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CHAPTER 5 

INFLUENCE OF FLEXOELECTRICITY ON THE EHD INSTABILITIES I N  

NEMATICS: A ONE-DIMENSIONAL LINEAR ANALYSIS FOR AC 

EXCITATION 

5.1 INTRODUCTION 

I n  t h i s  chapter we extend our ca l cu la t i ons  t o  the  case 

o f  AC exc i t a t i on .  I n  order  t o  s i m p l i f y  the ana lys is  the  

boundary cond i t ions are neglected. Th is  model o f f e r s  a 

s a t i s f a c t o r y  explanat ion o f  many experimental observat ions 

which cannot be accounted f o r  by using the H e l f r i c h  [ I ]  

and Orsay models [2,31. These inc lude the ob l i que- ro l l  

i n s t a b i l i t y  observed a t  low frequencies i n  t h e  conduction 

regime, the chevron p a t t e r n  found i n  t he  d i e l e c t r i c  regime 

and the low frequency EHD i n s t a b i l i t y  exh ib i t ed  by 

nernatics w i t h  a negat ive conduc t i v i t y  anisotropy [4,5,6] 

(see chapter 2, sec t ion  6 ) .  

5.2 THE ELECTROHYDRODYNAMIC EQUATIONS 

We consider the same geometry as i n  the previous two 

chapters F i g 1  Since the boundary cond i t ions are  

neglected a l l  the va r iab les  i n  the problem are func t ions  

o f  t and 5 only .  The system i s  described by t he  f o l l o w i n g  

l i nea r i zed  equations. 
s- 

1) The Poisson equation, d i v  D = ~ K Q .  

Subs t i tu t ing  f o r  5 (see E q .  (6), chapter 1 ) , we get 



Fig.l. Illustration of the coordinate .system and 
definitions of the angles used in the text. 



- where, E ~ -  E~ + E ~ C  , c = cos a , s = sin a and E, is the 

applied field. 

2) The charge continuity equation, ( aQ/at) + div ;=Ow 

Substituting for ?(see Eq.(B),chapter I ) ,  this equation 

leads to 

- where, q - a, + a, c . 
3) The equation of motion C21, 

2 

? ( & / a t )  + div (e''V$) - div ( S + S s )  = Q E 

Since we are considering a one-dimensional model only the 

Z-component of the velocity appears in the above equation. 

The inertial term in the above equation is negligible as 

long as the excitation frequency is not too large. 
- 

Further, the elastic stress tensor 5 does not lead to 

any linear terms. Neglecting these two terms and substitut- 

ing for the viscous stress tensor z ' ,  we get 



where, 6 = a e / a t  and T i =  + [ a+ + (a5 - a n  1 c 2  1.  

4)  The torque balance along Y y i e l ds  

2 
where, M = K,s + K ~ C '  . 
5) The torque balance along Z gives 

2 2 
where, 6 = swat and L = K ~ S  + K ~ C  . 

E l im ina t i ng  EE and vz f rom Eqs. (1-51, and assuming t he  

so lu t ions :  

U.' = y ( t )  exp( iqg1, Q = Q ( t )  exp( iq5)  and Q =Q( t )  exp( iq51, 

where y = ( a e / a E  ) ,  we g e t  the  f o l l ow ing  equat ions which 

descr ibe t h e  response o f  t he  system t o  t h e  app l ied  AC 

e l e c t r i c  f i e l d .  

\ 



2 2 
where, l / T y  = ( M  q  - E ~ E ~ E ~  / 4 ~ )  / 7  , A = -(E, +a2/7,)c, 

2 

Fol lowing Smith e t  a l . [ 3 ]  we solve the problem f o r  the  

case o f  square wave e x c i t a t i o n .  The c o e f f i c i e n t  i n  Eqs.(G- 

8 )  now become constants w i t h i n  each h a l f  cyc le  o f  t he  

appl ied f i e l d  and t h i s  s i m p l i f i e s  t he  problem 

considerably.  For square wave e x c i t a t i o n  

+E f o r  0 < t < 1 /2f  

E,(t) = 

-E f o r  1 / 2 f  < t < l / f .  

where f i s  the frequency. The so lu t ions  are assumed t o  be 

v ( t )  = Cl exp( X t / Z )  , 

O ( t )  = C 2  e x p ( h t / Z )  and 

Q ( t )  C3 exp( h t / x  ) .  



Subs t i t u t i ng  these i n  Eqs. ( 6 - 8 )  t h e  f o l l o w i n g  

c h a r a c t e r i s t i c  equation o f  the system i s  obtained. 

