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N e w to n 's la w o f u n iv e rsa l g ra v ita tio n la id th e

p h y sic a l fo u n d a tio n o f c e le stia l m e ch a n ic s. T h is

a rtic le re v ie w s th e ste p s to w a rd s th e la w o f g ra v i-

ta tio n , a n d h ig h lig h ts so m e a p p lic a tio n s to c e le s-

tia l m e ch a n ic s fo u n d in N e w to n 's P rin cipia.

1 . In tro d u c tio n

N ew to n 's P rin cipia co n sists o f th ree b o o k s; th e th ird
d ealin g w ith th e T he S ystem of the W orld p u ts forth
N ew to n 's v iew s o n celestial m ech an ics. T h is th ird b o ok
is in d eed th e h eart of N ew ton 's \n a tu ral p h ilo sop h y ",
w h ich d raw s h eav ily on th e m a th em atical resu lts d erived

in th e ¯ rst tw o b o o k s. H ere h e sy stem a tises h is m a th -
em a tical ¯ n d in gs a n d con fron ts th em aga in st a variety
of ob serv ed p h en o m en a cu lm in atin g in a p ow erfu l a n d
com p ellin g d evelo p m en t of th e u n iv ersal law o f grav ita -
tio n .

N ew to n liv ed in a n era of ex citin g d evelo p m en ts in N a t-
u ral P h iloso p h y. S o m e th ree d ecad es b efo re h is b irth J o -
h an n es K ep ler h ad an n o u n ced h is ¯ rst tw o law s of p la n -
etary m otion (A D 1 60 9), to b e fo llow ed b y th e th ird law

after a d ecad e (A D 16 19 ). T h ese w ere em p irical law s
d eriv ed from accu rate astron om ica l ob servation s, a n d
stirred th e im ag in atio n of p h ilo sop h ers rega rd in g th eir
u n d erly in g cau se.

M ech an ics of terrestrial b o d ies w as also b ein g d evelo p ed
aro u n d th is tim e. G a lileo 's ex p erim en ts w ere con d u cted
in th e early 1 7th cen tu ry lead in g to th e d iscovery o f th e
law s of free fall an d p ro jectile m otio n . G alileo's D ialogu e
ab ou t th e sy stem o f th e w orld w as p u b lish ed in 1 632 .
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Newton�s  Principia is

not merely a

collection of brilliant

mathematical

solutions of

numerous problems

in mechanics, it also

represents a tour de

force in objectivity

and rational thought.

R en ¶e D escartes, in h is P rin cipia philosophiae (16 44), a t-
tem p ted to p rov id e a p h y sical b asis to m a n y o b served
p h en om en a in clu d in g p lan etary m o tio n . H e p rop osed

ten p h y sical law s, th e ¯ rst tw o o f w h ich w ere n ea rly
id en tica l to th e ¯ rst tw o law s of N ew ton , b u t th e rest
w ere in a ccu ra te. D esca rtes ech o ed th e p revalen t v iew
th at forces m ay act o n a b o d y on ly b y con tact w ith a n -
oth er b o d y, an d p rop osed th a t th e p lan ets a re ca rried

alon g in th eir orb its b y \ co rp o ral vortices" in a n aeth e-
real m ed iu m revo lv in g arou n d th e S u n . T h is v iew m u st
h ave g ain ed a fa ir d eg ree o f p o p u larity, b ecau se N ew -
ton sp en d s a sign ī can t a m o u n t o f e® o rt to d em o n strate
th at th is co u ld n ot b e th e case.

