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Abstract — We present a phenomenological theory of phase transitions in achiral lipid membranes
in terms of two coupled order parameters —a scalar order parameter describing lipid chain melting,
and a vector order parameter describing the tilt of the hydrocarbon chains below the chain-melting
transition. Existing theoretical models fail to account for all the observed features of the phase
diagram, in particular the detailed microstructure of the asymmetric ripple phase lying between
the fluid and the tilted gel phase. In contrast, our two-component theory reproduces all the salient
structural features of the ripple phase, providing a unified description of the phase diagram and

microstructure.
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Phospholipids self-assemble in water to form a rich
variety of spatially modulated phases [1]. The simplest of
these is the one-dimensionally modulated fluid lamellar
phase (L,) consisting of periodic stacks of lipid bilayer
membranes separated by water, where the hydrocarbon
chains are floppy with liquid-like in-plane order. Changing
the temperature or water content induces a sequence of
symmetry-breaking transitions characterized by unique
microstructures.

On reducing the temperature below the chain-melting
(main) transition (7,), the L, phase of phosphatidyl-
cholines (PCs) transforms to a gel phase (Lg/), charac-
terized by fully stretched all-trans chains which are tilted
with respect to the bilayer normal [2-4]. In addition,
an asymmetric ripple phase (Pg/) is found to occur in
between the L, and Lg phases in many PCs at high water
content [1,2,5].

Extensive studies using a variety of experimental tech-
niques [1,6-18], reveal that the Pg phase is characterized
by a periodic saw-tooth height modulation of the bilay-
ers having an amplitude of ~1nm and a wavelength of
~15nm, and a bilayer thickness that is different in the two
arms of the ripple (fig. 1) [9,10]. As a result, the rippled
bilayers lack a mirror plane normal to the rippling direc-
tion. While in principle, this discrete symmetry breaking
can arise from an asymmetry in either shape (unequal
lengths of the two arms) or bilayer thickness (unequal
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Fig. 1: (Colour on-line) Electron density map of the ripple
phase of dimyristoylphosphatidylcholine calculated from X-ray
diffraction data [19]. Bands labeled h and ¢ correspond to the
headgroup and hydrocarbon chain regions of the bilayer; w
denotes the water layer separating the bilayers.

bilayer thickness in the two arms), in practice these asym-
metries seem to appear simultaneously.

At first it was believed that the origins of the asym-
metric ripple lay in the chirality of lipid molecules [20].
However, subsequent experiments using racemic mixtures
showed this was not the case [8,15]. More recently, many
computer simulations of lipid bilayers have observed that
the degree of chain ordering is different in the two arms of
the ripple [21-25]. The occurrence of the ripple phase only
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in those lipids that exhibit a Lg phase at lower temper-
atures [26], and in isolated bilayers [27], suggests an inti-
mate connection between chain tilt and the ability of the
bilayers to form ripples.

Several theoretical models have been proposed to
describe the sequence of phase transitions in such
lipid bilayers and the microstructure of the ripple
phase [20,28-38]. None of them accounts for all the
observations. We list three key features that should be
explained by any theory of the ripple phase in achiral
bilayers : 1) occurrence of Pg phase between L, and
Lg phases, separated by two first-order transitions; 2)
unequal bilayer thickness in the two arms of the ripple;
and 3) unequal lengths of the two arms.

In this paper we present a phenomenological Landau
theory to describe the ripple phase in an isolated, achiral
lipid bilayer. Our free-energy expression is written in
terms of two order parameters: a scalar order parameter
1 and a 2-D vector order parameter m (fig. 2), and
incorporates all terms consistent with the symmetry of
the bilayer, to as high an order as is necessary to describe
the asymmetric rippled phases (up to 4th order). %
describes the melting of the bilayer and is the difference
in the bilayer thickness [32,33] between the fluid (L, ) and
ordered (Ps and Lg/) phases. Since the bilayer thickness
is determined by the conformations of the hydrocarbon
chains, 1 can also be interpreted in terms of differences
in chain conformations between the fluid and ordered
phases [34]. m is the projection of the molecular axis
n on the bilayer plane [20]. A third-order parameter h,
describing the height of the bilayer, can be integrated out
of the expression for the total free-energy density. This
model is found to capture all three salient features of the
ripple phase listed above.

