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Abstract
Acomprehensive treatment of the quantification of randomness certified device-independently by
using theHardy andCabello-Liang-Li (CLL) nonlocality relations is provided in the two parties-two
measurements per party-two outcomes permeasurement (2-2-2) scenario. For theHardy nonlocality,
it is revealed that for a given amount of nonlocality signified by a particular non-zero value of the
Hardy parameter, the amount ofHardy-certifiable randomness is not unique, unlike theway the
amount of certifiable randomness is related to theCHSHnonlocality. This is because any specified
non-maximal value ofHardy nonlocality parameter characterises a set of quantum extremal
distributions. Then this leads to a range of certifiable amounts of randomness corresponding to a
givenHardy parameter. On the other hand, for a given amount of CLL-nonlocality, the certifiable
randomness is unique, similar to that for the CHSHnonlocality. Furthermore, the tightness of our
analytical treatment evaluating the respective guaranteed bounds for theHardy andCLL relations is
demonstrated by their exact agreementwith the Semi-Definite-Programming based computed
bounds. Interestingly, the analytically evaluatedmaximumachievable bounds of bothHardy and
CLL-certified randomness have been found to be realisable for non-maximal values of theHardy and
CLLnonlocality parameters. In particular, we have shown that even close to themaximum2bits of
CLL-certified randomness can be realised fromnon-maximally entangled pure two-qubit states
corresponding to small values of theCLL nonlocal parameter. This, therefore, clearly illustrates the
quantitative incommensurability between randomness, nonlocality and entanglement.

1. Introduction

Certification andquantification of reliable randomness as a resource formyriad applications indiverse areas is a
cutting-edge topic ofmuch interest. In this context, a remarkable realisation has been that violation of theCHSH
inequality [1] for the entangled states, apart fromsignifying nonlocality, also provides statistically verifiable device-
independent (DI) certificationof randomness, i.e., randomness is then guaranteed even for an imperfect or a
tampered randomnumber generating device [2–4]. Nonlocality andDI certified randomness emerging as a
concomitant feature of theCHSH inequality is intriguing andhas inspired probing deeper into thenature of the
relationship between them. Inparticular, the question arises as towhether the aforesaidDI certified randomness,
nonlocality and entanglement are quantitatively commensurate in the sense that greater/smaller amounts of
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nonlocality and entanglement necessarily imply larger/smaller amounts of randomness. In this regard, it has been
shown that theCHSH-certified guaranteed boundof randomness ismonotonically related to nonlocality [3]. In
contrast, using a tailor-made tilted-Bell inequality, it has been shown [5] that close to the theoreticalmaximumof 2
bits amount of randomness can be certified fromamaximally entangled two-qubit state having theCHSH
violation tending to zero. This result of achieving close to 2 bits of certifiable randomness frommaximally
entangled two-qubit state has recently beenmade [6]more robust byusing different forms of tilted-Bell inequality
having awide range ofCHSHvalues. Such results bring out the incommensurability between randomness and
nonlocality in the twoparties-twomeasurements per party-twooutcomespermeasurement (2-2-2) scenario.On
theother hand, the incommensurability between randomness and entanglementhas also been shown [5] by
achievingmaximumamount of certifiable randomness fromapurenon-maximally entangled state, but by going
beyond the 2-2-2 scenario.Thus, beyond the 2-2-2 scenario, a line of studyhas beendeveloped for demonstrating
maximumamount of certifiable randomness byusing differentmethods, such as increasing the number of
measurement settings [7–9], introducing higher outcomePOVM [10].

Against the above backdrop, the question that remains yet uninvestigated is whether it is possible to achieve
close to 2 bits of certifiable randomness from a pure non-maximally entangled two-qubit state in the 2-2-2
scenario, whichwould enable showing in this simplest context, the incommensurability between randomness,
nonlocality and entanglement in a single setup. To this end, in the present work, we have invoked different forms
of local realist inequality other than theCHSHor tilted-CHSH inequality, introduced byHardy [11] and
Cabello, Liang and Li (CLL) [12, 13], asmeans for generatingDI certified randomness. In particular, we have
come upwith a strategy for achieving close to 2 bits of certified randomness frompure non-maximally entangled
states in the 2-2-2 scenario using theCLL relations, thereby evidencing the incompatibility between
randomness, nonlocality and entanglement in a single setup.Moreover, in this process of quantifying the
certified randomness, we have found that, unlike theCHSHor tilted-Bell inequality cases, a given amount of
Hardy-nonlocality corresponds to a set of quantum extremal distributions, and thus, the amount of certified
randomness corresponding to a given amount of nonlocality is not unique. In otherwords, there exists a range of
Hardy-certified randomness for a given value of theHardy nonlocality parameter.

To set the stage for our treatment, we begin (section 2) by outlining the logical basis for regarding the validity
of theHardy andCLL relations as certifyingDI certified randomness. For this purpose, the incompatibility of
Hardy andCLL relations with the statistical condition of ‘predictability’ is shownby invoking the fundamental
physical principle of ‘no signalling’ at the statistical (operational) level. As a consequence, the violation of in-
principle ‘predictability’ implyingDI certified randomness is guaranteed by the empirical validity of theHardy/
CLL relations. A similar demonstration for theCHSH inequality was provided earlier [14]. It is worth stressing
that the certification ofDI certified randomness in this way is independent of quantum theory aswell as of who
uses randomness. In contrast, the estimation of the amount of certified randomness depends on the theory as
well as on the information available about the randomnumber generator used and its trustworthiness.

Next, in section3, by suitably quantifying the amounts ofHardy/CLL-certified randomness in termsof the
guaranteed and themaximumachievable bounds, both the bounds are analytically evaluated for both quantum
theory andno-signalling theory (section4). Then,we compare the analytically obtained quantumboundwith the
bound that has beennumerically evaluated by employing the technique of SemiDefinite Programming (SDP)
[3, 15, 16]. The implications of these results and future directions of studies are discussed in thefinal section6.