N ew to n 's P rin cipia is n ot m erely a collection of b ril-
lian t m a th em a tical solu tio n s of n u m erou s p rob lem s in
m ech an ics, it also rep resen ts a tour de force in o b jec-
tiv ity a n d ration a l th o u gh t. T h e P rin cipia esta b lish es
grav ity as a force th at \a cts at a d ista n ce" a n d n o t b y
con tact. Y et N ew ton w as, p erso n ally, d eep ly u n com -
forta b le w ith th e n o tio n o f actio n a t a d ista n ce. H e d id
n ot let th ese p erson a l v iew s in terfere w ith th e d ed u ctive
lo gic o f th e P rin cipia, as h e ab id ed b y th e self-im p osed
\ru les fo r th e stu d y of n a tu ral p h iloso p h y " , w ith w h ich
B o o k 3 of th e P rin cipia b egin s. T h ese a re very m u ch
th e sam e ru les w h ich g overn ou r scien tī c m eth o d till
to d ay. F o r ex a m p le, h is ru le 4 sta tes th at \In experi-
m en tal philosophy, proposition s gathered from phen om -
en a by in duction shou ld be con sidered either exactly or
very n early true n otw ithstan din g an y con trary hypothe-
ses, un til yet other phen om en a m ake such proposition s
either m ore exact or liable to exception s". T o m a ke th e
in d u ction s fro m ob serv ed p h en o m en a p recise, N ew ton
h ad a v ery p ow erfu l to ol at h an d { h is m ath em a tical

gen iu s. It is th erefore n ot su rp risin g th at h e ch o se to
n am e h is b o ok after th a t o f D escartes, b u t p a rap h ras-
in g it P hilosophiae N aturalis P rin cipia M athem atica, or
\M ath em atica l P rin cip les o f N a tu ral P h ilo sop h y ".
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Newton was

triggered to think in

terms of centripetal

rather than

centrifugal forces

by an exchange of

letters with Robert

Hooke in 1679�80.

2 . R o u te to th e L a w o f G ra v ita tio n

It m ay b e said th at th e m ost im p o rtan t step s in th e
d iscov ery of th e law o f grav ita tio n w ere th e fo llow in g.

2 .1 . E x p re ssio n o f C e n trip e ta l F o rce fo r C irc u -
la r M o tio n

T ill th e late 16 70s, N ew ton d id n ot fo rm u late a clear
id ea o f a cen trip eta l fo rce. F or b o d ies in circu lar m otion
h e, like m an y oth ers o f h is tim e, b eliev ed in th e ex is-

ten ce of a n ò u tw ard ' or cen trifu ga l force, a n id ea co n -
tain ed in th e w o rk of D escartes. T h e d iscovery of th e
ex p ression v 2 = r for th e cen trifu g al accelera tio n is cred -
ited to C h ristiaan H u y g en s, w h o p u b lish ed th is resu lt
in h is b o o k H orologium O scillatorium in 1 67 3. N ew -

ton , h ow ev er, h ad in d ep en d en tly w o rked th is ou t in th e
16 60s. N ew to n w a s trig gered to th in k in term s o f cen -
trip eta l rath er th a n cen trifu gal fo rces b y a n ex ch an g e of
letters w ith R o b ert H o o ke in 16 79 {80 . B y th e tim e of
th e p u b lication of th e ¯ rst ed ition o f th e P rin cipia in
16 87, N ew ton 's d erivation o f th is resu lt to o k th e follow -

in g form .

In F igure 1, let b o d ies B an d b, rev olv in g in th e circu m -
feren ces of circles B D a n d bd , d escrib e th e (in ¯ n itesi-

m al) a rcs B D an d bd in th e sam e tim e. In ab sen ce of
cen trip etal fo rce th e b o d ies w ou ld h ave d escrib ed ta n -
gen ts B C an d bc resp ectively. M o tio n d u e to cen trip etal
forces a re th en rep resen ted b y th e n ascen t sp aces C D
an d cd resp ectiv ely, ex ecu ted in th e sam e tim e b y th e

tw o b o d ies. T h ese d isp lacem en ts a re d irected tow a rd s
th e cen tre o f th e circle an d sin ce b o th are d escrib ed in
th e sam e in terva l o f tim e, sta rtin g from zero in itial ve-
lo city in th a t d irectio n , th ey m u st b e p rop o rtio n al to
th e cen trip etal force at th e resp ective lo catio n s. L et ¯ g -

u re tk b b e sim ila r to th e ¯ gu re D C B . T h en C D /k t =
arc B D /a rc bt a n d a lso k t/cd = (a rc bt/a rc bd )2 . T h e
la tter follow s fro m a lem m a p roved b y N ew ton , u sin g a
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Figure 1. Centripetal force
in uniform circular motion.

k n ow n p ro p erty o f th e circle: (ch ord B D )2 = B S £ C D
(F igure 1), an d tak in g lim its to in ¯ n itesim a l d isp lace-
m en ts. H en ce C D / cd = (arc B D £ arc bt)/(arc bd )2 . N ow
arc bt= (S b/ S B )£ (arc B D ), a n d th erefore th e ratio of
forces b eco m es th a t o f (a rc B D )2 / S B to (a rc bd )2 / S b.
S in ce arcs B D an d bd are d escrib ed in th e sam e tim e
in terval, th eir len gth s are p rop ortio n al to th e resp ective
velo cities, giv in g cen trip eta l fo rce / v 2 = r .