The total free energy per unit area is taken to be the sum
of three terms; the stretching free-energy density fs, the
tilt free-energy density f;, and the curvature free-energy
density f.. For an isolated lipid bilayer f; is given by [38],

Lo, 1 11 2
fs = 2CL2¢ +3a3¢ +4a41/1 +QC(V¢)

+5D (V) + 1B (V) 1)
where ¥(z,y)= %7 0(x,y) being the membrane
thickness at position (z,y) in the bilayer measured with
respect to a flat reference plane, and g the constant thick-
ness of the membrane in the L, phase. ¥ is taken to be
positive for T' < T, due to the stretching of the chains.
This is valid in general, even if the chains are tilted below
T,. Explicit temperature dependence is assumed to reside
solely in the coefficient of 12 : ay = a(T — T*), T* being a
reference temperature. as is taken to be negative, so that
the continuous transition at 7™ is preempted by a first-

2q2
gar—. The coef-
a2a4

ficient C can either be positive or negative, but a4, D
and E are always positive to ensure stability. With C' > 0,

order melting transition at T,, =T+

Fig. 2: The unit vector n represents the orientation of the long
axis of the lipid molecules relative to IN, the bilayer normal.
m=n— (N-n) N is the projection of n on the bilayer plane.

the equilibrium phases are always spatially homogeneous;
either as L, or Lg (Lg). However, with C'<0 modu-
lated phases are possible with some characteristic wave
vector qg.

To motivate how C' can be negative, it is convenient
to introduce an auxiliary scalar variable p. Constructing
effective cylinders enclosing the head group and the
chain with cross-sectional areas a; and a¢, respectively,
we define p=(ap —at)/(an +at). Consider a bilayer
membrane whose thickness 1 increases steadily over a
length scale £. This variation in thickness produces a
strain at the molecular level. This can be accommodated
both by a variation in the tilt m, and a variation in the
mismatch p over this scale. The latter coupling to lowest
order is of the form Vi -Vp. This term, consistent with
the symmetries of the bilayer, will generically lead to
C < 0. The (V1))* term is included, since in the context of
a one-dimensional model with a scalar order parameter, it
has been shown that such a term is necessary to stabilize
a modulated phase with a non-zero mean value of the
order parameter [39].

The tilt free-energy density can be written as

1 1 -
fi = gh |l by jml* 4 Ty (V- m)*

+T, (V2m)? 4+ T5(V - m)* +Ty¢) [m|?
+T5 (m- Vp)® + T (m x Vb)?

+T7 (V29) (V-m)® +Tg(Vy)3(V-m)%.  (2)
The first four terms in eq. (2) are the usual terms in
the expansion of the free energy in terms of a vector
order parameter [20]. The (V-m)* term is included to
be consistent with the (V)% term introduced in f,. The
next term represents the coupling between 1 and m, which
is responsible for the appearance of tilted phases in this
model, as by is taken to be positive. If T'y > 0, the stable
phase below T, is Lz with |m|=0. On the other hand,
tilted phases can form if I'y < 0. Note that the coefficients
'y and C are closely related, since a positive mismatch p
(ap > a;) automatically gives rise to a tilt in the gel phase,
consistent with the experimental observation that the
ripple phase forms in systems that have a tilted gel phase.
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The subsequent terms reflect the natural coupling between
thickness modulation and tilt, taking into account the
anisotropy of the tilted bilayer. The higher-order coupling
terms between modulations in thickness and tilt are kept
merely for consistency and are not crucial for obtaining
the optimal phases.
The curvature energy density of the bilayer can be
written as [20,35],
fo= 5 (V20) 7 (V2h) (V- m), (3)
where h(z,y) is the height of the bilayer relative to a flat
reference plane, « is the bending rigidity of the membrane,
and vy couples the mean curvature to splay in m.
The equilibrium height profile of the bilayer h(z,y) is
related to the tilt m via the Euler-Lagrange equation,
v%:%(v-m). (4)
Eliminating A from the free-energy density f leads to the
effective energy density fog with a reduced splay elastic
constant T'; =T —~2/(2k).
To determine the mean-field phase diagram we choose
the following variational ansatz for ¥ and m:

