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 A B S T R A C T

The BeXRP Cep X-4 underwent a type II outburst during July 2023, during which NuSTAR made two 
observations of the source. In this paper, we present the spectral and timing analysis of Cep X-4 during 
this outburst. Pulsations were detected from the source at the neutron star spin period of ∼ 66 s from both 
observations. We detected a CRSF feature at an energy of 27.3+1.5−1.0 keV in the spectrum of Cep X-4 during 
the first observation. In the second observation conducted a day later when the source luminosity dropped 
by a factor of five, no CRSF could be detected significantly. A positive correlation between CRSF energy and 
luminosity was observed using data from multiple outbursts since 1998. The collisionless shock model provides 
a good fit to the observed variations of cyclotron line energy with luminosity, giving a surface magnetic field 
strength of ∼ 2.6× 1012 G.
1. Introduction

Transient X-ray binary pulsars with Be-type main sequence compan-
ion (BeXRP) are uniquely suited to test accretion onto highly magne-
tized neutron stars (NSs). The BeXRPs are known to exhibit a wide 
range of luminosity, ranging from 1037–38 erg s−1 during the peak of 
outbursts to 1032–34 erg s−1 during the quiescence phase (Tsygankov 
et al., 2017). Many BeXRPs have been detected since the launch of 
the first X-ray telescopes, however, development of highly-sensitive X-
ray instruments like Chandra, NuSTAR and XMM -Newton allow us to 
study the BeXRPs at much lower luminosities across a wide range of 
energy (Tsygankov et al., 2017; Raman et al., 2023).

In highly magnetized (B ≥ 1012 G) NSs that are part of binary 
systems, the accreted matter gets channeled along the magnetic field 
lines to the poles of the NS. The presence of strong magnetic fields at 
the polar regions leads to the quantization of electron energy levels (𝐸𝑛
in keV) in accordance to the Landau levels (Meszaros, 1992) 

𝐸𝑛 =
𝑛

1 + 𝑧
× 𝑒𝐵ℏ

𝑚𝑒𝑐
∼

11.6 × 𝑛 × 𝐵12
1 + 𝑧

keV (1)

where 𝑚𝑒 is the mass of an electron, 𝐵12 is the magnetic field strength 
in units of 1012 G and 𝑛 = 1, 2, 3, 4, .. denote the different energy levels. 
Cyclotron Resonant Scattering Feature (CRSF) is the absorption feature 
in the spectra of pulsars due to interactions between photons and 
electrons in quantized energy levels present in the line forming region 
of the NS. This spectral feature facilitates the direct measurement of 
the magnetic field strength of NS. Out of more than two hundred and 

∗ Corresponding author.
E-mail address: kinjal@rrimail.rri.res.in (K. Roy).

1 http://orma.iasfbo.inaf.it:7007/~mauro/pulsar_list.html

fifty known NSs in binaries around only fifty sources show CRSF.1 
It is not clear why certain NS show CRSF while others do not. The 
CRSF parameters are known to show variable behavior with source 
luminosity (Staubert et al., 2019,  and references therein). The study of 
cyclotron line variation with luminosity provide an excellent diagnostic 
tool for the study of accretion mechanisms in highly magnetized NSs.

The transient BeXRP Cepheus X-4 (henceforth Cep X-4) was dis-
covered in 1972 by OSO−7 (Ulmer et al., 1973). Since discovery, the 
source has undergone multiple outbursts in 1988 (Roche et al., 1997), 
1993 (Makino and GINGA Team, 1988), 2002  (McBride et al., 2007), 
2012 (Fürst et al., 2015), 2014 (Vybornov et al., 2017), 2018 (Mukerjee 
and Antia, 2021). The spin period of Cep X-4 is ∼ 66 s (Koyama et al., 
1991). The distance to the source was estimated to be 7.4±0.5 kpc from
GAIA DR3 data  (Bailer-Jones et al., 2021; Gaia Collaboration et al., 
2023).