2. Certification ofDI certified randomness usingHardy andCabello-Liang-Li relations

First, we recall that derivation of theCHSH inequality from the assumption of predictability and the
fundamental physical principle of no-signalling at the operational/statistical level [14] provides a compelling
justification for regarding the violation of CHSH inequality as falsifying predictability, thereby certifyingDI
certified randomness.Wewill now indicate theway similar arguments also hold good for theHardy andCLL
relations.

To put it precisely, in the context of the EPR-Bohm setup involving two spatially separated parties, say, Alice
and Bob, the assumptions of predictability and the no-signalling condition used here at the operational level are
as follows:

(a) Predictability: Given any state preparation procedure κ, if the outcomes a and b of the measurements x
and y of Alice andBob respectively are predictablewith certainty. Thismeans that the predicted probability
of jointmeasurement outcomes is given by

( ∣ ) { } ( )P a b a b, , , 0, 1 , , , , 1x y x y   k kÎ "
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(b) No-signalling condition: The observable probability of the occurrence of anymeasurement outcome in any
one of the twowings of the setup is independent of the choice of themeasurement setting in the otherwing,
i.e.,

( ∣ ) ( ∣ ) ( )P a P a a, , , , , , 2x y x x y    k k k= "

( ∣ ) ( ∣ ) ( )P b P b b, , , , , , 3x y y x y    k k k= "

Thefirst step in the argument is that the above stated conditions embodied in equations (1)–(3) lead to the
following condition of factorisability of the joint probabilities ofmeasurement outcomes at the operational/
statistical level [14]

( ∣ ) ( ∣ ) ( ∣ ) ( )P a b P a P b a b, , , , , , , , , 4x y x y x y     k k k k= "

Then the key point is that the simultaneous validity of theHardy relations in the 2-2-2 scenario given by

( ∣ ) ( )P 1, 1 , , 0 5Hardy1 1  k+ + = >

( ∣ ) ( )P 1, 1 , , 0 62 1  k- + =

( ∣ ) ( )P 1, 1 , , 0 71 2  k+ - =

( ∣ ) ( )P 1, 1 , , 0 82 2  k+ + =

is incompatible with the factorisability condition given by equation appendix (4) (shown inA). Similarly, the
simultaneous validity of the CLL relations given by

( ∣ ) ( ∣ ) ( )P P1, 1 , , 1, 1 , , 0 9CLL 1 1 2 2    k k= + + - + + >

( ∣ ) ( )P 1, 1 , , 0 102 1  k- + =

( ∣ ) ( )P 1, 1 , , 0 111 2  k+ - =

is also found to be incompatible with the factorisability condition equation (4) (shown in appendix A and
appendix B). Hence, themeasurement outcome statistics satisfying theHardy orCLL relationswould signify the
untenability of the assumption of predictability based onwhich equation (4) is obtained, thereby providing an
empirically validated certification ofDI certified randomness. Thus, the logical basis forDI certification of
randomness by invoking theHardy orCLL relations is similar to that justifying the use of the CHSH inequality
for the same purpose.

Next, before proceeding to discuss the specifics of the quantitative evaluations of the bounds of theHardy-
andCLL-certifiedDI certified randomness, we briefly recall in the following section the relevant basics of this
quantification issue.

3.Quantification ofDI certified randomness in terms ofmin.-Entropy

In Information Theory, the quantitymin-Entropy characterises theminimumunpredictability involved in the
probability distribution [17]. In our treatment, we considermin-Entropy as the quantifier of certified
randomness to facilitate ameaningful comparison of our results with those of the earlier relevant works where
min-Entropy is considered as a quantifier of randomness.

For a given amount of nonlocality, the amount of certified randomness ( xy ) corresponding to x th choice of
Alice’smeasurement and y th choice of Bob’smeasurement, optimising over all observed behaviour

{ ( ∣ )}P a b, , ,obs x y  kºP , is given by

⎡
⎣

⎤
⎦

( ∣ ) ( )
{ }

P a blog max , , , 12xy
a b

x y2
, , obs

   k= -
P

Herewe note that the quantity xy defined in equation (12) has explicit dependence on themeasurement
choices x and y. Thus, there are two possible ways for evaluating the amount ofDI certified randomness
corresponding to a given amount of nonlocality - (i) one canminimise xy over all x, y and obtain theminimum
amount ofDI certified randomness whichwe call the guaranteed amount ( g ), and (ii) one canmaximise xy
over all x, y and obtain themaximumachievable amount ofDI certified randomness ( max ).

Note that while it has earlier been shown [3] that the guaranteed bound of certified randomness is
monotonically related to theCHSHnonlocality themaximumachievable bound is incommensurate with the
CHSHnonlocality [5]. Here, we consider both the guaranteed and upper bounds in order to investigate whether
the respective features ofmonotonicity aswell as the quantitative incommensurability persist even for theHardy
andCLLnonlocality.

3
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4. Results: TheGuaranteed amount ofDI certified randomness based on theHardy/
Cabello-Liang-Li relations

Herewe evaluate the quantity g which has the following precise operationalmeaning: For an arbitrarily
prepared system and any combination of the pairs ofmeasurement settings, if the statistics of jointmeasurement
outcomes violate the Bell inequality or satisfy the 2-outcomeHardy/CLL relations, at least g bits amount ofDI
certified randomness is ensured for a given amount of nonlocality as signified by the non-zero values ofHardy or
CLL parameter. This bound has particular importance in the context of cryptographic applications for ensuring
the security of a random string under any adversarial guessing, irrespective of whether an adversary has access to
information regarding the settings of themeasurements performed by the user [18, 19], and/or has control over
the preparation procedure. It is using such ameasure that one can guarantee a RNG to satisfy Shannon’s version
of Kerckhoffs’s principle [20]which is a central tenet ofmodern cryptography viz. the requirement that a
cryptographic system should be designed assuming that ‘the enemy knows the system’.

