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Global Topology and Local Violation of Discrete Symmetries
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Cosmological models that are locally consistent with general relativity and the standard model are
constructed, in which an object transported around the Universe undePgo€s and CP transfor-
mations. This leads to an enlargement of the gauge groups of electroweak and strong interactions to
include antiunitary transformations. Gedanken experiments in these cosmological models show that
if all interactions obey Einstein causality théh C, and CP cannot be violated. But another model
in which the sign of the charge may be reversed is allowed. Some possible implications to modifi-
cations of the standard model are considered. [S0031-9007(98)06512-0]

PACS numbers: 98.80.Hw, 02.40.—k, 04.20.Gz, 11.30.Er

The great success of the standard model has pra:(z), p(r), and P(r) with u* = 8. For example, for
vided hardly any experimental motivation to modify it at a pressure-free universe (galaxies idealized as grains of
present. | consider here some interesting physical conselust with their random velocities neglected)= 0 and
quences of generalizing the gravitational, electromagnetichena(r) = Ar?/3, whereas for radiatioR = ép and then
weak, and strong fields, by modifying the global topol- 4(r) = Br'/2, whereA and B are constants [3], assuming
ogy of an appropriate Kaluza-Klein space-time. Suchzero cosmological constant. All of the astrophysical evi-
topologies need to be studied also if in quantum gravdence we have at present are consistent with (1). Again,
ity the Feynman amplitudes for all possible topologiesthis cosmology may be made nonorientable by the iden-
are summed. These generalizations are locally consistefification described above (Fig. 1) to obtain a space-time,
with the causaldynamics of the standard model and gen-denoteds;.
eral relativity. And yet, it will be shown by gedanken ex-  Note that when the triadXYZ is taken to0’, identified
periments around global circuits in space-time that all butvith 0, its z axis has reversed direction compared to an
one of these models are incompatible with the observegientical triad which was left a0, while the X and Y
violations of parity @), charge conjugation(), andCP  axes remain the same (Fig. 1). So, the triad has changed
symmetries. This leads to the consideration of some posiandedness around this closed curve. A left-handed glove
sible modifications of the standard model. taken around any such closed curve, dendtedill return

Consider first a nonorientable space [1]. An exampleas a right-handed glove. Another interesting aspect of
is obtained by identifying a pair of opposite faces of athis and other space-times discussed here is that they
rectangular box (Fig. 1) continuously so th&tB,C,D  allow for some locally conserved quantities to be globally
are identified with A’,B’,C’,D’, respectively. ~All nonconserved. For example, the momentirof a free
sections parallel toABA’B’ have the topology of the particle moving in the spacel®> = M2 X R described in
Mobius strip M>. Now let AB,BC become infinite in  Fig. 1 islocally conserved, meaning that in any orientable
length while keepingL = AB’ large but finite. The neighborhood containing the partigkis conserved. But

Cartesian product of this space with the real liRés a  if it goes aroundI’ then its momentum component,
nonorientable manifold/* = M? X R2. This amounts

to the identification(0, y, z,t) < (L,y, —z,t). We may C D’
take this multiply connected manifold [2] endowed with a |
flat Minkowskian metric to be a space-time in the absence g | A

of matter.
In the presence of matter, we may consider the Einstein— Z A

de Sitter or the Friedmann-Robertson-Walker cosmologi- >i

cal model with zero spatial curvature, with metric [3] ° X ©

ds* = g,,dx"dx” 5 S
= —c2di* + a*(t) (dx® + dy* + dz>) (1) A ‘
and energy-momentum tensor