Y = 1o+ sin(qx),

My = Moy + M1y cos (qx) + ma, sin (qx)

(5)

+mg, cos (2qx) +my, sin (2qz) ,

My = Moy,

with the amplitudes {¢;, m;} as variational parameters.
We retain Fourier components of m, to second order
to account for the ripple asymmetry; the experimentally
observed asymmetric ripple profile is obtained if ms, # 0.
In principle, we could have done a numerical variational
calculation with all Fourier components. However, our
simplified ansatz is sufficient to recover all the qualita-
tive features of the experimentally observed asymmetric
ripple phase. We however do not capture the exact phase
boundaries and sharper features of the profiles.

We have not included 2D modulations of the
membrane [40] in our ansatz given in eq. (5), since
earlier studies [20,35,37] based on a similar free-energy
density for the tilt and curvature alone show that the
presence of a mean tilt suppresses two dimensional height
modulations. The additional t-dependent terms in the
free-energy density do not alter this conclusion, hence
we confine our attention to one-dimensionally modulated
ripples. Note that spatial modulations in m,, are neglected
as we do not keep terms proportional to (V x m) in eq. (2)
for reasons discussed below.

The phase diagram in the C-T' plane obtained from
numerical minimization of the effective free-energy
density averaged over one spatial period, (feg)=

(g/2m) foh/q ferda, is given in fig. 3. It is calculated for

60 T T T T

55

0 2 4 6 8
-C[107°J]

Fig. 3: Phase diagram in the C-T plane calculated from
the model. a5 =159.42kp, T* =260K. Values of the other
coefficients in units of kgT™ are: az = —306.5, ay = 613.15, by =
0.2, by =200, D =557.41, E =600, 'y =0.010, I's =1.80, 's =
500, I'y=—-3, I's = —20, I'e = —20, 'y = —50, I's = —25. Both
the main transition (Lo — Lg/; Lo — Pg/) and pre-transition
(Pgr — Lg) are first order.

a choice of parameter values, which reproduce closely
the main- and pre-transition temperatures of dipalmi-
toylphosphatidylcholine at C = —4.84x 1071%J. The
values of T, as,as3,a4 and D are similar to those used in
refs. [33,38]. As can be seen from fig. 3, there are three
distinct regions in the phase diagram corresponding to
three different phases: Lq (1o =91 = Moz = Moy = M1y =
Moy =M32 ="TM4g :0)7 L,@’ (’lbo 7é 0, moz 7é 0, Moy 7£ 0; ¢ =
Mig =M2x = M3z = M4y = 0)7 and Pﬁ/(d’o 7é 0, 1#1 7& 07
Moz 7 0, Mag # 0, M3y £ 0; M1y =My, = moy = O)

The Ps phase obtained from the model has a saw-
tooth-like height profile and has the same symmetry as the
experimentally observed structure. The first-order transi-
tion lines which separate these three phases meet at a
Lifshitz point located at Cp,=—3.43 x 1071%] and T =
38.75°C. For C > Cf,, the first-order Lg — L, transition
line is parallel to the C' axis and occurs at T, = 38.75°C.
But for C'< Cp,, the intermediate P phase is found,
separated from the other two phases by first-order transi-
tion lines. Further, the region occupied by the Pg phase
expands at the expense of the other two as C' becomes
more negative.