Therefore, for a given amount of nonlocality, theminimumvalue of xy defined in equation (12)
corresponds to the guaranteed bound ofDI certified randomness, g , given as follows

⎡
⎣⎢

⎤
⎦⎥

( )

( ∣ )

[ ] ( )

{ }
P a b

min

log max max , , ,

such that
0 or 0 13

g xy

a b
x y

Hardy CLL

,

2
, , ,

x y

x y obs

 

 

 

 

 
k

=

=-

> >

P

A significance of the above expression given by equation (13) lies in determining the upper bound on the
probability of guessing themost probable pair of outcomes, which is given by 1

2 g
, a quantity of key importance

from the point of view of adversarial guessing [17, 21–23].
Now, in order to evaluate g by considering all possible observed behaviours, obsP , wefirst need tomake an

assumption of the theory which governs the realisation of such observed behaviours. To this end, we consider
the following cases: (A)No-signalling theory [2] inwhich the set of behaviours necessarily obey the no-signalling
conditions (as given by the equations (2) and (3)), denoted as  . (B)Quantum theory, denoted as.

4.1. g inNS theory
Given that the procedure for certifyingDI certified randomness discussed in section (2) hinges only on the no-
signalling condition, it is natural to evaluate the guaranteed amount of certified randomness (corresponding to a
given amount of nonlocality) against any adversarial guessing attackwhich is constrained only by the no-
signalling principle.

For this purpose, we consider the observed behaviour, obs ÎP . An important point to be noted is that a
no-signalling set forms a polytope constituting afinite set of nonlocal and local deterministic vertices [24, 25]. In
the 2-2-2 scenario, the  polytope is eight dimensional and it has eight nonlocal and sixteen local
deterministic vertices. In terms of bit variables x̃ x 1,= - ỹ y 1,= - ˜ ( ) ˜ ( )a a b b1 2, 1 2= - = - , all
these vertices can be represented succinctly as follows:

( ˜ ˜∣ ˜ ˜) ( ˜ ˜ ˜ ˜ ˜ ˜ ) ( )a b x y a b xy x yPR , ,
1

2
, 14d a b g= Å = Å Å Åabg

( ˜ ˜∣ ˜ ˜) ( ˜ ˜ ) ( ˜ ˜ ) ( )a b x y a x b yLD , , , , , 151 2 1 2
1 2 1 2 d a a d b b= Å Åa a b b

where δ is Dirac’s delta function,⊕denotes bit addition,α,β, γ ä {0, 1}, andα1,α2,β1,β2ä {0, 1}. By
exploiting the symmetries under (local) reversible relabelling ofmeasurements and outcomes, it is sufficient to
consider only those nonlocal no-signalling behaviours that can be expressed as a convex combination of one
Popescu-Rohrlich box (PRBox) violating aCHSH inequalitymaximally, and 8 local deterministic (LD)
distributionswhich saturate the local bound of theCHSH inequality [26].We consider theCHSH inequality in
its standard form given by

( ∣ ) ( )ab P a b

B 2,

where , . 16x y
a b

x y

1 1 1 2 2 1 2 2

,

       

   



å
ºá ñ + á ñ + á ñ - á ñ

á ñ =

Therefore, without loss of generality, we consider nonlocal no-signalling behaviours obs ÎP which are
expressed as a convexmixture of the one nonlocal vertex ( ˜ ˜∣ ˜ ˜)a b x yPR , ,PR

000=P satisfying ( )B 4PR =P , and

4
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eight local deterministic vertices LDi
P such that ( )B 2LDi

=P . Then,

( )q q . 17obs PR
i

i LD0
1

8

iå= +
=

P P P

Here q0> 0, qi� 0 ∀ i= {1,..,8} and q q 1i i0 1
8+ å == .

Note that the formofHardy andCLL correlations we consider are also of the form obsP given by
equation (17). It then follows that the correspondingHardy andCLL nonlocality parameters are given by

Hardy CLL
q

2
0 = = . Now, themaximumprobability *( )obs P is given as follows

*( ) ( ) ( )
q

q
q

2
1 1

2
18obs

0
0

0 = + - = -P

Which, in turn, gives theNS-bounds of guaranteed randomness for both the cases ofHardy andCLL relations as
follows

( ) ( ) ( )log 1 19g
Hardy

Hardy2  = - -

( ) ( ) ( )log 1 20g
CLL

CLL2  = - -

4.2. g in quantum theory
Herewe consider the observed behaviour, { ( ∣ )}P a b, , ,obs x y AB  rº ÎP and the joint probabilities

( ∣ ) [ ]∣ ∣P a b M N, , , Trx y AB AB a x b y  r r= Ä , whereMa|x andNb|y are elements of POVMs { }∣Mx a x º and
{ }∣Ny b y º respectively, satisfyingMa|x,Nb|y� 0 and∑xMa|x= 1,∑yNb|y= 1.Now,without loss of generality,

by applyingNaimarks dilation theorem [27], one can consider themeasurementsMa|x andNb|y as projectors.
Thus, fromnowonwewriteMa|x=Πa|x andNb|y=Πb|ywith ( )∣ ∣a x a x