The general so lu t ions  are: 

where A,, A, and h ,  are the roots  of Eq.(9), 

2 
b j  = (T+ / d j  Ty ) [ Z T y  A e  Y E - T z  ee ( A j  Ty + Z  11 a j  

2 2 
c j  = [ { 7 < J h j ~ 4 + Z ) ( h j T y + Z )  - 'C Ty T+P,e,+, E 3 / ( d j Z  T,)l a) 

2 

d j  = [ Z T )  el '?,E 7 f l  A E ( hjT+ + T I 1  

It i s  c l ea r  from Eqs.(6-8) t h a t  when E,  changes s ign  

a f t e r  every h a l f  cyc le,  e i t h e r  @ and Q should reverse 

t h e i r  s igns w i t h  w r e t a i n i n g  i t s  s ign  o r  y should reverse 



its sign with @ and Q retaining their signs. Thus there 

are two sets of solutions possible corresponding to two 

regimes of instability, as in the Orsay model C2,3]. In 

the conduction regime @ and Q oscillate with the field 

and y.J does not.  , i e, 

In the dielectric regime, on the other hand, Y oscillates 
with the field and @ and Q do not.,ie, 

In order to obtain the threshold of the instability we 

have to find a set of ei genval ues A, , A ,  and A ,  of Eq. (9 ) 

that satisfy one of the two conditions corresponding to 

the two regimes of instability. As it is difficult to get 

analytical solutions of a cubic equation, we solve the 

problem numerically. For a given set of values of the 

material parameters and for a given frequency, we choose 

some values of a and the appl ied voltage V, and find the 



eigenvalues o f  Eq.(9).  The vol tage V, i s  then v a r i e d  t i l l 

the  h a s  s a t i s f y  e i t h e r  E q . ( l l )  o r  E q . ( 1 2 ) .  Th i s  va lue  o f  

V, i s  t he  th resho ld  vo l tage  Vt, f o r  t he  p a r t i c u l a r  va lue 

o f  a chosen. The ca lcu la ions  are  repeated f o r  d i f f e ren t ,  

values o f  a and V,, i s  obtained as a f u n c t i o n  o f  a.  The 

minimum value o f  V,, g ives  the  c r i t i c a l  vo l tage  V, a t  

which t he  i n s t a b i l i t y  s e t s  i n  and the corresponding va lue 

o f  a g ives  t he  tilt o f  t he  r o l l s  a t  the  th resho ld ,  f o r  t he  

p a r t i c u l a r  va lue o f  t he  frequency chosen. The above 

process i s  repeated f o r  d i f f e r e n t  values o f  t h e  frequency 

o f  the  app l i ed  f i e l d .  

5.3 RESULTS AND DISCUSSION 

The v a r i a t i o n s  o f  t h e  c r i t i c a l  vo l tage  V, and t h e  

corresponding va lue o f  a w i t h  frequency, c a l c u l a t e d  f o r  

the standard values o f  t h e  MBBA parameters (see t a b l e  1,  

chapter 3 )a re  shown i n  F i g .  2 .  The curves l a b l e d  ( a ) ,  ( b )  

and ( c )  correspond t o  t he  onset o f  t he  conduct ion regime, 

the r e s t a b i l i z a t i o n  branch and the  d i e l e c t r i c  regime, 

respec t i ve l y  (see chapter 2 ,  sec t i on  4 ) .  The dashed l i n e s  

i n  t he  upper sec t i on  o f  t h e  f i g u r e  denote regions i n  t he  

s t a b i l i t y  diagram charac ter ized by non-zero values o f  a. 

The conduct ion regime s e t s  i n  a t  a c r i t i c a l  vo l tage,  which 

i n  the  one-dimensional model i s  minimized f o r  q = 0. 

However, us ing  the  H e l f r i c h  c r i t e r i o n  [I] we can take 
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Fig.2. Upper section: Threshold voltage (curve a) and the 
restabilization voltage (curve b) as a function of the 
frequency in the conduction regime for MBBA with a,,= 3 
x 10-10 ohm-1 cm-1 . The low frequency portions 
indicated by dashed lines are characterized by nonzero 
values of a. The frequency dependence of the voltage 
at the threshold for a 20 fim thick sample in the 
dielectric regime is shown in curve c. Lower section: 
variation of the tilt angle a of the oblique rolls 
with frequency. a,b and c correspond to the same 
branches as in the upper section. 



q = n /d  a t  t he  threshold.  I n  the conduction regime ob l ique 

r o l l s  are obtained a t  the  threshold upto a c r i t i c a l  

frequency f, . Beyond f, normal r o l l s  occur a t  the  

threshold. The conduction regime i s  obtained on ly  upto a 

cu t - o f f  frequecy f, z 1 / T  = 415 /E,,  . The res tab i  1 i z a t i o n  

branch i s  character ized by a f i e l d  threshold and as a t  the  

onset o f  the conduction regime, q i s  taken t o  be equal t o  

x/d. Along t h i s  branch obl ique r o l l s  occur upto a requency 

f, > f, . Therefore i n  the  frequency range f, < f < fr , 

though normal r o l l s  occur a t  the threshold o f  the 

conduction regime, obl ique r o l l s  can be expected t o  occur 

a t  higher f i e l d s .  