2 .2 . T h e 1= r 2 F o rce L a w

O n ce th e ex p ression for cen trifu ga l acceleratio n w a s

k n ow n , it w a s a sim p le m atter to com b in e th is w ith
K ep ler's th ird law to d eriv e th at fo r th e p la n ets, th e
cen trifu g al force varies in versely a s th e sq u a re o f th eir
d istan ce fro m th e S u n , sin ce orb ital sp eed v = 2¼ r = T ,
an d T 2 / r 3 (h ere T is th e o rb ita l p erio d of th e p la n et).
E lim in a tin g T on e ¯ n d s v / 1 = r 1 = 2 , an d h en ce v 2 = r /
1= r 2 . In d eed th is w as d on e b y several p eop le in th e late
16 70s/early 16 80s, in clu d in g R ob ert H o oke, C h ristop h er
W ren an d E d m u n d H alley. N ew to n , on th e o th er h an d ,
h ad d iscov ered th is resu lt m u ch ea rlier, in th e 166 0s,

sin ce h e h ad alread y d erived th e v 2 = r law b efore its p u b -
lication b y H u y g en s. A t th is tim e h e even estim a ted th at
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Figure 2. Ratio of centrip-
etal forces directed towards
different centres within a
circular orbit.

th e cen trifu ga lfo rce at th e E arth 's su rface is m u ch sm aller
th an th e g rav ita tion al force a n d th at at th e M o o n 's o r-
b it, th e cen trifu ga l force m easu res a b ou t 1 /4 000 th at

of th e E arth 's su rface g rav ity. T h e tru e sig n ī can ce of
th ese resu lts, h ow ev er, w as clear to N ew ton o n ly after
h e rea lised th at th e force n eed ed to keep b o d ies in orb it
is cen trip etal, n o t cen trifu gal.

2 .3 . K e p le r's L a w s

W h ile sev era l con tem p ora ries o f N ew ton h a d a rriv ed at
th e 1= r 2 d ep en d en ce of th e cen trip eta l forces actin g on

p lan ets, n on e ex cep t N ew ton h a d th e m a th em aticalm as-
tery to d em on strate th a t a ll th e law s of K ep ler fo llow
from a cen trally d irected force th a t va ries in m ag n itu d e
in v ersely as th e sq u a re of th e d istan ce. N ew ton sh ow ed
th at K ep ler's ¯ rst law , sta tin g th e co n stan cy o f areal

velo city, follow s fro m th e fact th at th e force is cen tra l in
n atu re. T h is p ro o f is rep ro d u ced in th e article b y H S
M an i in th is issu e. K ep ler's seco n d law , th at th e orb its
of p lan ets are ellip ses w ith th e S u n at th e fo cu s, w a s
d eriv ed b y N ew ton in h is ch a racteristica lly in gen io u s

fash ion . F irst, h e in v erted th e p ro b lem to sh ow th at
if a b o d y m oves in an ellip tica l o rb it aro u n d a cen tre of
force lo cated at its fo cu s, th e cen trip eta l fo rce req u ired
is p rop o rtio n al to 1= r 2 . H e p rov id ed tw o d i® eren t sets
of p ro o fs, on e of w h ich is o u tlin ed b elow .

