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Abstract. A model detector for Dirac quanta based on a simple four-field interaction is
analysed, following Unruh’s analogous investigation of scalar particle detection in curved
space~time. The Dirac ¢ scheme in Rindler space is constructed and used to show that an
accelerated detector sees an ordinary vacuum as a bath of Dirac quanta with appropriate
statistics at a temperature g/2m. A co-rotating detector constrained near the horizon of the
Kerr black hole is similarly shown to detect in the ¢ vacuum a fermion bath with temperature
proportional to the acceleration. The results provide a physical justification for the &
quantisation scheme for spin-% fields developed and employed in our earlier work.

1. Introduction

The ¢ quantisation scheme in a static black-hole space~time refers to a certain definition
of positive-frequency modes on the past horizon of the black hole and to a particular
choice of the vacuum state of the fields (see §§ 2 and 3). Unruh (1976) showed that the
time-dependent collapse problem can be equivalently handled using this scheme
leading to an alternative derivation of the well-known Hawking radiation of scalar
quanta with a thermal spectrum.

A number of technical arguments, such as the regularity of the derivatives of the
Feynman propagator on the future horizon, etc, have been advanced in favour of the ¢
scheme over the more conventional n scheme wherein the definition of positive
frequency for modes on the horizon is the same as for modes at infinity (Unruh 1976,
Fulling 1977). Yet the most pertinent question is whether the ¢ definition of a particle
at the horizon corresponds at all to a physical particle state. A direct way to settle this
question is to investigate the behaviour of model particle detectors in curved space-
time (Candelas and Sciama 1977, Hajicek 1977, Meyer 1978, DeWitt 1979), and this
analysis for the scalar case (Unruh 1975, 1976) has given a reasonably plausible
demonstration that the ¢ modes indeed describe physical scalar particles near the
horizon of a black hole.

The n and ¢ schemes for the Dirac field in a Kerr metric were recently developed by
us, using Chandrasekhar’s (1976) separable representation, and the ¢ scheme was
applied to arrive at the Hawking flux of Dirac quanta with appropriate statistics (Iyer
and Kumar 1978, 1979a, b). It is therefore natural to pursue the analysis of particle
detection for the spin-3 case also, and investigate the response of a model Dirac detector
to different modes of the Dirac field.

In § 2 we first construct the Dirac £ modes in Rindler space, and then show that an
accelerated detector (based on a simple four-field interaction) in a Minkowski vacuum
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sees a bath of Dirac quanta at a temperature equal to g/2 7 (g is the acceleration). In § 3
a co-rotating detector constrained near the horizon of a Kerr black hole (r, 8 fixed) is
similarly shown to detect in a £ vacuum a fermion bath at a temperature proportional to
its acceleration. The results provide a physical basis for the £ definition of Dirac quanta
in a black-hole space-time.

2. Detection of Dirac quanta in Rindler space

2.1. Dirac & scheme in Rindler space—time
The Rindler line element is given by
ds’=¢*dr’~ds?~dx’ ~dy?; {el0,0), Te(-00, ). (1

The maximal extension of this space is the usual Minkowski space-time, and
contains, besides the above exterior region (labelled (+) here), a time-reversed exterior
region (—) in addition to the ‘interior’ future and past regions. Kruskal-like coordinates
for the (£) regions are

Ve=zxexpx(r+In{), 2a)

U,=FexpF(r—In{), (2b)
in terms of which the metric is

ds?=dV dU —(dx*+dy?) 3)

in all the regions. Note that U S0 in (z).

The behaviour of the solution of the Dirac equation in the extended Rindler
space—time at the horizon and in the asymptotic limit was obtained in an earlier work
(Iyer and Kumar 1977). The normal modes, well-behaved as { ~ o0, are given by

ukata) = (27) 72 explilkix + k2y = 07) (ot () /N D, @)
where
1 X i X —i
e = [( X )6+ v %, )]
k(£ POV AN kik N
— B————““:kz( PN L (5)
) V2 (k10" + ko ~igo’)x/u
where
q=(ki+ki+u"? w = mass of the Dirac particle.