A CRSF was first detected in the spectrum of Cep X-4 at 30.5 ± 0.4 
keV during the 1988 outburst of the source using GINGA telescope (Mi-
hara et al., 1991). The CRSF was later confirmed during the 2002 
outburst with RXTE data (McBride et al., 2007). Detailed study of the 
CRSF using NuSTAR data during the 2014 outburst, showed a clear 
asymmetry in the CRSF profile with an additional CRSF at around 19 
keV (Fürst et al., 2015; Bhargava et al., 2019). Later, the same NuSTAR
data was used to detect the first harmonic of the 30 keV CRSF at ∼
55 keV (Vybornov et al., 2017). A positive correlation between the 
CRSF line center and X-ray luminosity from pulse amplitude resolved 
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Table 1
Observation details of the two NuSTAR observations.
 Observation ID Date MJD Exposure 
 90901322002 7 July 2023 60132 26 ks  
 90901322004 8 July 2023 60133 31 ks  

Fig. 1. The Swift/BAT light curve from Cep X-4 with a binning of 3 days is shown 
in black. The red and blue arrows correspond to the two NuSTAR observations of the 
source from 7 July 2023 and 8 July 2023, respectively.

analysis was found (Vybornov et al., 2017). Combining all previous 
data along with the Astrosat observation of Cep X-4 during its 2018 
outburst, Mukerjee and Antia (2021) showed that the CRSF central 
energy remained stable at an average value of 30.2 ± 0.2 keV across a 
span of about thirty years.

Cep X-4 underwent a type II outburst in June 2023, which was 
detected by MAXI/GSC, Swift/BAT and Fermi/GBM (Nakajima et al., 
2023). Two observations were made by Nuclear Spectroscopic Tele-
scopic ARray (NuSTAR) during the decay phase of the outburst. Here, 
we report on the detection of CRSF in Cep X-4 at the lowest luminosity 
level. We also study the evolution of CRSF with the luminosity of NS 
using all confirmed detections of CRSF from the source.

2. Instruments, observation and data reduction

NuSTAR is a broadband X-ray imaging and spectroscopic mission. 
NuSTAR has hard X-ray focusing optics with two identical co-aligned 
focal plane modules (FPM), namely FPMA and FPMB (Harrison et al., 
2013). NuSTAR has a broadband 3−79 keV energy range with a spec-
tral resolution of 400 eV at 10 keV. NuSTAR made two observations of 
Cep X-4 on 7 July and 8 July 2023, details of which are given in Table 
1.

The long-term Swift/BAT lightcurve in the 15−50 keV energy range 
from Cep X-4 binned to 3 days interval is shown in Fig.  1. The NuSTAR
observation was taken towards the end of an outburst and are marked 
with arrows in Fig.  1.

The NuSTAR data was reduced using HEASOFT v 6.30.1 along 
with the latest calibration files available via CALDB. The nupipeline
version 0.4.9 was used to produce the clean event files. The nuprod-
uct command was used to extract the light curves and spectrum 
corresponding to the source and background regions. A circle of radius 
90 arcsec around the source position was used for extracting the source 
level 2 products. Similarly, a circle of the same radius away from the 
source region was used to extract the background products. Barycenter 
correction was performed using barycorr v2.16. All the spectral files 
were optimally binned based on Kaastra and Bleeker (2016).

For the joint fitting with the spectra from the two modules of 
FPM, the normalization factor of one of the modules (FPMA) was 
fixed to unity while the other (FPMB) factor was left to vary. All the 
2 
Fig. 2. The pulse profile of the source for ObsID 02 (in black) and ObsID 04 (in 
red). The top panel consists of the pulse profile in the energy range of 3−79 keV. The 
remaining panels from the top show the energy-resolved profiles in the energy ranges 
of 3−5, 5–10, 10−20, and 20−35 keV keV, respectively.

spectral analysis was carried out using XSPEC version 12.12.1 (Ar-
naud, 1996) with the absorption by interstellar medium modeled us-
ing the Tuebingen–Boulder absorption model TBabs and abundance 
taken from Wilms et al. (2000) and the photoelectric cross sections 
from Verner et al. (1996).