T o sta rt w ith , th e ex p ression for cen trip etal fo rce (C .F .)
d irected tow a rd s a n y arb itrary p oin t w ith in a circu lar
orb it is co m p u ted . In th e d iagra m o f F igure 2, if P
b e th e p article ex ecu tin g th e orb it a n d S b e th e cen tre

of force, th en th e m agn itu d e of cen trip etal force is in -
versely p rop ortion al to S P 2 £ P V 3 (th e p ro of of th is h a s
b een rep ro d u ced in th e article b y H S M an i in th is is-
su e). N ew ton th en d raw s th e follow in g coro llary. If th e
p article ex ecu tes th e sam e circu lar m o tio n d u e to th e

actio n o f a cen trip etal force d irected tow a rd s a d i® eren t
cen tre R , th en th e ratio o f th ese tw o forces w ou ld b e
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Figure 3. Diagram to com-
pute centripetal force di-
rected to the centre or the
focus of an elliptical orbit.

C :F :S
C :F :R

=
R P 2 £ P T 3
S P 2 £ P V 3 =

S P £ R P 2
S G 3

: (1)

H ere S G is a lin e p a rallel to R P w h ich in tersects at G th e
tan g en t d raw n th rou g h P . T h e a b ov e resu lt follow s b y
n otin g th at tria n gles P S G an d T P V a re sim ila r, g iv in g
P T / P V = S P / S G .

N ew to n rem a rk s th at th is resu lt is a p p licab le to a n y
cu rved o rb it, n o t ju st a circle. S in ce w e are d escrib in g
ju st th e in stan tan eo u s m otion at P , th e resu lt for a cir-

cle w ou ld h old for a n y cu rve w ith th e sam e ra d iu s of
cu rvatu re.

N ew to n th en estim ates th e cen trip etal force d irected to
th e cen tre of an ellip tical o rb it. In F igure 3 , let P b e th e
p article m ov in g in th e ellip tical orb it sk etch ed , u n d er th e
actio n of a force d irected tow ard s its cen tre C . L et R P Z
b e th e tan g en t at P a n d P G , D K b e co n ju ga te d ia m eters
(D K p arallel to R P Z ). L et Q b e th e p o in t on th e orb it at
a la ter tim e. C o m p lete p ara llelog ram Q v P R a n d d rop

p erp en d icu la r Q T on P C . A lso d rop p erp en d icu lar P F
on D K . N ow fo r a n y cu rv ed tra jecto ry th e cen trip etal
force is p rop ortion al to Q R /(P C 2 £ Q T 2 ) (lim P Q ! 0),
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An important result

derived by Newton

is that the major

axis of an elliptical

orbit is stationary

only if the force is

strictly inverse

square.

as N ew ton h ad a lread y sh ow n (see eq u a tio n (6) in th e
article b y H S M an i in th is issu e). N ew to n n ow u ses
tw o p rop erties o f th e ellip se: P v £ v G /Q v 2 = P C 2 / C D 2
an d C D £ P F = B C £ C A . U sin g sim ila r trian gles Q v T
an d P C F on e ¯ n d s Q v 2 /Q T 2 = P C 2 /P F 2 . F rom th ese
relation s an d n otin g th at P v = Q R , it is ev id en t th at

Q R

Q T 2 £ P C 2 =
P C 2

C D 2 £ P F 2 £ v G =
P C 2

B C 2 £ C A 2 £ v G :

A s P Q ! 0, v G ! P G = 2 P C . H en ce th e cen trip etal fo rce
is p ro p o rtio n al to P C 2 /(B C 2 £ C A 2 £ 2 P C ). B u t sin ce
B C an d C A for th e ellip se a re g iv en , th e force is / P C ,
or th e d ista n ce fro m th e cen tre.

F in a lly, N ew ton d eriv es th e fo rce d irected tow ard s th e
fo cu s of th e ellip se b y u sin g th e coro llary q u oted ab ov e.
In F igu re 3, let S b e th e fo cu s to w h ich th e force is
d irected . E is th e p o in t o f in tersection of S P w ith th e
d iam eter D K d raw n p ara llel to th e ta n gen t R P Z . A lin e
p ara llel to S P fro m C in tersects th e tan g en t R P Z at
p o in t O . B y (1),

C :F :S

C :F :C
=

C O 3

C P £ S P 2 =
P E 3

C P £ S P 2 : (2)

B u t sin ce P E = A C = co n stan t (p rop erty of an ellip se),
an d C :F :C / C P , o n e con clu d es th at C :F :S / 1= S P 2 , or
th e force is in versely p ro p o rtio n al to th e sq u are of th e
d istan ce from th e fo cu s.