™" = (p + P)u*u” + Pg"”, (2) . , )
. . FIG. 1. A nonorientable space with zero spatial curvature,
where the density and the pressur@ are constantineach ,pined by identifying the end$BCD and A'B'C'D' so that

hyper_surfa_ce or_thogonal Lo Then (1) and (2) sa_tisfy each primed letter represents the same location as the unprimed
the Einstein’s field equations for appropriate choices obne.
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would reverse. Similarly, the angular momentJnof a  are the coordinates of the KK space-time, wherés the
torque-free gyroscope would be locally conserved. Yet ifangular variable in the fifth dimension, consider the slab of
it goes around” then the components,, J, of J would  space-timeé) = x = L with the identification of its ends
reverse. Thereforey,, J,,J, are not globally conserved. by the homeomorphisnt0,y,z,t,¢) < (L,y,z,t, —¢).
Also, the helicityJ - p/|p| would reverse so that a left- Its projection on the usual space-time may be endowed
handed neutrino would return as a right-handed neutrinowith the metric (1). In this new KK space-time, denoted
To see how this is possible, note first that for ev-S,, each two dimensional surface of constant,: is a
ery Killing field &4, the law V,7#” = 0 implies, via  Klein bottle K2. So,S; is topologicallyk? X R3.
Killing’s equation, the local conservation Iawﬂjé‘ =0 Such a generalization amounts to enlarging the electro-
whereji = T#*"¢,,. The locally conserved momentum magnetic gauge group(U) to O(2) that is generated by the
and angular momentum components correspond to th@tations S@2) = U(1) of the circle and the reflectiof
independent translational and rotational Killing fields ofabout a diameter. Because the above circteraiw under-
M?3. On defining the “charges” inside an oriented mani-goes a rotation anéi under the holonomy transformation
fold vV with boundaryaV by 0, = [, /=g j%d’x, from  associated withy. Although Q2) is non-Abelian, because

Gauss’ theorem, it is one dimensional, the gauge field is still Abelian.
40 Suppose two observers start from the same poiny on
d—“ = — f /=g ji ds;. (3) and go arounds and meet. Each would then claim, with
t av

equal justification, that the charges of all the particles in

So, Q, is conserved iff the flux that is the right-hand side the other observer have changed sign. So, it is not pos-
(RHS) of (3) vanishes. IV is taken to be the interior sible to determine unambiguously whether the sign of two
of the box in Fig. 1, then as a particle goes outlof charges at distinct points are the same, because it is neces-
through the endd’B’'C’'D’, because of the identification, sary to bring these charges to the same space-time point
it simultaneously comes intd/ through the opposite in order to compare them and the result would depend
end ABCD in M3. Since the identification reverses on the paths they take. Only the absolute value of the
the z direction, the contribution that this simultaneousratio of the charges would be meaningful. Also, charge
exit and entry the particle makes to the RHS of (3)is locally conserved because of thélJysymmetry but is
vanishes forQ, = p,, p,,J; but not forQ, = p.,J,J,.  not globally conserved. This is because if two charges
Even the definition ofp., J.,/, depends on the chosen atthe same space-time point are taken along different paths
neighborhoods; the above argument shows that for thand brought together again their sum may change. Thisis
chosen maximal neighborhood they are not conservedimilar to the global nonconservation of momentum and
unlike p,, py, andJ,. This is because the Killing fields angular momentum mentioned above, and can be under-
corresponding top.,J.,J, cannot be globally defined stood inthe same way by means of Gauss’ theorem. Again
because of the reversal pfdirection in the identification. this is due to the Killing field in the fifth dimension that

The local U1) gauge symmetry of electromagnetism generates the J) symmetry not being globally defined.
implies that the 1) group acts locally at each point in But there is local @) gauge symmetry, which includes
space-time. This naturally leads to the five dimensionathe usual local 1) gauge symmetry of electromagnetism.
Kaluza-Klein (KK) geometry that is obtained from space- Also, suppose a charged particle wave function is split
time by replacing each point by a circle on which theinto two wave functions that are made to interfere around
U(1) group acts locally, and conversely. The electro-a closed curve whose generalized electromagnetic holon-
magnetic field provides &l-1) correspondence between omy transformation is an improper(©) transformation.
neighboring circles, called a connection. As we go around he superposed wave function then has the form
a closed space-time curve, denotedeginning and end- _ . .
ing at a pointo, this correspondence leads to the rotation YOt @) = explied)yn(x*) + exp(—ied)ynx"), (4)
of the circle ato, called the holonomy transformation of in a local gauge. Nowy ™y has a nontrivial$ depen-
the electromagnetic connection. When a wave function islence that makes it spontaneously break tf® ymme-
taken around this curve it is acted upon by this rotatiortry down to the discrete group consisting of an appropriate
and acquires the phase factor expe 957 A, dx*), which  E and the identity. The charge opera@r= i%. Since
can be experimentally observed, whevg is the electro- ¢ is a superposition of opposite charges, it violates the
magnetic potential. lfe is the smallest unit of charge, “charge superselection rule.”
then these phase factors for different closed cunveke- This shows that the often made claim that the locél)U
fine the electromagnetic field [4]. Then, for a giverand  gauge symmetry implies the charge superselection rule is
electromagnetic field, these phase factors may be used tocorrect, because the(®) gauge symmetry here contains
define the various charges that replace U(1). When Aharonov and Susskind [5] refuted this claim,