Typical spatial variation of the order parameters in
the ripple phase is shown in fig. 4. The height profile
is asymmetric and resembles very closely those seen in
experiments (fig. 1) [9,10,18]. ¢ is almost /2 out of
phase with h, so that it is positive (negative) along the
longer (shorter) arm of the ripple, resulting in different
bilayer thicknesses in the two arms, again in agreement
with experimental observations (fig. 1) [9,10]. Figure 5
shows a schematic of the structure of the bilayer inferred
from these results. It is clear that the model presented
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Fig. 4: Spatial variation of the different order parameters
in the Py phase at T=310.50K and C'=—5.02x 107" J.
(a) for I's =T'¢s =T'7 =T's =0, and all other parameter values
as in fig. 3; (b) for all parameter values as in fig. 3.

here accounts for all the salient features of the ripple phase
listed in the introduction.

The present model predicts the chain tilt to be high in
the thicker arm and negligible in the thinner one. There
are in principle at least two chain conformations consistent
with this thinner arm of the bilayer —one is by having
disordered chains, the other by chain interdigitation.
Since in our model, the high-temperature phase was
identified as L, it is natural to populate the thinner
arm with disordered chains. We therefore propose that
in the asymmetric ripple, the thicker arm is made up
of tilted gel-like domains and the thinner one is fluid-
like with negligible chain tilt. This conclusion is partially
supported by spectroscopy and diffusion experiments,
which indicate a significant fraction of disordered chains in
the ripple phase [41,42]. However, it must be acknowledged
that there is no direct experimental data on the spatial
distribution of the disordered chains within the rippled
bilayer. Electron density maps such as the one shown
in fig. 1 do not provide any direct information about
chain ordering. In contrast, recent computer simulation
studies of the ripple phase using a variety of model lipids
at different levels of coarse-graining [21,23,25], find an
asymmetric ripple structure consistent with the height and
thickness modulations seen in the electron density maps,
with the thicker arm consisting of gel-like domains, and
the thinner one made up of ordered and interdigitated
chains. The crossover region between these two contains
a large fraction of disordered chains. In the gel-like
domains chains are tilted with respect to the local layer
normal, whereas chain tilt vanishes in the thinner arm
due to interdigitation. Thus the height, thickness and tilt
modulations found in these simulations are consistent with
the predictions of the present model, although the thinner
arm consists of interdigitated chains instead disordered

s !
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Fig. 5: Schematic of the bilayer profile obtained from the model.
Note that the bilayer thickness is different in the two arms of
the saw-tooth—like ripples.
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chains as proposed here. Symmetric ripples consisting
of alternating gel-like and fluid-like domains have also
been found in some simulations [22]. These ripples are
characterized by only a thickness modulation and no
height modulation. Stacks of such bilayers will result in
a centered rectangular lattice and do not seem to have
been observed in any pure lipid-water system.

The T'y2bm? term in the free-energy expression which
produces the chain tilt below the main transition for
'y <0, also leads to a bilayer ripple even in the absence
of any of the higher-order coupling terms. This ripple has
mo, # 0, and is weakly asymmetric, with mg, typically an
order of magnitude smaller than ma, (fig. 4(a)). Thus the
present model spontaneously picks out a non-zero value
of the mean tilt along the ripple direction ¢, even in the
absence of any explicit in-plane anisotropy of the bending
rigidity (I's =I'¢ =0). This is in contrast to the model
presented in refs. [20] and [35], where the mean tilt occurs
in a direction normal to ¢, resulting in a symmetric ripple
in the case of achiral bilayers; the bending rigidity has
to be explicitly taken to be lower along the tilt direction
in order to obtain a non-zero mean tilt along ¢ and to
stabilize asymmetric ripple within this model [37]. The
asymmetry of the ripple is enhanced by the higher-order
coupling terms with negative coefficients (fig. 4(b)).