3. Data analysis

3.1. Timing analysis

The light curve from Cep X-4 shows significant variations in count 
rate between the two observations. The count rate of the source 
changed from 0.28 counts/s for ObsID 02 to 0.074 counts/s for ObsID 
04. Cep X-4 is known to exhibit pulsation with a period of ∼ 66 s Using 
the epoch folding (Leahy, 1987) tool efsearch, we determined the 
spin period of the NS during the first observation to be 66.38 (1) s. 
The folded pulse profile for Cep X-4 in the entire NuSTAR energy range 
of 3–79 keV is plotted in the top panel of Fig.  2. The pulse profile is 
single-peaked in nature, with complex sub-pulse features. During the 
second observation, the pulsations were detected with the same period 
of 66.38 (1) s. The overall profile, as seen in red in Fig.  2, remains 
similar to ObsID 02.

The pulse fraction (𝑃𝐹 ) for a pulse profile (P) can be defined as 

𝑃𝐹 =
𝑃 (𝑚𝑎𝑥) − 𝑃 (𝑚𝑖𝑛)
𝑃 (𝑚𝑎𝑥) + 𝑃 (𝑚𝑖𝑛)

(2)

where P(max) and P(min) are the maximum and minimum of the pulse 
profile. The pulse fraction of Cep X-4 in the broad energy band of 3−79 
keV was calculated to be 64±9 % for ObsID 02 and for 49±15 % ObsID 
04. To study the variation of pulse profile with energy, we extracted 
source light curves in the energy ranges of 3−5, 5–10, 10–20, 20−35 and 
35−79 keV for both observations. The energy resolved profiles are 
plotted in Fig.  2 in black for ObsID 02 and in red for ObsID 04. There 
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was no significant detection of pulsations from the source in the 35−79 
keV energy range during this period. The overall pulse profile remains 
very consistent across the two observations, with minor changes in 
the sub-pulse shape. The pulse fraction is found to be increasing with 
energy for both observations.

3.2. Spectral analysis

The broadband spectra of highly magnetized accreting X-ray pulsars 
are usually modeled using the powerlaw model with an exponential 
cutoff at higher energies (Coburn et al., 2002,  and references therein). 
We have tried modeling the spectra with a powerlaw continuum with 
multiple cutoff models like highECut, FDcut (Tanaka, 1986), and
NewHCut (Burderi et al., 2000) as well as physically motivated models 
like CompST (Sunyaev and Titarchuk, 1980) and NPEX (Makishima 
et al., 1999). The NPEX continuum model was finally chosen as it yields 
the lowest 𝜒2 in the fitting. The Negative and Positive power law with 
a common EXponential cutoff factor, i.e. NPEX model given by Eq. (3) 
describes unsaturated Comptonized emission. 
𝙽𝙿𝙴𝚇(𝐸) = 𝐴(𝐸 −𝛤 + 𝑓 × 𝐸2)𝑒−𝐸∕𝛽 (3)

The best-fit parameters for the spectral modeling are given in Table 
2 with errors provided at a 90% confidence interval. Due to the lack 
of low energy coverage from NuSTAR, the absorption column density 
was fixed at a value of 0.8 × 1022 atoms cm−2, which corresponds to 
the Galactic absorption component along the line of sight (Kalberla 
et al., 2005; HI4P.I. Collaboration et al., 2016). The power law index 
of the NPEX model was 1.3+0.1−0.1, which is much softer than previously 
observed (Bhargava et al., 2019). The exponential cutoff value of 6.4+0.5−0.4
keV is consistent with older observations of the source (Makishima 
et al., 1999). The residual from the spectral fitting with the NPEX
showed spectral residuals near 30 keV, where a cyclotron line is known 
to be present in the source (Mihara et al., 1991). Hence, an additional 
absorption component was used to model the cyclotron absorption 
feature. The addition of the cyclotron line gave a 𝛥𝜒2 of 24 for 3 
additional d.o.f. The central energy of the CRSF was found at 27.3+1.5−1.0
keV with a width of 2.2+1.1−1.0 keV and an optical depth of 0.83+0.43−0.31. The 
final spectral model used to describe the continuum was tbabs × NPEX
× gabs. The presence of the cyclotron line was also observed with the 
other spectral models with the CRSF parameters similar to the values 
given in Table  2. The best fit spectral model, along with individual 
components, are plotted in Fig.  3. Allowing the absorption column 
density to vary gave a higher value of NH of about 8 × 1022 cm−2 and 
a softer powerlaw index. Other parameters obtained were consistent 
within the error.