2P = P and ( )∣ ∣b y b y
2P = P . Note that

while the evaluation of theDI bound of g should be independent of the dimension of states and corresponding
measurement operators, in the 2-2-2 scenario, by applying Jordan’s lemma, we can alwaysfind a basis such that
densitymatrix corresponding to the state is in block diagonal formwithmaximblock size 2× 2 and the
measurement operators has a decomposition such that each part acts only on 2× 2 block of the densitymatrix.
This in turn reduces the problemof dimension-independent evaluation of g to evaluating the optimal value of

xy over all possible pure two-qubit states.
Let usfirst consider the following general bipartite pure state shared betweenAlice and Bob:

∣ ∣ ∣ ∣ ∣ ( )c c c c00 01 10 11 2100 01 10 11yñ = ñ + ñ + ñ + ñ

where cij� 0 and∑i,jä{0,1}|cij|
2= 1. ∣0ñand ∣1ñare the eigenstate of the observable ∣ ∣ ∣ ∣0 0 1 1zs = ñá - ñá with

eigenvalues+1 and−1 respectively. The observables for Alice and Bob are given as follows

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣
∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ( )

u u u u

v v v v

0 0 1 1 ; ;

0 0 1 1 ; ; 22
1 2 0 0 1 1

1 2 0 0 1 1

 

 

= ñá - ñá = ñá - ñá
= ñá - ñá = ñá - ñá

where ∣ ∣ ∣u ecos 0 sin 1 ;i
0 2 2
ñ = ñ + ña f a ∣ ∣ ∣u esin 0 cos 1 ;i

1 2 2
ñ = - ñ + ña f a ∣ ∣ ∣v ecos 0 sin 1 ;i

0 2 2
ñ = ñ + ñb b

∣ ∣ ∣v esin 0 cos 1 ;i
1 2 2

ñ = - ñ + ñb b 0� α,β� π and 0� f, ò� 2π. It is important to note here that without loss of

generality, wefix observable z1 1  s= = andwe keep the other two observables 2 and 2 as well as the state
∣yñ inmost general form [28].

4.2.1. g in quantum theory by using theHardy relations
It has been shown [28] that in order to satisfy the constraints on joint probabilities given by equation (5–8), the
state ∣yñand observablesmust satisfy 〈ψ|u1⊗ 0〉= 〈ψ|0⊗ v1〉= 〈ψ|u0⊗ v0〉= 0. Then the three independent
state parameters appearing in equation (21) are expressed in terms of the twomeasurement parametersα andβ.
Thus, the pure non-maximally entangled two-qubit states exhibitingHardy nonlocality are of the following
form

⎛
⎝

⎞
⎠

∣ ∣ ∣ ∣ ( )u v u v u v
1

1 tan tan
tan

2
tan

2
23

2
2

2
2

0 1 1 0 1 1y
a b

ñ =
+ +

ñ + ñ + ñ
a b

Thus, the joint probability distributions exhibitingHardy-nonlocality are expressed as functions of two

variables, say s1 and s2, with s sin1
2

2
= a , s sin2

2
2

= b , satisfying 0� s1, s2� 1.Note that the quantummaximum

value of ( )Hardy max
5 5 11

2
 = - occurs when s s1 2

5 1

2
= = - .

Now, for a given amount ofHardy-nonlocality, in order to evaluate the guaranteed randomness ( )g , we
need tofind themaximum joint probability. For this purpose, wewrite the joint probability distributions,

5
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denoted by HP , in terms of s1 and s2 as follows:

ð24Þ

with ( )( )
Hardy

s s s s

s s

1 1

1
1 2 1 2

1 2
 = - -

-
. Note that it has been shown [28] that the behaviour HP given by equation (24)

provides self-testing of pure non-maximally entangled states of the formgiven by equation (23), alongwith the
correspondingmeasurement settings for all (s1, s2) ä (0, 1)× (0, 1).

Since any distributionwhich leads to self-testing is an extremal point of the set of quantum correlations, any

given value ofHardy’s nonlocal parameter in the quantum range ( ]P 0,Hardy
5 5 11

2
Î - corresponds to a set of

extremal distributions, all of which are useful for generatingDI certified randomness. Thus, one obtains a range
for theDI certified randomness even ifHardy’s nonlocal parameter PHardyhas a specific value. Note that in order
to generate suchHardy-certifiedDI randomness, the nonlocal parameter is not required to bemaximum, unlike
the Bell inequality basedDI randomness.

It is straightforward to show that themaximum joint probability, *H , corresponding to the behaviour given
by equation (24) is given by,

* ⎡
⎣⎢

⎤
⎦⎥

( ) { } ( )s s
s

s s

s

s s
s smax 1 ,

1

1
,

1

1
, 0, 1 25H 1 2

2

1 2

1

1 2
1 2 = -

-
-

-
-

" Î

Therefore, the quantummechanically evaluatedHardy-certified g is given by *[ ]logg
Hardy

H2 = - .We have

illustrated (figure 1) the variation of analytically obtained values of g
Hardy corresponding to different values of

Hardy-nonlocality parameter. Further, this evaluation is done by employing the SDP technique [3, 15, 16].We,
then, compare such SDP computed boundwith the analytically obtained bound. It is observed that the SDP
computed bound provides the lower bound of analytically obtained g

Hardy (see figure 1).

4.2.2. g in quantum theory by using the CLL relations
Similar to theHardy relations, here we characterise the joint probability distributions exhibiting CLL
nonlocality. The constraints on joint probabilities given by equation (9–11) imply that
〈ψ|u1⊗ 0〉= 〈ψ|0⊗ v1〉= 0. This, in turn, specifies two of the independent state parameters appearing in
equation (21) in terms of the twomeasurement parametersα and β. Then, the form of pure non-maximally
entangled two-qubit states exhibiting CLL nonlocality has the following form (up tomultiplication by some
global phase) [29]

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

∣ ∣

∣ ∣ ∣ ( )

e c u v

c u v u v u v

1 1 tan
2

tan
2

tan
2

tan
2

26

i 2 2
0 0

0 1 1 0 1 1

y
a b

a b

ñ = - + + ñ

+ ñ + ñ + ñ

d

where c0 1

1 tan tan2
2

2
2

 
+ +a b . Themaximumvalue of CLL given by ( ) 0.1078CLL Q

opt = occurs for the particular

statewith c= 0.3068 and δ= π, whenAlice andBobmeasure in the samedirection givenbyα= β= 1.6136
radian.