It would seem that our free-energy functional contains
a large number of parameters, which we need to fine tune
to obtain the asymmetric ripple phase. We would like to
emphasize that asymmetric ripples are a fairly generic
and robust feature of our model whenever T'y <0. The
other I';’s only make the shape anisotropy in the height
profile more pronounced when they are negative, and are
not crucial for the existence of the asymmetric ripple
phase. Further, X-ray diffraction experiments identify the
asymmetric ripple phase on the basis of its oblique unit
cell. Such a unit cell can arise either from a strongly
asymmetric height profile or from a weakly asymmetric
height profile as long as the thickness is different in the
two arms of the ripple [37]. This feature is exactly what is
captured within our theory (figs. 4(a) and 4(b)).

Another type of ripple phase with ms, =ms, =0, but
with my, # 0 and my, # 0 is obtained for relatively high
positive values of I'7. Here 1 and h are almost in phase,
so that the bilayer thickness is modulated within each arm
of the ripple. Such a structure does not seem to have been
observed in any experiments. It might be possible to tune
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this parameter by a suitable choice of an impurity which
would prefer to smoothen variations in v; in such cases we
predict the existence of this new ripple phase.

We have only included terms proportional to (V -m) in
the expression for f;. In general there will also be terms
proportional to (V x m), which lead to a ripple structure
with a non-zero winding number in the model presented
in refs. [20] and [35]. However, such a structure can be
expected to be energetically costly in an achiral bilayer,
since it is not consistent with parallel close-packing of the
chains demanded by van der Waals interaction.

A straightforward extension of this model would be to
use a better description of the chain-melting transition,
instead of the reduced bilayer thickness i) employed here.
Possible order parameters include components of the in-
plane density wave, as considered in the theory of weak
crystallization [43], and those of herringbone order, used to
describe positional ordering in monolayers [44]. However,
such an attempt would be useful only if the details of
chain ordering in this phase, presently unknown, can be
experimentally established.

X K K

We thank YASHODHAN HATWALNE for many valuable
discussions and KHEYA SENGUPTA for the electron density
map of the ripple phase.

REFERENCES

[1] TARDIEU A., LuzzaTi V. and REMAN F. C., J. Mol. Biol.,
75 (1973) 711.

[2] SMmITH G. B., SIrOTA E. B., SAFINYA C. R. and CLARK
N. A., Phys. Rev. Lett., 60 (1988) 813; SmiTH G. B.,
SIROTA E. B., SAFINYA C. R., PLaNO R. J. and CLARK
N. A., J. Chem. Phys., 92 (1990) 4519.

[3] SuN W.-J., SurTER R. M., KNEWTSON M. A,
WORTHINGTON C. R., TRISTAM-NAGLE S., ZHANG R.
and NAGLE J. F., Phys. Rev. E, 49 (1994) 4665.

[4] MacINTosH T. J., Biophys. J., 294 (1980) 237.

[6] Janiak M. J., SMALL D. M. and SHIPLEY G. G., J. Mol.
Biol., 254 (1979) 6068.

[6] Wack D. C. and WEBB W. W., Phys. Rev. Lett., 61
(1988) 1210.

[7] HENTSCHEL M. P. and RUSTICHELLI F., Phys. Rev. Lett.,
66 (1991) 903.

[8] KATSARAS J. and RAGHUNATHAN V. A.| Phys. Rev. Lett.,
74 (1995) 2022.

[9] SuN W.-J., TRISTAM-NAGLE S., SUTTER R. M. and
NAGLE J. F., Proc. Natl. Acad. Sci. U.S.A., 93 (1996)
7008.

[10] SENGUPTA K., RAGHUNATHAN V. A. and KATSARAS J.,
Phys. Rev. E, 68 (2003) 031710.

[11] MORTENSEN K., PFEIFFER W., SACKMANN E. and
KNoLL W., Biochim. Biophys. Acta, 945 (1988) 221.

[12] Luna E. J. and McCoNNELL H. M., Biochim. Biophys.
Acta, 470 (1977) 303.

[13] KRBECEK R., GEBHARDT C., GRULER H. and SACKMANN

E., Biochim. Biophys. Acta, 554 (1979) 1.