The d i e l e c t r i c  regime i s  a lso  character ized by a f i e l d  

threshold w i t h  q > >  n/d. For the standard values o f  the 

mater ia l  parameters o f  MBBA, used i n  the ca l ca la t i ons ,  

obl ique r o l l s  are found a t  a l l  frequencies. However, i f  

the f l e x o e l e c t r i c  c o e f f i c i e n t s  are decreased by a f a c t o r  

S ,  keeping the r a t i o  (el- e,) / (e,+ e,) constant a t  the 

MBBA value, ob l ique r o l l s  are obtained only i f  S > 0.74 

(F ig .3 ) .  

Fig.4a shows the evo lu t ion  o f y ,  @ and Q f o r  one cyc le  

o f  the app l ied f i e l d  j u s t  above the threshold o f  the 

conduction regime. Let  the three var iab les  be p o s i t i v e  and 



Fig.3. Variation of a (in radians) with the factor S by 
which the flexoelectric coefficients are decreased, 
keeping the ratio (e,- e,)/(e, + e,) fixed at the 
standard MBBA value. 



Fig.4. Variation of , a  and Q with time for one period of 
the applied square wave field: (a) just above the 
threshold in the conduction regime at 40 Hz, (b) 
slightly below the restabilization curve at 100 Hz and 
(c) in the dielectric regime at 170 Hz. The values of 
the material parameters used in these calculations are 
the same as in Fig.2. 
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i nc reas ing  a t  t = O ,  when t h e  f i e l d  i s  reversed. Both source 

terms i n  Eq.(6) now change s ign  and I$ s t a r t s  t o  decrease. 

I n  Eq.(7) on l y  the  Y term changes s i gn  immediately and 

s ince t he  Q term i s  s tonger  than the  term, 4 cont inues 

t o  increase. I n  Eq.(8) t h e  @ term i s  n e g l i g i b l e  and Q a l s o  

s t a r t s  t o  decrease as t h e  y term has changed s ign .  I n  t h e  

conduct ion regime Q has t h e  shor tes t  r e l a x a t i o n  t ime  and 

hence Q crosses zero be fore  Y . Once Q i s  negat ive  t h e  

source term con ta in ing  Q i n  Eq.(6) rega ins  i t s  i n i t i a l  

s i gn  and w s t a r t s  t o  increase. The i n f l uence  o f  the  4 

term on the  e v o l u t i o n  o f  w i s  found t o  be n e g l i g i b l e .  When 

. Q becomes negat ive the  second source term i n  Eq.(7) a l s o  

changes s i gn  and @ decreases and changes s ign .  Thus Q 

and @ o s c i l l a t e  w i t h  the  app l ied  f i e l d .  The e v o l u t i o n  o f  

these va r i ab l es  near t he  r e s t a b i l i z a t i o n  branch (F ig .4b)  

i s  s i m i l a r  t o  t h a t  a t  the th resho ld  o f  t h e  conduct ion 

regime. However, s ince  t h e  w r e l a x a t i o n  t ime  T i s  now n o t  
Y 

very much greater  than t h e  charge r e l a x a t i o n  t ime  Z ,  t h e  

i n i t i a l  decrease i n  w i s  much sharper. Along t h e  

d i e l e c t r i c  regime ( F i g . 4 c ) ,  T < Z  and W o s c i l l a t e s  w i t h  

the  app l i ed  f i e l d .  Since @ does n o t  o s c i l l a t e  i n  t h e  

d i e l e c t r i c  regime, t he  va lue of a a t  t he  th resho ld  i s  n o t  

very s e n s i t i v e  t o  t h e  frequency. 