N ew to n th en ex ten d s th is p ro of to h y p erb olic a n d p a r-
ab olic ¯ gu res an d a lso so lves th e in verse p rob lem sh ow -
in g th a t th e sh ap e of th e o rb it u n d er in verse sq u a re fo rce
is a co n ic.

A n oth er im p o rtan t resu lt h e d erives is th at th e m a jor
ax is o f th e ellip tical o rb it is station a ry on ly if th e force is
strictly in verse sq u a re. A n y d ep artu re from th is w ou ld
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lea d to ap sid a l m otion (revolv in g orb it). H e w as a b le
to q u an tita tiv ely estim a te th e a m o u n t o f ap sid a l m otion
ex p ected , given a d eg ree of d ep artu re from th e in verse

sq u are law .

2 .4 . T h e M o o n T e st

A s m en tio n ed a b ove, N ew ton a lread y k n ew th at th e cen -
trip eta l a cceleration at th e orb it of th e M o o n is ab ou t
1/ 400 0 th e acceleration d u e to grav ity a t th e E arth 's
su rface. T h e d istan ce to th e M o o n from th e cen tre of
th e E a rth w as k n ow n to h im to b e ab o u t 6 0.5 E arth

rad ii w h ich w ou ld im p ly a d ecrea se o f an in v erse sq u are
force fro m th e E a rth 's su rface to th e M o o n 's orb it b y
a factor 36 60 , p retty clo se to 400 0 (in fa ct th e d iscrep -
an cy w a s d u e to th e u se o f a n in accu rate va lu e fo r th e
rad iu s o f th e E arth ). T h is m a d e N ew ton rea lise th at

th e cen trip etal force th a t k eep s th e M o on in its orb it
is th e sam e grav ity w e ex p erien ce a t th e E arth 's su r-
face. It w as th en a m a tter o f a series o f ca refu lly crafted
arg u m en ts to ex ten d th is n o tio n of grav ity to sa tellites
of J u p iter a n d S atu rn , th en to p la n ets m ov in g aro u n d

th e S u n , th e u n iversality of th e in verse sq u a re law th u s
estab lish ed . In fact, h e u sed th e lack of n oticea b le a p si-
d al m o tio n in th e p lan eta ry orb its an d th e ob serv ed fact
th at th e ap og ee of th e M o o n m oves very slow ly, to a rgu e
th at th e in verse sq u are law m u st h old to a great d eg ree
of accu racy. H e correctly a ttrib u ted th e sm all m otion

of M o on 's ap ogee to th e orb ital p ertu rb ation cau sed b y
th e S u n 's g rav ity.

T h e ab ov e resu lts, a d d ed to G alileo 's law of free fall

an d N ew ton 's th ird law of m otion (w h ich , co m b in ed ,
led to N ew to n 's eq u ivalen ce p rin cip le { th a t th e sa m e
m ass is resp on sib le for b oth in ertia a n d grav ity ) laid
th e fou n d a tio n for th e u n iv ersal th eory of g rav ita tion .

3 . A p p lic a tio n s to C e le stia l M e ch a n ic s

H av in g esta b lish ed th e law of u n iversa l g rav itation ,

The centripetal

force that keeps

the Moon in its

orbit is the same

gravity we

experience at the

Earth�s surface.

Galileo�s law of

free fall and

Newton�s third law

of motion laid the

foundation for the

universal theory of

gravitation.
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N ew to n ap p lied it to a variety of p rob lem s.

In th e P rin cipia, N ew to n co m p u ted m an y d etails o f lu -
n ar m o tio n , ex p lain ed every k n ow n va ria tion of th e
M o o n 's m otion an d p red icted o th ers. H e a lso com p u ted
th e m u tu al p ertu rb ation o f th e o rb its o f J u p iter an d S a t-
u rn , a lth o u gh it is u n clear if th ere w a s a n y con v in cin g
ev id en ce fo r th is at th at tim e.

A ssu m in g th e E a rth {S u n d istan ce to b e k n ow n , N ew ton
ap p lied h is th eory of grav ita tio n to d eterm in e th e ratio
of m a sses of th e S u n , E a rth , J u p iter an d S atu rn , m ak in g

u se o f th e ob served m otion of th e sa tellites aro u n d th e
p lan ets an d of cou rse th e m o tio n of th e p lan ets aro u n d
th e S u n .

