o f R ela tiv ity w ere a n -

ticip ated b y R iem an n . H e realised th at sp ace m ay b e
cu rved an d th at th is is a q u estion w h ich h a s to b e settled
b y ex p erim en t, n ot p h ilo sop h ical sp ecu la tio n . H e even
con ceived o f th e p o ssib ility th at sp ace m ay b e d iscrete,
an id ea w h ich is on ly n ow co m in g o f age in q u a n tu m

grav ity ; it is b eliev ed b y so m e th a t sp ace-tim e is d iscrete
at th e P la n ck sca le of 10¡ 3 3 cm . E v id en tly, R iem a n n

Riemann�s concept of

curvature was more

general and therefore

to relevant to

Einstein�s relativity.
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th e m a th em aticia n w a s w ell p lu g ged in to th e p h y si-

cal w orld . H e su ggested (sev en years b efore M ax w ell's
eq u a tio n s w ere w ritten ) th at electrom ag n etic in terac-
tio n s p rop ag ate a t th e sp eed o f lig h t! F or h is h ab ilitation
lectu re (a req u irem en t b y th e u n iversity for an asp irin g
teach er) R iem an n h ad to give th ree p ossib le top ics. T w o

of th ese w ere on electricity ! B u t it w a s th e th ird on th e
fou n d atio n s of geom etry th at G a u ss p icked . T h is w a s
th e fa m o u s lectu re in w h ich R iem an n 's id eas on d i® er-
en tial g eo m etry like n -d im en sion al m an ifold s w ere p u t
forw ard . It is fair to say th at ap art from G a u ss (w h o

h ad th e h ab it of p u b lish in g far less th an h e k n ew ) n o on e
in th e a u d ien ce a p p reciated th e fu ll d ep th o f th e id ea s
p rop osed th ere.

A n oth er su b ject to w h ich R iem a n n con trib u ted is com -
p lex a n aly sis. C o m p lex an aly tic tech n iq u es are n ow
w id ely u sed in p h y sics a n d en gin eerin g. T w o d im en -
sion a l p ro b lem s in p oten tia l th eory, elasticity an d ° u id
d y n am ics are ro u tin ely ad d ressed u sin g co m p lex an a -
ly tic tech n iq u es lik e con fo rm a l m ap p in g s. It is in ter-

estin g th at R iem a n n ¯ rst en cou n tered con fo rm a l m a p -
p in gs w h en stu d y in g a p ro b lem rela ted to th e h eat eq u a -
tio n ! T h e R iem an n zeta fu n ction ap p ea rs in p h y sics
tex ts d ealin g w ith th e statistical d istrib u tio n of F erm i
an d B o se p articles. It is a lso u sed in ren orm alisation in

q u an tu m ¯ eld th eory to m a ke sen se of d ivergen t in ¯ n ite
su m s. O n e u ses an aly tic con tin u a tio n to give a m ean in g
to th e su m b y evalu a tin g th e zeta fu n ction on a d i® eren t
R iem an n sh eet.

R iem an n 's a p p roa ch to com p lex an a ly sis w a s geo m et-
ric a n d in tu itiv e. M an y o f h is co n tem p o raries v iew ed
com p lex an aly sis from a n algeb raic p oin t o f v iew . R ie-
m an n 's g eo m etric p oin t of v iew resu lted in ad van ces in

d i® eren tial geom etry a n d top olog y. T o p olog ical id ea s
are ex trem ely in tu itive an d at th e sam e tim e very h ard
to form alise. L eib n iz (16 46 -17 16) w as on e of th e ¯ rst
m ath em a tician s to stu d y \ A n alysis S itu s" , as top ology

Riemann�s name

appears so often in

physics texts that

we sometimes

forget it is a proper

noun!
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u sed to b e ca lled , b u t h e w a s u n ab le to in terest p h y si-

cists of h is tim e (lik e C h ristiaa n H u y g en s) in th e su b -
ject. P h y sicists w ere m o re in terested in q u a n tī cation
of p h y sica l id eas a n d th e tim e w as n ot yet rip e of th e
q u alita tiv e reason in g th a t m a rk s top o lo gy. M u ch later
E u ler (see C ro ssin g B rid ges, in S u g gested R ead in g b e-

low ) p lay ed w ith to p o lo gica l id ea s in h is fa m o u s solu tion
of th e p rob lem o f th e B rid ges o f K Äon igsb erg.

W h en R iem an n stu d ied com p lex an a ly sis, h is u n iq u e a p -

p roa ch led h im to th e id ea of a R iem a n n S u rfa ce. T h is
led to co n sid era b le a d van ces in to p o lo gy. H e w as fol-
low ed b y B etti an d th en b y P oin ca re, w h o laid th e fo u n -
d ation s of top olog y in its m o d ern fo rm . T h e tw en tieth
cen tu ry h as seen a ra p id d evelo p m en t of th e su b ject, cu l-

m in a tin g recen tly (20 06) in th e so lu tion o f th e P o in car¶e
con jectu re b y G rigo ri P erelm an .

P h y sics h a s gain ed fro m th ese d ev elop m en ts in m a th -
em a tics. T o p olog y is u sed to cla ssify d efects in liq u id

cry stals an d to d escrib e v ortices in su p ercon d u ctors a n d
m agn etic m on o p o les. D i® eren tia l g eo m etry is u sed in
th e stu d y of g au g e th eo ries an d grav ita tio n . W e m o d el
sp a ce-tim e as a real d i® eren tiab le m an ifold . C om p lex
m an ifold s (C alab i-Y a u sp aces) a re u sed b y S trin g th eo -

rists. T h eoretica l p h y sicists th ese d ay s glib ly sp eak of
ten d im en sio n al sp a ces. It is im p ortan t to rem em b er
th at in R iem an n 's d ay, h ig h er d im en sion s w ere v iew ed
w ith su sp icion even b y m ath em tician s. T h e id ea o f sp a ce
an d tim e form in g a fou r d im en sion a l con tin u u m w a s n ot

th en in ex isten ce. R iem an n 's a p p roa ch w a s m arked b y
gen erality an d a b straction a n d p aved th e w ay for th e
m a jor in tellectu al d ev elop m en ts o f th eoretica l p h y sics
in ou r tim e.

A c k n o w le d g e m e n ts: I th an k B im an N a th , S u p u rn a
S in h a an d S u m a ti S u rya for read in g th rou g h th is a rticle
an d h elp in g m e to im p rove it.
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