Now, in order to evaluate the analytical bound of guaranteed randomness ( )g
CLL , we need tofind the

maximum joint probability. The behaviour exhibiting CLL nonlocality is given as follows:
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ð27Þ

where
{ ( )} ( )

( )( )
p

c xy x y c x y xy

x y

1 2 cos 1 1

1 1
c

1

=
d- - + + + + + -

+ +
, x tan2

2
= a , y tan2

2
= b . TheCLL parameter is given

by ( )p c x y1 1CLL = - + + + .
Now, in order tofind themaximum joint probability, *CLL , corresponding to the considered behaviour

given by equation (27), we proceed as follows. Let *( ) ( ∣ )P a b, max , ,i j a b i j,    = be themaximum joint
probability corresponding to the choice of each pair ofmeasurement settings (i, j). Now, for allPCLL> 0, due to
symmetry, it can be seen that * *( ) ( ), ,1 1 2 2     = and * *( ) ( ), ,1 2 2 1     = .Moreover, it is
straightforward to see that * *( ) ( ), ,1 2 1 1     > . Therefore, themaximumprobability corresponding to
the behaviour given by equation (27) is given by

* [ ( ) ( ) ( ) ( )] ( )p y c x p y c xmax 1 , 1 1 1 , 1 28CLL
x y c, , ,

 = + - + - + +
d

Figure 1.The yellow region represents the variations of guaranteed bounds ofDI certified randomness as functions ofHardy-
nonlocality signified by theHardy parameter Hardy evaluated analytically in quantum theory. The blue ad green dashed-lines
represent the SDP computed quantumbound of guaranteed randomness and analytically obtainedNS bound of guaranteed
randomness respectively. The red region represents themaximumachievable bound of randomness as a function ofHardy-
nonlocality. Note that for each non-zero values ofHardy parameter (PHardy), there exists a set of extremal quantumbehaviours and
each suchPHardy corresponds to a set of g and max . Thus, analytically obtained guaranteed andmaximumbounds are represented
by regions over varying amounts of nonlocality as quantified by PHardy. On the other hand, the SDP computed bound is found to be the
lower bound of the guaranteed randomness.
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Thus, the quantummechanically evaluated bound of CLL-certified g is given by *[ ]logg
CLL

CLL2 = - .
The variation of such guaranteed boundwithCLLnonlocality has been illustrated infigure 2, alongwith the
bound of guaranteed randomness computed using the SDP technique. Herewe note that, unlike theHardy case,
the guaranteed bound g

CLL is found to be unique for each non-zero value of CLL .

5. Results:Maximumamount ofDI certified randomness based on theHardy/Cabello-
Liang-Li relations

Herewe evaluate themaximumachievable bounds of DI certified randomness that can be certified by using the
Hardy andCLL relations. For a given amount of nonlocality, themaximumvalue of xy defined in
equation (12) corresponds to themaximumachievable bound ofDI certified randomness, max , is given as
follows

⎡
⎣⎢

⎤
⎦⎥

( )

( ∣ )

[ ] ( )

{ } { }
P a b

such that
or

max

log min max , , ,

0 0 29

xy

a b
x y

Hardy CLL

max
,

2
, , ,

x y

x y

 

 

 

 

 
r

=

=-

> >

r

Now, for any behaviour, themaximum randomness corresponds to the distributions of equally likely events.
In the two party-two output scenario, there are four possible events corresponding to each pair ofmeasurement
settings. Thus,maximumof 2 bits of randomness can be possible to certify in such scenario.

5.1.Maximumamount ofDI certified randomness based on theHardy relations
Hardy relations imply that for each of these threemeasurement pairs ( ),1 2  , ( ),2 1  and ( ),2 2  , the
occurrence of one particular event (i.e., a pair of outcomes) is ruled out (equations (6–8)). Thus, corresponding
to each of these three pairs ofmeasurement settings,maximal randomness occurs when the remaining three
events occurwith equal probability 1

3
.

First, considering the pair ofmeasurement settings ( ),1 2  or ( ),2 1  , it is straightforward to obtain that
the joint probabilities will be 1

3
when s1

1

2
= and s2

4

5
= . For such values of s1 and s2, the value of theHardy

Figure 2.These curves represent the variation of CLL-certified randomness withCLL-nonlocality. The yellow curve represents the
variations of guaranteed bounds ofDI certified randomness as functions of CLL-nonlocality signified by theCLL parameter CLL
evaluated analytically in quantum theory. Blue and green dashed-lines represent the SDP computed quantumbound of guaranteed
randomness and analytically obtainedNS bound of guaranteed randomness respectively. Note that the SDP computed quantum
bound is found to be the same as that obtained analytically. The red curve represents themaximumachievable bound of randomness
as a function of CLL-nonlocality. It is seen that close to 2 bits of certified randomness can be achieved for small amount of nonlocality,
thereby demonstrating the incommensurability between randomness and nonlocality.
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parameter is ( )P s s, 0.0667Hardy 1
1

2 2
4

5

1

15
= = = » which is less than themaximumvalue of

0.09025 5 11

2
»- . Thus, themaximumamount of randomness that can be certified for the pair ofmeasurement

settings ( ),1 2  or ( ),2 1  is ⎡⎣ ⎤⎦log 1.58502
1

3
- » bits corresponding to non-maximal violation ofHardy

nonlocality.
Next, for the pair ofmeasurement settings ( ),2 2  , the joint probabilities will be 1