N ew to n th en fo rm u lated a th eory of tid es b ased on th e
grav itatio n al attra ction o f th e M o on a n d th e S u n . T h is
w as a trem en d ou s in tellectu al lea p forw ard , sin ce th is is
th e ¯ rst tim e an y p h y sical cau se w as attrib u ted to tid al
p h en om en a. It w a s a lso a triu m p h sin ce th is th eory
su cceed ed in ex p la in in g m an y of th e gen eral featu res of

th e tid es. C om p arin g th e h eigh t of th e tid es a ttrib u ted
to th e M o on an d th e S u n , N ew to n estim a ted th e ratio
of th e m ass o f th e M o o n to th at o f th e S u n .

T h e P rin cipia en d s w ith th e th eo ry of grav ita tio n a p -
p lied to com eta ry o rb its. N ew ton d ev ises a m eth o d to
com p u te (¯ t) th e o rb it of a com et b a sed on ob serva tio n s
carried ou t at a few ep o ch s, an d th en to p red ict th e lo -
catio n of th e com et's ap p earan ce at later tim es. H e a p -

p lies th is to several com ets, in clu d in g th e H a lley 's co m et
w h ich a p p eared in 168 2. H is p red iction s, b ased o n th is
p h y sical th eory (as op p osed to th e p reva len t m eth o d of
em p irical in terp olation s an d ex trap olation s u sed b y h is
con tem p o rary astro n om ers), w ere a ccu rate w ith in a co u -

p le of a rcm in u tes, a s d em on stra ted in th e resu lts ta b u -
la ted in th e P rin cipia.

In the  Principia,

Newton computed

many details of

lunar motion,

explained every

known variation of

the Moon�s motion

and predicted

others.

Newton formulated

a theory of tides

based on the

gravitational

attraction of the

Moon and the Sun.
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GENERAL  ARTICLE

Newton tied all known

laws of terrestrial

mechanics and

celestial mechanics

into a firm, single

physical basis.
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4 . C o n c lu sio n

T h ere is n o d ou b t th at N ew to n 's P rin cipia w as a m o n -
u m en tal in tellectu a l ach ievem en t of a m a gn itu d e so far
u n su rp a ssed . N ew ton tied all k n ow n law s of terrestrial
m ech an ics a n d celestia l m ech an ics in to a ¯ rm , sin g le
p h y sical b a sis. T h e b a sis of h is co n clu sion s w ere p ri-
m arily th e ob serva tion s o f b o d ies in th e solar sy stem ac-

cu m u lated over cen tu ries. T h ere is m o re to th e cosm o s
th an th e so la r sy stem , h ow ev er. N ew ton w as w ell aw are
of th is an d d id , at tim es, sp ecu late on th e fate of th e u n i-
verse. In th e P rin cipia h e sta tes th a t ¯ x ed stars m u st b e
very far aw ay sin ce th eir p ara llax is very sm a ll, an d a s

th ey are d istrib u ted h om og en eo u sly, th eir grav itation al
e® ect on th e so la r sy stem b o d ies w o u ld m u tu ally can cel.
In 1 69 2, on b ein g a sked b y R ich ard B en tley a b ou t th e
fate o f m atter sp rea d u n iform ly over ¯ n ite sp a ce, N ew -
ton rep lied th at a s a resu lt of grav ita tio n al attra ction ,

on e great sp h erical m a ss w ill ¯ n a lly resu lt. O n th e oth er
h an d , h e said , if th e m atter w ere sp rea d th ro u gh in ¯ n ite
sp a ce, it w ou ld con geal in to m a n y m asses like th e S u n
an d th e ¯ x ed sta rs. B en tley a sked w h y sh ou ld tru ly
h om og en eo u s an d in ¯ n ite d istrib u tio n of m atter n ot re-

m ain m otion less in eq u ilib riu m . T o th is N ew to n rep lied
th at th is w as u n lik ely, b u t rem a in ed p u zzled over th is
q u estio n . H e w as clearly far a h ea d of h is tim e { m o d -
ern cosm o lo gy an d th eory of stru ctu re form ation h a d to
w ait for a n oth er th ree cen tu ries.
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