I t should be noted t h a t  the r e l a x a t i o n  frequency o f  



t he  B d i s t o r t i o n ,  1/T+ , i s  independent of t h e  app l i ed  

e l e c t r i c  f i e l d  and t y p i c a l l y  o f  t he  order  o f  a few Hz (see 

Eq. (7 ) ) .  Therefore i t  i s  c l e a r  from t h e  above d i scuss ion  

t h a t  9 i s  d r i v e n  and made t o  o s c i l l a t e  i n  t h e  conduct ion 

regime main ly  by t h e  Q te rm i n  Eq. ( 7 ) .  Hence i f  the  

c o n d u c t i v i t y  o f  t h e  sample i s  increased t h e  charge 

r e l a x a t i o n  t ime would decrease and @ w i l l  be f o r c e d  t o  

o s c i l l a t e  a t  h igher  f requencies.  Fig.5 shows t h e  v a r i a t i o n  

o f  f, /f, (curve  a )  and fr /f, (curve b )  w i t h  a,, f o r  f i x e d  

a, /a, . For smal l  va lues o f  a,, , f, /f, decreases much more 

s tong ly  than fo /fc , whereas a t  h igher  va lues o f  a,, t h e i r  

r a t e s  o f  decrease are  comparable. 

Th is  model a l s o  o f f e r s  a poss ib le  exp lana t ion  o f  t he  

low frequency EHD i n s t a b i l i t y  observed i n  nematics c lose  

t o  the  nematic - smect ic ( A  o r  C) t r a n s i t i o n  p o i n t ,  having 

negat ive  c o n d u c t i v i t y  an iso t ropy  (see chapter  2 ) .  We have 

taken a p o s i t i v e  va lue  o f  a 3  since, i t  i s  known t o  be 

p o s i t i v e  i n  such m a t e r i a l s  141.  Taking a, = 0 . 5  poise,  
-1 - 1  

a,= - 0.3~10-10 ohm cm and e a =  - 0.2,  we f i n d  s o l u t i o n s  

corresponding t o  t h e  d i e l e c t r i c  regime, b u t  n o t  those 

corresponding t o  t h e  conduct ion regime. The i n s t a b i l i t y  i s  

found t o  be cha rac te r i zed  by a th resho ld  f i e l d ,  which i s  

minimized f o r  q =O.  Therefore us ing  t h e  H e l f r i c h  c r i t e r i o n  

q = n/d,  we g e t  t h e  w id th  o f  t he  r o l l s  a t  t h r e s h o l d  t o  be 



Fig.5. Variation of the ratios of frequencies f,/f,(curve 
a) and f, /f, (curve b) with a,, ( in ohm-1 cm-1 ) . 



equal t o  the sample thickness. The value o f  a a t  the  

threshold i s  found t o  be w 90' and does n o t  vary  much 

w i t h  the frequency o f  the app l ied f i e l d .  The dependence o f  

the threshold f i e l d  on the frequency i s  s i m i l a r  t o  t h a t  i n  

the d i e l e c t r i c  regime o f  nematics w i t h  oa > 0 (see F ig .2) .  

I t  i s  c lea r  t h a t  i n  t h i s  case the space charge format ion 

i s  e n t i r e l y  due t o  the f l e x o e l e c t r i c  e f f e c t ,  which a lso  

accounts f o r  the la rge  value o f  a. 

We do no t  f i n d  so lu t i ons  corresponding t o  t he  h igh  

frequency regime where q > >  n/d. Here i t  should be noted 

t h a t  a t  h igh frequencies the experimental value o f  a, w i l l  

have a p o s i t i v e  c o n t r i b u t i o n  from the  d i e l e c t r i c  losses 

associated w i t h  the re l axa t i on  o f  E,,. As shown by Goossens 

1 7 1 ,  t h i s  c o n t r i b u t i o n  can cause EHD i n s t a b i l i t i e s  a t  

r e l a t i v e l y  h igh  frequencies. The EHD i n s t a b i l i t i e s  found 

i n  nematics where E, changes s ign  a t  some value o f  the 

frequency o f  the app l ied f i e l d  due t o  the r e l a x a t i o n  o f  E,, 

[8 ,9 ] ,  are understood i n  terms o f  the model o f  Goossens. 

I t  i s  possib le t h a t  i n  mate r ia l s  w i t h  negat ive conduct iv i-  

t y  anisotropy a t  low frequencies, the e f f e c t i v e  a, i s  

a c t a l l y  p o s i t i v e  a t  h igh frequencies due t o  the  c o n t r i b u t -  

i on  from the d i e l e c t r i c  l oss  o f  e,,. Then these ma te r i a l s  

can be expected t o  show an i n s t a b i l i t y  s i m i l a r  t o  the 

d i e l e c t r i c  regime o f  nematics w i t h  p o s i t i v e  a, . The 



experimental observat ion ( see chapter 2 )  t h a t  t h e  h igh  

frequency regime smoothly goes over t o  the  d i e l e c t r i c  

regime as the temperature i s  increased,supports t h i s  view. 