3
when s s1 2

1

2
= = . For

such values of s1 and s2, the value of heHardy parameter is ( )P s s 0.0833Hardy 1 2
1

2

1

12
= = = » which

is again less than themaximumvalue.
Now, interestingly, for the remaining pair ofmeasurement settings ( ),1 1  , since

( ∣ )P0 1, 1 ,1 1
5 5 11

2
  < + + - , there is a possibility that other three events can occurwith equal probability

less than 1

3
. These events (+1,− 1), (−1,+ 1) and (−1,− 1)will occur with same probability if

( ∣ ) ( ∣ ) ( ∣ )P P P1, 1 , 1, 1 , 1, 1 ,1 1 1 1 1 1     + - = - + = - - . This thenfixes the values of the parameters
s1= s2= 0.8295. The correspondingHardy parameter isPHardy(s1= s2= 0.8295)= 0.0641 and the amount of
certified randomness is [ ]log 0.3119 1.68072- » bits. Note that this is themaximumachievable amount of
randomness that can be device-independently certified using theHardy relations (see figure 1).

5.2.Maximumamount ofDI certified randomness based on theCLL relations
CLL relations has three constraints on joint probability distributions, out of which two constraints are

( ∣ )P 1, 1 , 01 2 + - = and ( ∣ )P 1, 1 , 02 1 - + = . The other constraint is the CLLnonlocality parameter,
which unlike theHardy nonlocality parameter, is given by the difference between two joint probabilities,

( ∣ ) ( ∣ )P P0 1, 1 , 1, 1 , 0.10781 1 2 2   < + + - + + < . This, in turn, gives rise to the possibility of having

( ∣ )P a b a b i j, , , ,i j 1
1

4
   " == . Let usfirst analyse the casewhen ( ∣ )P a b, ,1 1

1

4
   . In order to have

such probability distribution corresponding to the choice ofmeasurements ( ),1 1  , p 1

4
= and x= y= 1. This,

in turn, fixes the value of the parameter c cos

3 cos

2

2= d
d+
, if ⟹cos 0 0

2
  d d p .Moreover,

⟹ c0 0.1078 0.2859CLL
1

4
  < < . Now in this domain, the only solution that satisfies both 0CLL >

and p 1

4
= when c 1

4
 . Thus, close to 2 bits of randomness can be certifiedwith 0CLL  .

Next, we analyse the case when ( ∣ )P a b, ,2 2
1

4
   . Here, c 1

4
= and x= y= 1. This, in turn, fixes the value

of the parameter ( )p 3 cos1

8
d= - , if 0� δ� 2π.Moreover, ⟹ p0 0.1078 0.3578CLL

1

4
  < < . Now

in this domain, δ ä (0, 1.4328) ∪ (4.8504, 6.2832) (all the angles are in radian). Note that in such value of c 1

4
= ,

the joint probability ( ∣ ) ( ∣ )P P p1, 1 , 1, 1 , 21 2 2 1
1

2
   - + = + - = - , thus in turnfixes the range of

p0 1

4
  . Therefore, in this case also close to 2 bits of randomness can be certifiedwith 0CLL  when

p 1

4
 and c 1

4
 . Thus it is indeed possible to achieve close to 2 bits of certified randomness with arbitrary

small amount of CLL certified nonlocality.
Now, from the behaviour given by equation (27), it follows that * *( ) ( ), ,i j i i j 1     >¹ = . Thus, the

maximumamount of randomness given as follows:

⎡
⎣⎢

⎤
⎦⎥

[ ( ) ] ( )c x y cx cy clog max 1 1 , , , 30max
x y c

2
, , ,

 = - - + +
d

The variation of themaximumamount with different non-zero values ofPCLLhas been illustrated infigure 2.

6. Concluding remarks

As thebasis for thiswork,wehavefirst provided justificationof theway theHardy andCabello-Liang-Li relations can
enable theDI certificationof randomness, basedononly theno-signalling condition at the statistical level.

Then, focusing on the quantitative evaluation ofDI certified randomness, for a given amount ofHardy
nonlocality, wefind that the amount of DI certified randomness is not unique. This implies a range ofDI
certified randomness for a given amount ofHardy nonlocality. The underlying reason is that, for a given non-
zero value of theHardy nonlocality parameter, all the intersection points between the hyperplanes formed by the
Hardy relations and the quantummechanical joint-probability space form a set of quantum extremal
distributions, giving rise to a range ofDI certified randomness. It is to be noted here that for theHardy relations,
the extremality of such distributions is ensured by the self-testing argument [28]. In contrast, for theCLL
relations, we find that the amount ofDI certified randomness is unique, similar to the earlier results for the
CHSHnonlocality. The variations of the obtainedDI certified randomness with the amounts ofHardy andCLL-
nonlocality are illustrated infigures (1) and (2) respectively. Note that the occurrence of a range ofDI certified
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randomness for a given amount ofHardy nonlocality is in sharp contrast to the results of theDI randomness
studies based onCHSHor tilted-Bell inequalities. Therein only themaximumviolations of the relevant
inequalities have been proved to be quantum extremal, and, thus, a given amount of CHSHvalue corresponds to
a unique amount of randomness certified by Bell inequalities. Furthermore, for both theHardy andCLL
relations, thematching of the lower bounds of the analytically obtained guaranteed amountwith the respective
SDP computed bounds signify the tightness of our analytical treatment.