The electromagnetic field may now be generalized bythey showed how a subsystem may be in a superposi-
allowing the identification of the U) circles ato to be in  tion of charge eigenstates, while the entire system does
the opposite sense so thatis the projection of a Klein not violate the charge superselection rule. An example
bottle in the KK space-time. In particular, (i, y,z,¢,¢) is the BCS ground state of a superconductor in which the
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Cooper pairs are in a superposition of different charge A CP transformation may also be implemented physi-
eigenstates, thereby breaking the electromagnetit) U cally by identifying the opposite faces of the slab ac-
gauge symmetry spontaneously, while the entire supercomording to(0, y, z,t, Hg) < (L,y, —z,t,Hg"). This new
ductor may have a well defined charge and thus obey thKK space-time will be denoted by,. Time reversal
charge superselection rule. But in the present case the emay be implemented by the identificatidf, y, z,7) <
tire system may be in superposition of charge eigenstate§l., y, z, —¢) so that space-time is time nonorientable. But
and is therefore a stronger violation of this rule. this would violate causality.

In the usual electromagnetic theokg, commutes with It is not necessary to go all the way around the Uni-
the interactionsso that the eigenstates ¢f form a “pre-  verse to obtain the above discrete transformations. Cosmic
ferred basis” in which the density matrix is diagonal. strings, which are predicted to occur in the early universe,
This gives an effective charge superselection rule. Irhave been characterized by proper orthochronous Poincaré
the present more general electromagnetic theory, becautansformations of the affine holonomy group around it
the time evolution may contai which does not com- [6,7]. These solutions may be generalized to include also
mute with Q that generates the electromagneti€l)}Jit  discrete transformations of the entire Poincaré group as
is “easy” to produce a superposition of opposite chargedholonomy, e.g., reversal of the direction along the axis of
states, as in the above example. When such a superposiite cosmic string. The discrete holonomy transformations
tion interacts with an apparatus, the apparatus wave funavould require taking out the axis of the cosmic string from
tion intensity also gets modulated correspondingly in thespace-time or turning it into a singularity. This would con-
fifth dimension. This would make the fifth dimension ob- stitute a generalization of the gravitational field according

servable like the other four dimensions. to an earlier definition of the gravitational field [7]. A gen-
This construction may be extended to the staneralized gauge field “flux” may also be introduced into the
dard model for which the gauge group i6& =  string by letting the gauge field holonomy around the string