The significance of the CRSF feature was calculated by making 
100,000 simulations of the data using the XSPEC tool simftest. In 
each of the simulations, spectral models were fitted with and without 
the absorption feature and the corresponding best-fit 𝜒2 values were 
calculated. The false-detection probability was then calculated to be 
about 0.06%, making the detection significant at a confidence interval 
of 3.4 𝜎. During this observation, the unabsorbed source flux was 
calculated to be 2.0+0.1−0.1 ×10−11 erg s−1 cm−2 in the 3−79 keV energy 
range. Assuming a distance of 7.4 kpc, the luminosity of the source 
during this observation was calculated to be 1.3+0.1−0.1 ×1035 erg s−1.

During the second observation, ObsID 04, the source count rate was 
lower by a factor of ∼5 with respect to ObsID 02. The spectra for 
ObsID 04 can be well described with an absorbed NPEX model tbabs
× NPEX. Similar to the first observation the absorption column density 
was frozen to the Galactic line of sight value. The best-fit power law 
index was 1.7±0.3, similar to the power law index for the source during 
ObsID 02. The best-fit spectral model for ObsID 04 is shown in Fig.  4. 
The unabsorbed flux from the source was calculated to be 4.4+0.4−0.4 ×10

−12

erg cm−2 s−1 in the 3−79 keV energy range. The luminosity of the 
source was calculated to be 3.0+0.2−0.2 ×1034 erg s−1, assuming a distance 
of 7.4 kpc. The best fit spectral parameters with the errors quoted for 
3 
Fig. 3. Spectrum and best-fit spectral model for ObsID 02. The top panel correspond 
to the best-fit model along with the different components. The second panel from top 
panel shows the residual from the best fit model without adding the CRSF. While the 
third panel from top shows the residual obtained by setting the strength of the CRSF 
to zero. The bottom panel corresponds to the best-fit model residuals. The black points 
correspond to FPMA, while the red points are for FPMB.

Table 2
The table contains the best-fit spectral parameters of the Cep X-4for both 
observations. The errors are quoted at 90% confidence intervals.
 Spectral parameter ObsID 02 ObsID 04  
 𝑁𝐻 [×1022 cm−2] 0.8 (frozen) 0.8 (frozen)  
 Photon Index (𝛤 ) 1.3+0.1−0.1 1.7−0.3+0.3  
 f𝑁𝑃𝐸𝑋 [10−4] 4.6+1.0−0.8 4.2+2.0−1.3  
 𝛽𝑁𝑃𝐸𝑋 (keV) 6.4+0.5−0.4 5.2+0.7−0.5  
 Norm𝑁𝑃𝐸𝑋 {[}10−3{]} 1.9+0.3−0.3 1.2−0.5+0.8  
 𝐸𝐶𝑅𝑆𝐹  (keV) 27.3+1.5−1.0 –  
 𝜎𝐶𝑅𝑆𝐹  (keV) 2.2+1.1−1.0 –  
 𝜏𝐶𝑅𝑆𝐹  (keV) 0.83+0.43−0.31 –  
 Unabsorbed Fluxa 2.0+0.1−0.1 ×10−11 4.4+0.4−0.4 ×10−12 
 Luminosityb 1.3+0.1−0.1 ×1035 3.0+0.2−0.2 ×1034  
 𝜒2 (d.o.f.) 145.01 (154) 51 (37)  
a The unabsorbed flux is given in the energy range of 3−79 keV in 
units of erg cm−2 s−1.
b The luminosity is given in the energy range of 3−79 keV in units 
of erg s−1.