Now, considering themaximumachievable bound ofDI certified randomness, it is analytically shown that
both for small amounts ofHardy- andCLL-nonlocality, larger amounts of randomness are realised (see red
coloured regions infigures 1 and 2). A particularly significant result is that in the simplest 2-2-2 scenario, it is
possible to realise close to themaximumamount of 2 bits of CLL-certified randomness for a range of pure non-
maximally entangled states, even for small amounts of CLL-nonlocality. Therefore, this demonstrates the
incommensurability between themaximumachievable bound of randomness, nonlocality and entanglement in
a single setup.

It will be interesting to extend this line of study by using other forms of local realist inequalities, such as
different forms of the higher settings Bell inequality [30–40], or the generalised variants of theHardy relations
[41, 42]. Another possible direction of study could be to go beyond the 2-2-2 scenario using the recently
suggestedmeasure of nonlocality which has been invoked to argue for ensuring the quantitative compatibility
between entanglement and nonlocality for arbitrary dimensional system [43, 44].Moreover, our analytical
treatment shows that the CLL-certified guaranteed boundmatcheswith the bounds computed through SDP
technique. This suggests that CLL-nonlocal points are extremal correlations of the quantum set. Even though
any extremal point ought to be self-testable, establishing this in a general context would be an interesting work to
pursue. In addition, for the purpose of the futurework it should be interesting to investigate whethermore
randomness can be certified using theHardy relations by introducing the biases in the choice of pair of
measurement settings. For this study, one can employ themethodologies of [45–47].

To conclude, the upshot of the results of this work is the reinforcement of the realisation of a fundamental
feature of the quantumworldwhich is linkedwith randomness.While the certification ofDI certified
randomness necessarily requires nonlocality, the nature of the quantitative relationship between them ismore
nuanced thanwhat has been discussed earlier.
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AppendixA. Certification ofDI certified randomness using the 2-outcomeHardy
relations

Let us consider the two-outcomeHardy relations characterised by the simultaneous validity of the following
four conditions on joint probabilities

( ∣ ) ( )P 1, 1 , , 0 A.1Hardy1 1  k+ + = >

( ∣ ) ( )P 1, 1 , , 0 A.22 1  k- + =

( ∣ ) ( )P 1, 1 , , 0 A.31 2  k+ - =

( ∣ ) ( )P 1, 1 , , 0 A.42 2  k+ + =

Now, applying the factorisability condition given in the text by equation (4) to the abovementionedHardy
relations, we obtain
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( ∣ ) ( ∣ ) ( )P P1 , 1 , 0 A.5Hardy1 1  k k+ + = >

( ∣ ) ( ∣ ) ( )P P1 , 1 , 0 A.62 1 k k- + =

( ∣ ) ( ∣ ) ( )P P1 , 1 , 0 A.71 2 k k+ - =

( ∣ ) ( ∣ ) ( )P P1 , 1 , 0 A.82 2 k k+ + =

Next, we show that the simultaneous validity of the above four equations (A.5)–(A.8) is inconsistent with the
factorisability condition. Specifically, we show the inconsistency of equation (A.5)with equations (A.6)–(A.8).
For this purpose, we rewrite equations (A.6) and (A.7) respectively as follows

( ∣ ) ( ∣ ) ( ∣ ) ( )P P P1 , 1 , 1 , A.91 1 2  k k k+ = + +

( ∣ ) ( ∣ ) ( ∣ ) ( )P P P1 , 1 , 1 , A.101 1 2  k k k+ = + +

Multiplying the above two equations leads to the following

( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) ( ∣ ) ( ∣ ) ( )

P P

P P P P

1 , 1 ,

1 , 1 , 1 , 1 , A.11
1 1

1 1 2 2

 

   

k k
k k k k

+ +
= + + + +

Finally, using equation (A.8) in equation (A.11), we obtain

( ∣ ) ( ∣ ) ( )P P1 , 1 , 0 A.121 1 k k+ + =

which contradicts equation (A.5), i.e., the condition that 0Hardy > . Hence, the simultaneous validity of all the
conditions imposed on the four joint probabilities given by equations (A.1)– (A.4)) is inconsistent with the
factorisability condition given by equation (4) in the text. This implies violation of the condition of predictability.
Thus, theHardy relations can be employed for certifyingDI certified randomness.

Appendix B. Certification ofDI certified randomness using theCabello-Liang-Li relations

Herewe consider a variant of theHardy relations, namely, the CLL relations which have also been used for
showing [12, 13] quantumnonlocality independent of the Bell type inequalities. In the following, wewill show
that the simultaneous validity of all the CLL relations contradicts the factorisability condition given by
equation (4).

TheCLL relations can bewritten as follows

( ∣ ) ( ∣ ) ( )P P1, 1 , , 1, 1 , , 0 B.1CLL 1 1 2 2    k k= + + - + + >

( ∣ ) ( )P 1, 1 , , 0 B.22 1  k- + =

( ∣ ) ( )P 1, 1 , , 0 B.31 2  k+ - =

Now, applying the factorisability condition given by equation (4), equations (B.2) and (B.3) can be rewritten
respectively as

( ∣ ) ( ∣ ) ( ∣ ) ( )P P P1 , 1 , 1 , B.41 1 2  k k k+ = + +

( ∣ ) ( ∣ ) ( ∣ ) ( )P P P1 , 1 , 1 , B.51 1 2  k k k+ = + +

It then follows from the above two equations (B.4) and (B.5)

( ∣ ) ( ∣ ) ( ∣ ) ( ∣ )
( ∣ ) ( ∣ ) { ( ∣ ) ( ∣ )}

( )

P P P P

P P P P

1 , 1 , 1 , 1 ,

1 , 1 , 1 1 , 1 ,
0

0. B.6CLL

1 1 2 2

2 2 1 1

   

   






k k k k
k k k k

+ + - + +
= + + - + + +



thereby contradicting equation (B.1). Hence, any joint probability distribution of themeasurement outcomes
satisfying all the CLL relations given by equations (B.1)–(B.3)would be inconsistent with the factorisability
condition (equation (4) in the text). This implies violation of the condition of predictability. Thus, the CLL
relations can be employed for certifyingDI certified randomness, similar to the use of theHardy relations.