5.4 COMPARISON WITH EXPERIMENTAL RESULTS 

Though ob l ique r o l l s  a t  the thresho ld  i n  the 

conduction regime have been reported by some authors [ l o ] ,  

the only de ta i l ed  experimental study on these i s  t h a t  o f  

R ibo t ta  e t  a l . [111 (see chapter 2 ) .  The s t a b i l i t y  diagram 

found experimental ly by them i s  reproduced i n  Fig.6 . The 

mater ia l  used by them i s  a commercially ava i l ab le  nematic 

mixture (Merck phase V ) .  A de ta i led  comparison o f  the 

experimental r e s u l t s  w i t h  the theory i s  no t  poss ib le  as 

many o f  the mater ia l  parameters o f  t h i s  mix ture  are  no t  

known. From the f i g u r e  we see t h a t  ob l ique r o l l s  are  found 

upto a c r i t i c a l  frequency f, w i t h  f, /f, --, 0.3. Beyond 

f, though normal r o l l s  are obtained a t  t he  threshold,  

obl ique r o l l s  are found a t  higher f i e l d s .  A l l  these 

features are i n  agreement w i t h  the t h e o r e t i c a l  r e s u l t s  

discussed above. However, a non- l inear ana lys is  i s  needed 

t o  p r e d i c t  the t r a n s i t i o n  o f  normal r o l l s  t o  ob l ique 

ones a t  frequencies beyond f, . R ibo t ta  e t  a l .  [ I 1 1  a l so  

f i n d  f,, t o  increase w i t h  the conduc t i v i t y  o f  t he  sample, 

as found from our ca lcu la t ions .  



Fig.6. The stability diagram obtained from the experiments 
of Ribotta et al. [12]. Below the triple point M 
oblique rolls are obtained at the threshold. Beyond M, 
normal rolls are obtained at the threshold and as the 
field strength is further increased, they first become 
undulatory and then change continuosly into oblique 
rolls. 



Studies on EHD i n s t a b i l i t i e s  i n  MBBA 1123 show t h a t  i n  

the d i e l e c t r i c  regime normal r o l l s  occur a t  t h e  threshold. 

I f  the f i e l d  i s  sl. ight1y increased the chevron p a t t e r n  

cons is t ing  o f  ob l ique r o l l s  i s  obtained. As mentioned i n -  

the previous sec t ion  i f  the  f l e x o e l e c t r i c  c o e f f i c i e n t s  are 

decreased s l i g h t l y  our ca lcu la t ions  g ive  normal r o l l s  a t  

the threshold o f  the d i e l e c t r i c  regime (F ig .3 ) .  Therefore 

i t  i s  l i k e l y  t h a t  the values o f  the f l e x o e l e c t r i c  

c o e f f i c i e n t s  t h a t  we have used are s l i g h t l y  overestimated. 

I n  the experimental s tudies on EHD i n s t a b i l i t i e s  i n  

nematics w i t h  aa < 0, discussed i n  chapter 2 [ 4 , 5 , 6 ] ,  

almost l ong i t ud ina l  domains are found w i t h  q  N, rc/d a t  the 

threshold o f  the low frequency regime. Fur ther ,  the 1  i g h t  

sca t t e r i ng  experiments o f  Goscianski [ 4 ]  show t h a t  the 

curvature o f  the d i r e c t o r  osci  1 l a t e s  w i t h  the appl i ed  

f i e l d  i n  these r o l l s .  These features are i n  agreement w i t h  

the r e s u l t s  o f  the ca lcu la t ions ,  presented i n  the previous 

sect ion.  B l inov e t  a l .  [ 6 ]  f i n d  t h a t  a t  very low 

frequencies ( (20 H z )  The threshold f i e l d  va r i es  as o " ,  o  

being the average conduc t i v i t y  o f  the sample. This fea tu re  

i s  no t  pred ic ted by our model. The i s o t r o p i c  mechanism 

161,  which g ives such a  dependence may, the re fo re ,  make an 

important c o n t r i b u t i o n  a t  these low frequencies. 



Thus the  inc lus ion of the f l e x o e l e c t r i c  terms i n  the  

EHD equations describing the  response o f  a homogeneous1 y 

a l igned nematic t o  an externa l  e l e c t r i c  f i e l d  o f f e r s  a 

sa t is fac tory  explanat ion o f  many experimental observations 

which cannot be accounted f o r  by the  e a r l i e r  models. 
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