With respect to the positive-definite inner product

(¢, ¢2>=J (=) 1y &, {6)

the modes are orthonormal:
(W wkerins Criis) = w —w")8(k1— k)8 (ka— k%) (7

(the spin labels in ¢ have been suppressed). Similar modes can be defined in the other
exterior region. Following the technique employed by Iyer and Kumar (1979a, b), we
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define a generalised positive-definite inner product in the complete Rindler manifold by

(W1, ¥2) = P14, ) + {1 -, o), (8)

where the ¢. are the restriction of ¢; to (+) regions. The introduction of the
generalised inner product makes the treatment of the & scheme elegant.
In terms of these modes an arbitrary field may be expanded as

oo}

‘I’=J’ dk, J. dk, J' AW (B wkykp+Weokes kot F D orkerp+ ¥ —aoke ko
-0 —o0 0

.
F A okyky - - wlesko— T P wk ka— W ok ko )- 9)

Using the canonical field anticommutation relations, we obtain from equation (9)
{@uksieats Qoiiise} = 80 — )8 (ky~ k)8 (ko= k), >0, (10a)
{Bukskres Doviiise = 8(w =) 8 (ki — k)8 (k2 — k5), w>0. (10b)
All other anticommutators = 0. The Fulling-Rindler vacuum is given by

Qukyier=|0)n = bk ks [0), =0, >0, (11)

The positive-frequency definiton for the modes employed above is clearly via the
Killing vector n=49/9r (i.e. exp(~iw7), w >0, is a positive frequency mode). This
Fulling-Rindler scheme is the customary 7 scheme of quantisation. The alternative ¢
quantisation scheme differs from the above in that here positive frequency is defined via
the null Killing vector £ =3/8U. The ¢ definition of positive frequency can be shown to
reduce to the standard definition of positive frequency in Minkowski coordinates. As
usual, this definition may be equivalently characterised by the analytic behaviour of the
mode in the complex U plane. Consider a mode in the extended manifold given by

D okes = R iz U <0,
= R(~0)¥ ok iky—s U=>0, (12)
where
R(w)=e""?/(2 cosh ww)"*.

Using the behaviour of d;wklkzi near the past horizon (equation 3) it is seen that
Gk, is the restriction near real U in the lower half U plane of an analytic and
bounded function with a cut along the negative real U axis. Thus d/wklkz is a
positive-frequency & mode for all values of w. Similarly, the mode

(&fuzlzlkz ER(w)w—wkxkg-ﬂ U<Oa
E_R(_w)w—wklkz—’ U>O’ (13)

can be shown to be a negative-frequency ¢ mode for all w. With respect to the
generalised inner product (equation (8)), it is readily established that the ¢ modes
constructed above are orthonormal:

(Rrien kiies) = 8w = )8 (k1 — k)8 (ko — kb)6 (a,b=1,2). (14)

The ¢ expansion of the field is

X

w=j dklj dkzj 40 (@ oeiiad Bes + B0k ). (15)
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Inverting the above equation, we obtain the Bogolubov transformation between the
n and ¢ operators.

8 okrkz = R(@) Ak yiey+ + R(=0)b i ks >0, (16a)
b: whyi, = R(w)b, wk1k2+ R{(~w)a wk ks w >0, (16b)
G oicer = R(0)b ey kar + R(=0)a i yser—s w <0, (16¢)
bk = R(@)a-wiitye —R(—0)blpipsey, @ <O0. (16d)

Using equations (10) and (16) we check the consistency of the scheme by verifying
that 4 and b satisfy the appropriate anticommutation relations,

ki) = 8(w —w")8 (ki —k'1)8 (k2 — k2), w € (=0, ), (17a)
kiks} = 8w —w)8 (ki —k1)8(ka—k3), w € (=00, ). (175)

{dwk1k2 d
{B oiyips D1,
All other anticommutators vanish.

The Dirac ¢ vacuum in Rindler space (Minkowski vacuum) is given by

awk1k210>§ wk1k2\0>§ we(_oo’ Oo) (18}

2.2. A model detector for Dirac quanta

Our model detector is a box containing a Schrodinger particle localised entirely within
the box and admitting of excited energy states. The detection of Dirac quanta is made
possible via the simplest four-field interaction with coupling constant €. In the space of
the Dirac particle states we write the interaction as

Hine(x) = E‘I"I’dﬁkdh, (19)

where ¢; amd ¢; are the Schrodinger wavefunctions of the detector particle and W, N
are the Dirac field operators. For a uniformly accelerated detector at a fixed { = ¢y and
x =y =0, the Schrodinger equation for a particle in the box is given by (see e.g. Unruh
1975)

ob 1 < ¥ e ) -
= - +m \ 20
Lo 2m \ox’ ay2 3’ ¢ Lo 7 ¢ (20)
where 7' is the proper time of the detector: 7' = {y7. Note that {,=1/g where g is the

acceleration of the detector. The detector particle wavefunction may be written as

¢f = h]'(xs Y, g) eXp(_iEjT,L (21)

where h; are the eigenfunctions of the time-independent Schrédinger equation
obtained from equation (20).
The first-order transition probability per unit proper time for excitation from ¢; to
¢ is given by
ap_ e