[14]
[15]

[16]
[17]

18]
19]
[20]
21]
22)
23]
[24]
25)
26]
[27)
28]
[29]

[30]

31)
32)
33
(34
35)
136]
37)
38)
39]
[40]
ja1]
42)
[43)

[44]

48004-p5

Hicks A., DinpA M. and SINGER M. A., Biochim.
Biophys. Acta, 903 (1987) 177.

ZASADZINSKI J. A. N., Biochim. Biophys. Acta, 946
(1988) 235.

MEYER H. W., Biochim. Biophys. Acta, 1302 (1996) 138.
ZASADZINSKI J. A. N., ScHEIR J., GURLEY J., ELINGS
V. and HANsMA P. K., Science, 239 (1988) 1013.
WOODWARD J. T. and ZASADZINSKI J. A., Biophys. J.,
72 (1997) 964.

SENGUPTA KHEYA, PhD Thesis,
University (2000).

LuBensky T. C. and MAckINTOSH F. C., Phys. Rev.
Lett., 71 (1993) 1565.

DE VRIES A. H., YEFIMOV S., MARK A. E. and MARRINK
S. J., Proc. Natl. Acad. Sci. U.S.A., 102 (2005) 5392.
KRANENBURG M. and SMmiT B., J. Phys. Chem. B, 109
(2005) 6553.

LENZ O. and ScHMID F., Phys. Rev. Lett., 98 (2007)
058104.

SuN X. and GEZELTER J. D., J. Phys. B, 112 (2008)
1968.

JAMROZ D., KEPCZYNSKI M. and NOWAKOWSKA M.,
Langmuir, 26 (2010) 15076.

WarTs A., HARLOS K., MASCHKE W. and MARSH D.,
Biochim. Biophys. Acta, 510 (1978) 63.

MasoN P. C.; GAauLiN B. D., EpAND R. M., WIGNALL
G. D. and LiN J. S., Phys. Rev. E, 59 (1999) 3361.
DONIACH S., J. Chem. Phys., 70 (1979) 4587.
FaLkoviTz M. S., SeurL M., FriscH H. L. and
McConNELL H. M., Proc. Natl. Acad. Sci. U.S.A., 79
(1982) 3918.

MARDER M., FriscH H. L., LANGER J. S. and
McConNELL H. M., Proc. Natl. Acad. Sci. U.S.A., 81
(1984) 6559.

CARLSON J. M. and SETHNA J. P., Phys. Rev. A, 36
(1987) 3359.

GOLDSTEIN R. E. and LEIBLER S., Phys. Rev. Lett., 61
(1988) 2213.

GOLDSTEIN R. E. and LEIBLER S., Phys. Rev. A, 40
(1989) 1025.

Honpa K. and KIMURA H., J. Phys. Soc. Jpn., 60 (1991)
1212.

CHEN C.-M., LuBeNsky T. C. and MAckINTOSH F. C.,
Phys. Rev. E, 51 (1995) 504.

SEIFERT U., SHILLCOCK J. and NELSON P., Phys. Rev.
Lett., 77 (1996) 5237.

SENGUPTA K., RAGHUNATHAN V. A. and HATWALNE Y.,
Phys. Rev. Lett., 87 (2001) 055705.

SHIMOKAWA N.;, KOMURA S. and ANDELMAN D., FEur.
Phys. J. E, 26 (2008) 197.

Jacoss A. E.,; GREIN C. and MARSIGLIO F., Phys. Rev.
B, 29 (1984) 4179.

Yance L. and FukuTo M., Phys. Rev. E, 72 (2005)
010901.

WITTEBORT R. J., ScuMIDT C. F. and GRIFFIN R. G,
Biochemistry, 20 (1981) 4223.

SCHNEIDER M. B., CuaN W. K. and WEBB W. W,
Biophys. J., 43 (1983) 157.

Kats E. 1., LEBEDEV V. V. and MURATOV A. R., Phys.
Rep., 228 (1993) 1.

KAGANER V. M., MOWALD H. and DuTTA P., Rev. Mod.
Phys., 71 (1999) 779.

Jawaharlal Nehru