90% confidence interval are given in Table  2. With prior knowledge of 
the presence of CRSF in Cep X-4, we looked for a cyclotron line in the 
spectrum during ObsID 04. Since the line energy and width could not 
be constrained, it was frozen to the value obtained from ObsID 02. The 
optical depth of the line had an upper limit of 1.7, with no significant 
improvement of 𝜒2 with the addition of the new spectral component. 
The CRSF has a false detection probability of 28%, making the CRSF 
detection in ObsID 04 not significant.

4. Discussion

In this work, we report the results from the two NuSTAR obser-
vations of the transient BeXRP Cep X-4 during its 2023 outburst. The 
two NuSTAR observations were carried out during the decay phase 
of the outburst. The broadband continuum spectra of Cep X-4 were 
modeled using an absorbed NPEX model for both observations. The 
spectrum of Cep X-4 became softer in ObsID 04 with respect to ObsID 
02, with the decay of the outburst. Sokolova-Lapa et al. (2023) analyzed 
the combined data from two observations during the 2023 outburst. 
The combined data showed a CRSF at ∼ 29 keV. However, combining 
multiple observations with different powerlaw index, at different flux 
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Fig. 4. Spectrum and best-fit spectral model for ObsID 04. The top panel correspond to 
the best-fit model. While the bottom panel corresponds to the best-fit model residuals. 
The black points correspond to FPMA, while the red points are for FPMB.

levels can lead to spurious features in the spectrum. A significantly 
high black body temperature (∼ 5 keV) was detected along with a 
broad Gaussian-like feature at ∼ 20 keV. The large blackbody com-
ponent, along with the broad emission feature at about 20 keV, may 
be indicative of spurious spectral features from combining data across 
multiple flux ranges. A similar broad emission feature was observed 
in the RXTE data around ∼ 14 keV (McBride et al., 2007). A ‘10 keV 
feature’ has been observed in many sources (Manikantan et al., 2023). 
An absorption feature was detected in the source in a similar energy 
range in NuSTAR data (Fürst et al., 2015; Vybornov et al., 2017), 
however, it was not identified as a ‘10 keV feature’ (Manikantan et al., 
2023). It is important to analyze the two observations separately so that 
the true spectral shape and their evolution can be properly studied. 
The source luminosity dropped by a factor of 4–5 between the two 
observations. The onset of propeller regime can be calculated using the 
formula 

𝐿𝑝𝑟𝑜𝑝 = 4 × 1037 𝜉7∕2 𝐵2
12 𝑃−7∕3 𝑀−2∕3

1.4 𝑅5
6 erg s−1 (4)

where 𝐵12 is the magnetic field strength in the unit of 1012 G, 𝑀1.4 is 
the mass of the NS in units of 1.4 solar mass, 𝑅6 is the radius of the NS 
in units of 106 cm, P is the spin period of the NS in s and 𝜉 is the factor 
that relates the magnetospheric radius for disc accretion to the Alfven 
radius calculated assuming spherical accretion (Campana et al., 2002). 
We assume the mass and radius of the NS to be the canonical value 
of 1.4 solar mass and 106 cm respectively. The value of 𝜉 is usually 
assumed to be 0.5 (Ghosh and Lamb, 1978). The onset of propeller 
regime was calculated from Eq. (4) to be 7.3 ×1033 erg s−1 which is less 
than the luminosity corresponding to the two NuSTAR observations. 
Pulsations were also detected in the source during ObsID 04, therefore, 
the second NuSTAR observation was taken before the onset of propeller 
regime in Cep X-4.

A CRSF was detected in Cep X-4 during ObsID 02 at around 27 
keV. The spectral shape of X-ray pulsars at a low luminosity sometimes 
show double-humped shape, which may be interpreted as a ‘cyclotron’ 
feature (Sokolova-Lapa et al., 2021). However, the CRSF in Cep X-4
was present for multiple continuum spectral models around ∼ 27 keV 
energy range, making it unlikely that the absorption feature is due to 
shape of the X-ray spectrum at low luminosity. The detection of the 
cyclotron line at low luminosity needs to be considered to update the 
luminosity dependence of the cyclotron line. The detection of CRSF at 
low luminosity has been greatly facilitated by the high effective area 
and good spectral resolution of the NuSTAR telescope.
4 
Fig. 5. The variation of cyclotron line energy with luminosity is plotted in the figure. 
The results from the collisionless shock plasma model are shown via the dotted line.