AppendixC. Computation of guaranteed bounds ofDI certified randomness in quantum
theory

For computing the guaranteed bound ofDI certified randomness for both quantummechanically and using the
no signalling (NS) principle, we proceed as follows.

Let us consider that S is any convex subset of the set of joint conditional probability distributions
{ ( ∣ ) } { }}


P a b x y a b x y, , : , 1 and , 1, 2= Î  ÎP .We further assume that all the elements in S satisfy the

NS condition. Then the guaranteed amount of randomness, sayRS
g , that can be certified, subject to a given

nonlocality condition, is given by
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⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

( ∣ )

( ∣ )

( ∣ ) ( )





R P a b x y

P a b x y

subject to

relevant constraints on P a b x y

min log max , ,

log max max , ,

, , C.1

g
S

S a b x y

S a b x y

2
, , ,

2
, , ,

= -

=-

Î

Î

P

P

This optimisation problem can readily be solved by applying the semi-definite-programming (SDP)
technique as this is a case of the convex optimisation problem.

Note that the phrase ‘relevant constraints onP(a, b|x, y)’used in equation (C.1) is explained as follows: First,
in order to evaluate theNS bound of g , we consider the subset S ä {P(a, b|x, y)} satisfying either theHardy or
CLL relations. Secondly, for obtaining the quantummechanically computed lower bound of g , we apply the
specific quantum theoretic-constraints8 on the subset S.

Now, for solving the optimisation problem, given by equation (C.1), using the SDP technique [15, 16], we
choose our convex set S as different levels of theNPA-Hierarchy, denoted here byQ( k)where k ä {0, 1, 1+ab, 2,
3,K}. All these different levels are convex, and form a sequence of outer approximations of the set of quantum
behavioursQ, i.e.,Q(0)⊇Q(1)⊇ ...Q( k)...⊇Q. Note that the zeroth level approximationQ(0) is the set of all NS
behaviours. Also, note that in the 2-2-2 scenario, the convergence ofQ( k) is very fast so that at the level 1+ab (an
intermediate level which lies between the levels 1 and 2),Q(1+ ab);Q. Thus, in order to compute the guaranteed
quantum bound ofDI certified randomness from theHardy relations, the following SDP sub-problem is solved:

( ∣ )
( )

P a b x y

subject to a

max , , ;

C.2

( )( )


Q b, C.2ab1Î +P

( ∣ ) ( )P c1, 1 1, 1 , C.2Hardy+ + =

( ∣ ) ( )P d1, 1 2, 1 0, C.2- + =

( ∣ ) ( )P e1, 1 1, 2 0, C.2+ - =

( ∣ ) ( )P f1, 1 2, 2 0. C.2+ + =

Next, for computing the guaranteedNS bound of certifiedDI certified randomness from theHardy
relations, the following SDP sub-problem is solved:

( ∣ )
( )

P a b x y

a

max , , ;

subject to C.3

( )


Q b, C.30ÎP

( ∣ ) ( )P c1, 1 1, 1 , C.3Hardy+ + =

( ∣ ) ( )P d1, 1 2, 1 0, C.3- + =

( ∣ ) ( )P e1, 1 1, 2 0, C.3+ - =

( ∣ ) ( )P f1, 1 2, 2 0. C.3+ + =

Similarly, in order to compute the guaranteed bounds onDI certified randomness from theCLL relations,
the following SDP sub-problems are solved:

quantum guaranteed bound ofDI certified randomness:

( ∣ )
( )

P a b x y

a

max , , ;

subject to C.4

( )( )


Q b, C.4ab1Î +P

( ∣ ) ( ∣ ) ( )P P c1, 1 1, 1 1, 1 2, 2 , C.4CLL+ + - + + =

( ∣ ) ( )P d1, 1 2, 1 0, C.4- + =

( ∣ ) ( )P e1, 1 1, 2 0. C.4+ - =

NS guaranteed bound ofDI certified randomness:

( ∣ ) ( )P a b x y amax , , ;subject to C.5

8
(i) ( ∣ ) [ ]∣ ∣P a b x y Tr M M, , , a bx y r r= Ä , (ii) ρäHA ⊗ HB of dimension dAdB and (iii) each of themeasurements x of Alice

corresponds to a positive-operator-valued-measure (POVM): { }∣Mx a ax = with ∣M 0a x  for all a and ∣Ma a dx A å = . Similarly,
eachmeasurement setting y of Bob corresponds to a positive-operator-valued-measure (POVM): { }∣My b by = with ∣M 0b y  for all b
and ∣Mb b dy B å = .
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( )


Q b, C.50ÎP

( ∣ ) ( ∣ ) ( )P P c1, 1 1, 1 1, 1 2, 2 , C.5CLL+ + - + + =
( ∣ ) ( )P d1, 1 2, 1 0, C.5- + =
( ∣ ) ( )P e1, 1 1, 2 0. C.5+ - =

After solving these sub-problems, the computation of g readily follows: For any given fixed value of Hardy
( CLL )wefind themaximumvalues ofP(a, b|x, y) for all 16 possible choices from a, b ä± 1} and x, yä {1, 2}.
We then select themaximum from the resulting 16 values, denoted by *Hardy ( *CLL ). Finally, the quantum
mechanically computed guaranteed bounds ofDI certified randomness are given by

*( ) ( ) ( )Hardy log , C.6g
Q

Hardy2 = -

*( ) ( ) ( )CLL log . C.7g
Q

CLL2 = -

Similarly, theNS guaranteed bounds ofDI certified randomness have also been computed.
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