= lim Y

dT’ T o0 T [n)

T
[Cor [ o a@rsramivio)f, (22)
0 box

where |n) are the possible final states of the Dirac field. Notice that we have chosen the
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initial state of the field to be a vacuum. Let us suppose this vacuum to be the
Fulling-Rindler vacuum defined by equation (11). Using the n expansion of ¥ and ¥
(equation (9)), and integrating out the time dependence, one obtains for the detector in
the exterior region (+)

dP +o
=l =27 Y OY 5(Ef—Ei+“’ “’)
dT n wkiky w'kik) 0
w>0 w'>0
_ 2
<[ 0 Rt ki (O wtaia ()] (23)
box

Since E:> Ej, the § function vanishes in the given range of w, ' and
dP/dr'|, =0. (24)

Thus the accelerated detector undergoes no transitions in the Fulling-Rindler vacuum.
On the other hand, if the initial state is the Minkowski or £ vacuum, the response of
the detector is different. Using the n expansion of the field again we obtain

dP

dr’

w'+w>

0

[n) wkiks w'kiks
w>0 »'>0

=Py vy [8<Ef~Ei+

2
X

1/2 43 = +
J’ (—g) 2d xh;khi(//m’k{k;}+§[/wk1k2+<n’aw'kik2’+awk1kz+l0>§
box

w'+w>

+5<E “‘Ei“
‘ Lo

J (=)' Ex MMl ok irs W ks
box

2 -
+5(Ef—5i—‘° “’)
o

X (1B ki3 + B wkokas |O)e

X

1

In equations (23) and (25) and below we have converted the integrals into discrete sums
for convenience, with appropriate factors of (Aw AkiAky)Y? etc absorbed in A wkok, and
Yk ko Inverting equation (16) and substituting for a and b in terms of the £-operators
4 and 5, the non-vanishing matrix elements in equation (25) are obtained in a
straightforward manner. A little manipulation then yields

J. (=) x hF Ml — ik ¥ —oks ko (1B ks s+ D okr ko [0)e
box
(25)

| =2nle? T 3 lexp(ntow) +11 Hexp2mtow) + 11761~ B~ (o' + )]
T 1ky —o0
¢ l]zill:é w0’
_ 2
% J’ (—g)1/2 d3xh;kh'iw*{ow’,kiké(f)wéowskxkz(i) . (26)
box

It should be noted that due to the dilation factor o, ¢ ¢w, k,x, above actually cor-
responds to a Rindler particle of energy w with respect to the detector’s proper time.
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To appreciate the difference in the description of the detection process with respect
to the Rindler and Minkowski observers, it is useful to obtain equation (26) alter-
natively by expanding the field in terms of the ¢ modes. This gives
dp \5}2 %

ol mim Sy v ¥

T—»oc T &% o
kiksy w,w

T -
x| [ ar [ (-0 dx o7 0 kikst Bl nincB W0 @27
4] box

Using equations (12) and (13), and performing the 7' integration, we obtain equation
(26) again.

From equation (27), the poss1ble final state of the field |n) is a particle-antiparticle
pair in the ¢ sense. (Note that 4 , b are creation operators of a pos1t1ve energy particle
and antiparticle for all w € (-0, oo) in contrast to the n operators a’, b".) Thus the
Minkowski observer sees the detection as a transition from the ground to the excited
state of the detector accompanied by an emission rather than absorption of a ¢
particle—antiparticle pair. There is nothing paradoxical about this since the extra
energy for such a process can come from the acceleration mechanism of the detector.
For a more general and critical discussion of this point see Davies and Fulling (1977).

On the other hand, equation (25) provides us with the Rindler observer’s viewpoint
for the same result. According to him, the detector goes to the excited state with either
an absorption of a Rindler particle~antiparticle pair (second term of equation (25)) or
else by an inelastic scattering of a particle or antiparticle (first and third terms of
equation (25)). In either case here, there is a net absorption of energy equal to the
transition energy.