4.1. Luminosity variation of CRSF

We combine the results from all previous detection of CRSF in Cep 
X-4 along with the data from the two 2023 NuSTAR observations. 
The details of the archival CRSF measurements in Cep X-4 (Mukerjee 
and Antia, 2021) are given in Table  3. The luminosity corresponding 
to each observation was calculated by taking the flux value from 
Table  3 and assuming a distance of 7.4 ± 0.5 kpc (Bailer-Jones et al., 
2021; Gaia Collaboration et al., 2023). The CRSF central energy as a 
function of luminosity is plotted in Fig.  5. There seems to be a positive 
correlation between E𝑐𝑦𝑐 and L𝑋 with long-term data, unlike previously 
reported (Mukerjee and Antia, 2021). The CRSF energy saturates at 
higher luminosity, which can be misinterpreted as a constant CRSF line 
energy that does not vary with luminosity. The positive correlation is in 
agreement with similar results reported from pulse-amplitude resolved 
analysis (Vybornov et al., 2017).

4.2. Collisionless shock model

The persistent X-ray pulsar Her X-1 was the first source where 
a positive correlation between E𝑐𝑦𝑐 and L𝑥 was observed (Staubert 
et al., 2007). Subsequently, similar relationships were identified in 
a number of persistent and transient sources like A 0535+63 (Ca-
ballero et al., 2008; Müller et al., 2013), Swift J1626.6−5156 (DeCesar 
et al., 2013), Vela X-1 (Fürst et al., 2014; La Parola et al., 2016), GX 
304−1 (Malacaria et al., 2015; Rothschild et al., 2017) and 2S 1553-
542 (Malacaria et al., 2022). Recent reanalysis of the CRSF energy in 
4U 0115+ 63 across multiple outbursts has also revealed a positive 
correlation between E𝑐𝑦𝑐 and L𝑥 across a wide range in luminosity (Roy 
et al., 2024).

In the collisionless shock regime, a positive correlation between 
cyclotron line energy and luminosity is expected (Becker et al., 2012). 
However, beyond a critical luminosity threshold, the CRSF energy 
and luminosity have a negative correlation (Staubert et al., 2019). 
The line center is a direct measure of the magnetic field strength at 
the CRSF forming region. In systems exhibiting a positive correlation, 
there is a decrease in the height of the CRSF forming region from the 
NS surface, with an increase in luminosity, leading to an increase in 
𝐸𝑐𝑦𝑐 . The collisionless shock model was used to explain the luminosity 
dependency of CRSF observed in Her X−1 (Staubert et al., 2007).

The height (𝐻𝑆 ) of the collisionless shock forming region above 
the NS surface is inversely proportional to the electron density (𝑛𝑒) 
as 𝐻𝑆 ∝ 1∕𝑛𝑒 (Shapiro and Salpeter, 1975). The electron density in 
the accretion column is a function of mass accretion rate (�̇�) and 
area of the accretion flow (𝐴) on the NS surface as 𝑛𝑒 ∝ �̇�∕𝐴. The 
area of the accretion flow is inversely proportional to magnetospheric 
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Table 3
Cyclotron line energy measurements of Cep X-4.
 Observation Telescope MJD Source Fluxa CRSF𝑐𝑒𝑛𝑡𝑒𝑟 CRSF𝑤𝑖𝑑𝑡ℎ CRSF𝑜𝑝−𝑑𝑒𝑝𝑡ℎ Ref. 
 (erg cm−2 s−1) Energy (keV) Width (keV) Depth (𝜏)  
 1988 April GINGA 47264 7.23 × 10−9a 30.2+0.5−0.5 16.1+1.8−1.8 2.88+0.11−0.11 [1]  
 2002 July RXTE 52451 1.08 × 10−9b 30.7+1.8−1.9 3.6+2.9−1.5 0.7+0.3−0.2 [2]  
 2014 June NuSTAR 56827 2.69 × 10−9 30.6+0.2−0.3 3.9+0.2−0.2 6.6+0.9−0.8