U(1) X SUQ2) X SU(3). TheC transform of a spino/ to include the new antiunitary transformatian intro-
is ¢ = iy*y*, where thex denotes complex conjuga- duced above.
tion or Hermitian conjugation in quantum field theory. ExceptforS, (and its cosmic string analog) all the space-
Therefore, asyy — g¢ under geG, ¢ — g*¢€. In  times discussed above are disallowed by the violation of
the above construction each Klein bottle may be rediscrete symmetries in weak interaction [1]. Sipconsider
placed by a generalized Klein bottle that is closed bytwo small capsuleg/ and U’ at the same location, each
means of the automorphisa of G that is the complex containing the apparatus for th violating experiment
conjugation a(g) = g* for every geG, and the auto- proposed by Lee and Yang [8], and performed by &Val.
morphism B8 of the spinor Lorentz group\ defined by [9]. The magnetic coil, which orients the Co nuclei placed
B(S) = iy2S*(iy?)~' = —y2S8*y? for every SeA. If at the center of the coil, is in the-y plane. When
each fiber is a homogeneous spa@@H, where H is  the nuclei undergg decay, let the intensity distribution
a subgroup ofG such thatH* = H, then the new KK of electrons bef(#), whered is the angle between the
space-time, denotess, is obtained by the identification velocity of the emitted electron and theaxis. Then,
0,y,z,t,Hg) < (L,y,z,t,Hg"). This performs aC  f(8) # f(180° — 6), which violatesP. Suppose now that
transformation on all the quantum numbers coupled tdhe two capsules are taken along curves that form a circuit
the gauge fields of;. Since the operational meaning of y such that the handedness changes during continuous
a particle is contained in all its interactions, a particletransport aroundg. Let there be two twins in the capsules
taken aroundy in S3 would become its antiparticle, i.e., it performing the two respective experiments. When they
would undergo aC transformation. For example, when meet again and compare their experiments they would find
taken aroundy a neutrino will return as an antineutrino. that the currents in the two coils in theé-Y plane are
This leads to a generalization of the standard model ifilowing in the same direction. However, the distribution
which the gauge groug is enlarged to a grou that  of the outgoing electrons i/’ is f(8') = f(180° — 0),
is generated byG acting on itself on the right and the which would be in conflict with the distributiorf(6)
automorphisma. Then G = O(2) X SU(2) X SU(3), obtained in the identical experiment performed in the
whereSU(n) denotes the group of unitary and antiunitary capsule U. Unlike the “twin paradox” in special relativity
transformations on am dimensional complex vector (which is not a paradox), here there is perfect symmetry
space that have determinant Even wherH is trivial so  between the two twins: each twin would be justified
thatG/H = G, S; is not a principal fiber bundle, because in saying that it is the other who has undergone’ a
the “twist” in the generalized Klein bottle prevents the transformation. But the above contradiction disalldys
definition of the right action ofG everywhere. But Since B decay also violate€, S; is also disallowed by
S; is an associated bundle of a principal fiber bundlethe above type of gedanken experiment. Similaslyjs
with structure groupG over the usual space-time as disallowed by doing identical experiments involving kaon
the common base manifold. Again by superposifig decay, which violate€ P, in the two capsules. Buf,,
eigenstates with distinct eigenvalues the extra dimensionsith the generalized Q) electromagnetic gauge field in-
become observable, as in the caseSpohbove. troduced above, is allowed because the charge reversal
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symmetry (orC restricted to purely electromagnetic phe- As for the first possibility, left-right symmetric models
nomena) is an exact symmetry in all known phenomena.with spontaneous violation of have been proposed

In an expanding universe, there may not be enough timgl0]. But in the above approactl; and CP may also
for the capsules to go all the way around the Universe antle expected to be violated spontaneously. The second
meet. But in principle, a ring of large number of capsulespossibility, above, has the advantage that the noncausal
{U,,U,,...} may be set up around the Universe. Twonature of quantum gravity could resolve the horizon
identical capsuled/,, V,+; meet midway between two problem [11], namely, the fact that regions in the early

neighboring capsule§,, U, +; attimer = —T; thenV, universe which are causally unrelated nevertheless have
meetsU,, andV,+; meetsU,+; atr = 0 > —T. Finally, similar properties, such as temperature and density.
V, andV,,; meet again at = T to verify if the relevant If quantum gravity, which is expected to unify all the

experiments inU, and U,+; gave the same result at interactions, were to violat®, T, C, andCP, then it is

t = 0. But in each of the above space-times, exc&pt not surprising that the electroweak theory obtained as a

there would then be some for which the experiments low energy limit of quantum gravity should also violate

disagree, disallowing this space-time. these symmetries. It would equally not be surprising
It is intriguing that local experiments, combined with if the classical gravitational field, also a low energy

the above-mentioned gedanken experiments, should givenit of quantum gravity, contains a residual violation of

information about the global topology of space-time.P, C, and CP (respectively,CT, PT, and T, assuming

How could a neutron “know” the global topology of CPT symmetry). It is therefore worthwhile to look

space-time so that it can safely decay inPaviolating for experimental evidence of violation of these discrete

way without leading to the above contradiction if it were symmetries in the gravitational interaction [12,13].
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