The absorption probability per unit proper time corresponding to a given pair of 7
modes wkk,, w'k1k5 is given directly by equation (28):

2
9_}3 = lim |€\ Y

'
dr'l wkiks Toe T (33
w'kiks

==
=2w|e|25(5f—Ei—“’ “’)
{o

T _ 2
[ ar ] e st oWk w'kike),
box

2

f (=) & BB —okiss (Wt (F)
box
(28)

Similarly, the inelastic transition probability for a particle (antiparticle) is also given by
equation (28) for w >0 (w <0), w' <0 (w'>0). Equation (26) may then be expressed as

dP ®  dP
— I =Y ¥ [expQRutow)+1] " [expRmlow’) + 1] . (29)
dr'ie /1:11]:2 = dr Cowkiks

1k3 w,e’ Cow'kikh

The appearance of the product of two statistical distribution factors in the above
equation, and the competing process of inelastic scattering in addition to pair absorp-
tion are features characteristic of the detection of spin-3 quanta. The reason for this
difference from the scalar case is obvious: a scalar quantum can be singly absorbed (of
course its inelastic scattering may occur in higher orders), whereas a spin-% detector,
even in the lowest order, must either inelastically scatter an electron or else absorb an
electron~positron pair. Equation (29) thus clearly establishes the result that the model
detector accelerated in Minkowski vacuum ‘sees’ a thermal bath of Rindler spin-%
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particles and antiparticles with an appropriate statistical distribution correspondingto a
temperature equal to (2m¢o)” = g/2m. Stated differently, the ‘vacuum’ state for the
detector (n vacuum) does not correspond to the physical ¢ vacuum of the Minkowski
space-time.

3. Detector for Dirac quanta in Kerr space-time

The question that we ask here is: what is the physical vacuum of a Dirac field in a
black-hole space-time? Phrased differently, what is the definition of a positive-
frequency mode (particle)? In the asymptotically flat region far away from the horizon
this definition must obviously coincide with the usual Minkowski definition. There is
therefore no ambiguity and here the n and & schemes agree. At the horizon, however,
the n and ¢ definitions of positive frequency differ: the former is defined in terms of
n =3/at and the latter in terms of £ =34/9U, where U is the Kruskal-like coordinate for
the Kerr metric.

Our analysis here shows that the Dirac ¢ vacuum, and not the n vacuum in the Kerr
metric, is a proper candidate for the physical vacuum state at the past horizon. This
conclusion follows naturally since it turns out that to this £ vacuum an accelerated
co-rotating detector at the past horizon responds in the same manner as a Rindler detector
(§ 2) responds to the physical Minkowski vacuum.

Consider a detector at fixed (r, 8) near the horizon of a Kerr black hole, r =r., and
co-rotating with it. By making the transformation

QS’ ke ¢ _Qta (30)
where
Q=0Mra/|{P)[r* +a®+@2Mra*sin® 6/,

the Kerr metric in the standard Boyer-Lindquist coordinates (¢, 7, 8, ¢) can be brought
to the form

ds?=A[r*+a’+(2Mra*sin® 6/{¢[)]7 dr* = (¢ /A) dr* — {17 d6?
—sin” [r*+a’ +(2Mra®sin® 6/|¢ )] deé "%, (31
1P =r*+a’cos® 6, A=r*+a*-2Mr.

Near the horizon
Q->Ou=a/(r: +a%); (32)

Oy, is the frequency of drag of inertial frames at the horizon. Introduce a coordinate z
defined by

dz/dr = (|¢|?/A)?, r->ry, z-0. (33)

The metric in a small neighbourhood of the horizon (z = 0) reduces to the Rindler-like
form

ds®=(1+2gz +0(z%) dt’*~dz*~ ¢ d6?
~sin® 8[r* +a*+ (2Mra® sin® 6/|¢))] do ">, (34)
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where g, the acceleration required to keep the detector fixed at (r, 6), is given by

g=(r=M)QAILH™, (35)
and ¢' is related to the coordinate time ¢ by

' =AY [P +a*+(2Mra*sin /¢ (36a)
Near the horizon, the proper time for the co-rotating observer becomes

t'=k.t/g, (360)
where k. is the surface gravity of the Kerr black hole:

ry—r- 2 20172
—F 3, = :t — .
Ky= (r2 2) re=Mz+t(M"—a") (37)

To calculate the probability of excitation of the detector, we need the n and ¢
expansions of the Dirac field in the Kerr metric. This is given in Iyer and Kumar (1978,
19794, b) and we omit the details. Using the notation employed therein, we write the n
expansion of the field as

v=3 f » dw(a(wmre)y.(wmhe; x)+ b (0mAe)Y (~w — mAe; x)

mAe
+a_(wmAe)Y_(—w —mre; x)+ bl (wmre)d_(wmhe; x)), (38)
where the ¢.(+w, £mAe; x) are an orthonormal set of positive frequency n modes, and
+1 fe=Lao>u,
e=1,6>0, |0 >u,

-1 ife=1w<—pu, (39)