c [3]  
 2014 July 56 840 7.10 × 10−10 29.0+0.3−0.2 3.8+0.2−0.2 7.0+0.8−0.6

c  
 2018 July AstroSat 58302 1.62 × 10−9 30.48+0.33−0.34 3.24+1.14−0.93 1.03+0.14−0.11 [4]  
 2018 July 58 307 8.08 × 10−10 30.68+0.45−0.44 5.89+1.38−1.26 1.42+0.18−0.18  
 2023 July NuSTAR 60132 2.0 × 10−11 27.3+1.5−1.0 2.2+1.1−1.0 0.83+0.43−0.31 [5]  
 References : [1] Mihara et al. (1991) [2] McBride et al. (2007) [3] Vybornov et al. (2017) [4] Mukerjee 
and Antia (2021) [5] Present Work.
a The source flux is calculated in the 3–78 keV range.
b Corrected flux in 3–78 keV energy band taken from Mukerjee & Antia (2021).
c  Expressed in terms of absorption depth (d) related to optical depth 𝜏 = 𝑑∕(

√

2𝜋𝜎).
radius (𝑅𝑚). The variation of the magnetospheric radius with mass 
accretion rate goes as 𝑅𝑚 ∝ �̇�−𝑥 where 𝑥 = 2/7 for disc or Bondi quasi-
spherical accretion (Shakura et al., 2012). Therefore, the shock forming 
height from the NS surface as a function of mass accretion rate can be 
expressed as, 
𝐻𝑠(�̇�) ∝ �̇�𝛼 (5)

where 𝛼 = 1−𝑥 = 5/7 for disc or Bondi quasi-spherical accretion, which 
is the case for Cep X-4. The height of collisionless shock decreases with 
an increase in the mass accretion rate, which moves the CRSF line 
forming region towards stronger magnetic field strength. In a dipolar 
magnetic field, strength varies with the distance (𝑟) from the NS as 𝐵(𝑟)
∝ 1∕𝑟3. Therefore the cyclotron line energy (𝐸𝑐𝑦𝑐 ) as a function of mass 
accretion rate can be written as, 

𝐸𝑐𝑦𝑐 (�̇�) = 𝐸0

(

𝑅𝑁𝑆

𝐻𝑠(�̇�) + 𝑅𝑁𝑆

)3 ( 𝑧𝑠
𝑍𝐻

)

(6)

where 𝐸0 is the cyclotron line energy corresponding to the magnetic 
field strength near the magnetic poles on the NS surface  (Rothschild 
et al., 2017; Roy et al., 2024). The mass accretion rate is directly 
proportional to the X-ray luminosity (𝐿𝑋), so we can write the ratio 
of the shock forming height to the NS radius as 
𝐻𝑠(�̇�)
𝑅𝑁𝑆

= 𝐾𝐿−𝛼
𝑋 (7)

where 𝐾 is the proportional constant regulating the height of the shock-
forming region. Combining equation (6) and (7), the CRSF line energy 
can be written as a function of X-ray luminosity as, 

𝐸𝑐𝑦𝑐 (𝐿𝑋 ) = 𝐸0

(

1 + 𝐾
𝐿𝛼
𝑋

)−3
. (8)

where 𝛼 is taken as 5/7 corresponding to disc accretion (Shakura et al., 
2012).

The best-fit values of the two free parameters 𝐸0 and K were calcu-
lated to be 30.45 ± 0.27 keV and 0.009 ± 0.002 (erg/s)𝛼 respectively. 
The surface magnetic field strength and the proportionality constant 
was calculated to be 31.4 ± 0.2 and 0.024 ± 0.003 (erg/s)𝛼 from pulse 
height resolved analysis (Vybornov et al., 2017). The model prediction 
for 𝐸𝑐𝑦𝑐 as a function of luminosity 𝐿𝑋 is plotted in blue in Fig.  5. 
The calculated value of the magnetic field close to the NS in this work 
is a little lower compared to the estimates by Vybornov et al. (2017). 
The estimated cyclotron line energy at the surface of the NS gives a 
magnetic field strength of 2.6 × 1012 G from Eq. (1).

The critical luminosity can be expressed as a function of NS param-
eters as

𝐿𝑐𝑟𝑖𝑡 = 1.49 × 1037
( 𝛬 )−7∕5

(𝜔)−28∕15
(

𝑅
)1∕10
0.1 106𝑐𝑚

5 
(

𝑀
1.4𝑀⊙

)29∕30 ( 𝐵
1012𝐺

)16∕15
𝑒𝑟𝑔∕𝑠 (9)

where 𝜔 depends on the shape of the spectrum and 𝛬 accounts for 
particular uncertainties in the magnetospheric radius effects (Becker 
et al., 2012). Following (Becker et al., 2012) we take the value of 𝛬 to 
be 0.1 and 𝜔 as 1. Assuming canonical values of NS mass to be 1.4 𝑀⊙, 
NS radius of 10 km, and surface magnetic field strength of 2.6×1012 G, 
the critical luminosity can be calculated as 4×1037 erg/s. The Coulombic 
luminosity (𝐿𝑐𝑜𝑢𝑙) value based on formula given in Becker et al. (2012) 
was calculated for Cep X-4 to be ∼ 8.5 ×1036 erg s−1. The accretion 
onto the NS is expected to settle onto the NS surface at luminosities 
less than 𝐿𝑐𝑜𝑢𝑙. The luminosity of Cep X-4 in ObsID 04 is an order of 
magnitude lower than the 𝐿𝑐𝑜𝑢𝑙. However, the calculation of 𝐿𝑐𝑜𝑢𝑙 is 
based on a simplistic picture of the accretion column and calculated 
with rough estimates of parameters based on simple assumptions. A 
different set of parameter values can give an order of magnitude 
lower estimate for 𝐿𝑐𝑜𝑢𝑙. The ‘critical’ luminosity values based on exact 
value of Compton scattering cross section in high magnetic fields was 
calculated to be ∼ 1.1 ×1037 erg s−1 (Mushtukov et al., 2015) indicating 
that the second NuSTAR observation during the 2018 outburst and 
the GINGA data might have been taken in the ‘super-critical’ accretion 
regime. However, due to sparse observation above 𝐿𝑐𝑟𝑖𝑡, it is harder to 
see any correlation and established the switch to negative correlation 
as predicted for super-critical regime. We consider all the data used in 
this analysis to be in the ‘sub-critical’ accretion regime where shock 
height is determined by Columbic interactions (Becker et al., 2012).

5. Summary and conclusions

The luminosity dependence of Cep X-4 has evolved over subsequent 
high-sensitivity observations. Pulse amplitude resolve analysis during 
the 2014 outburst showed a positive correlation between CRSF energy 
and X-ray luminosity (Vybornov et al., 2017). However, using data 
across multiple outbursts, the CRSF line energy showed no variation 
with X-ray luminosity nor any evolution with time (Mukerjee and 
Antia, 2021). Using NuSTAR data from the most recent outburst, we 
showed that from long-term data also, there is a positive relation 
between CRSF energy and luminosity. The collisionless shock model 
well explains the observed variations between L𝑋 and E𝑐𝑦𝑐 . This gives 
us a surface magnetic field strength of 2.6 × 1012 G.

The results of surface magnetic field strength from long term (this 
work) and pulse-amplitude resolved analysis (Vybornov et al., 2017) 
are in agreement at 2𝜎 level, however, the proportionality constant are 
much different as is expected for comparison between very different 
luminosity levels. We do not actually have a good physical model that 
explains X-ray emission from the NS accretion column across a wide 
range of X-ray luminosity (for detailed study refer to Sokolova-Lapa 
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et al., 2021 or D’Aì et al., 2025 and references therein). For persistent 
sources that do not show significant long-term variation in flux, a pulse 
amplitude resolved analysis can be used to estimate the magnetic field 
strength at the NS surface. This is particularly important for sources 
that have very limited observations with sensitive instruments like 
NuSTAR.
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