K=

e=1I,6 <0, |o|>u,
LL~) =w - mQh.
If the Dirac field is initially in the n vacuum state, employing the above expansion in

equation (22), the first-order excitation probability per unit proper time for a corotating
detector near the past horizon is given by

dp =27le)> ¥ % 5[Ef—Ei+K—g—(a'3+(5/)]

d[, wmi w'm'A’ +
k=+1 k'=+1
- 2
x j (=)' dr 40 deb’ AFhithmnts ()0t ()] » (40)
box

which vanishes because, for type II modes, w, @' >0 in the given range. Thus
dpP/dr'l, =0. (41)

This proves that the co-rotating, accelerated observer sees no ‘particles’ in the 7
vacuum. Let us next study how the detector responds to the Dirac ¢ vacuum at the past
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horizon. The ¢ expansion of the Dirac field in the Kerr metric is

v=y f 1 dw (a.(wmA D (wmAl; x)+ b (wmA D (—w — mAT; x)

ma

+a_(wmADY_(—w —mAL x)+ b (wmADY_(wmAl; x)

+¥ J dw (d(emAIDGa(emAll; x)+ b (@mA Do (wmAl; X)),
mA Jg==x1
(42)

which differs from the n expansion in the modes localised on the past horizon (type II).
Using equation (42) and the relation between £ modes l!;m, g&m and the type II n-modes
in the usual exterior region (+), the transition probability per unit proper time in the ¢
vacuum can be obtained. The result after a straightforward calculation is

-1
2
d—ITJ =27l Y % [exp( 7 >+1J [exp(—wd)’>+1] 8[Ei—Ei— (6 + "]
dt wmhk w'm'A’ g g
k==%1 «'==1

X

J (—g)"? dr d6 dé' h¥hith v sgyimnrmi g (F)
box

2

X (ks e/ @) amsgIaTL (X)) (43)

Notice that only the type II modes contribute at the past horizon since the type I modes
are localised at past infinity. It is important to note that ¢/ (., w/¢i(c. m/ga1 TEPrEsents a
particle of energy @ with respect to the co-rotating detector’s proper time. Next the
absorption (or inelastic scattering) probability per unit proper time for a given pair of
type II n-modes can be obtained directly from equation (22):

dpP
— =27T\e|26[Ef—Ei—£(c6+c5'}
dt'loma Ko

wmA Il

, _ 2
<[ 07 dr a0 46! hERD o rn Eran () (44)
box
so that equation (43) can be rewritten as
! 2 “dp
J ) [exp(—w)HJ [exp(-——c&’)ﬁ-l] e’ (45)
wmA w'm'A’ g g dt' koo @) em /g)AT

k==%1 k'==x1 (kyw/g)kim/g)All

Equation (45) gives the important result that the co-rotating accelerated detector near
the past horizon of a Kerr black hole sees the ¢ vacuum state as a fermion bath of n
particles and antiparticles at temperature g/27. This is exactly analogous to the
situation of an accelerated detector in the physical vacuum of the flat space-time
discussed in § 2. The ¢ vacuum is therefore a natural candidate for the physical vacuum
near the past horizon of a black hole. In other words, the definition of the ‘¢ particle’ at
the past horizon corresponds most plausibly to a physical particle state.



478 B R Iyer and Arvind Kumar
4. Conclusion

Drawing upon the analogy with the accelerated detectors in flat space—time we have
given a plausible physical justification for the ¢ definition of positive frequency for a
Dirac field near the past horizon of a Kerr black hole. This strengthens the physical
basis of the Unruh-Starobinsky and Hawking effect for Dirac quanta in Kerr space—
time derived in the framework of the £ scheme in our earlier work.

Acknowledgment

One of us (BRI) acknowledges the award of an UGC (India) fellowship for carrying out
this work.

References

Candelas P and Sciama D W 1977 Phys. Rev. Lett. 38 1372

Chandrasekhar § 1976 Proc. R. Soc. A 349 571

Davies P C W and Fulling S A 1977 Proc. R. Soc. A 356 237

DeWitt B § 1979 Einstein centenary volume ed. W Israel and S W Hawking (Cambridge: CUP) to be
published

Fulling S A 1977 J. Phys. A: Math. Gen. 10 917

Hajicek P 1977 Phys. Rev. D 15 2757

Iyer B R and Kumar A 1977 Pramana 9 441

—- 1978 Pramana 11 171

—— 1979a Pramana 12 103

—— 1979b J. Phys. A: Math. Gen. 12 1795-803

Meyer P 1978 Phys. Rev. D 18 609

Unruh W G 1975 in Proc. of the first Marcel Grossman Meeting on General Relativity ed R Ruffini
(Amsterdam: North-Holland)

—— 1976 Phys. Rev. D 14 870.





