Chapter 2

Quantum diffuson of a particle on
a lattice in the presence of coupling
to the environment modelled
phenomenologically by a set of

Lindblad operators

2.1 Abstract

In this Chapter, we consider the quantum motion of a particle moving on a 1D lat-
tice with site-diagonal dynamical disorder in the presence of a time-harmonic drive
and a static uniform bias. Decoherence caused by the on-site dynamical disorder is
treated through the introduction of a set of Hermitian Lindblad operators chosen so as
to project on to the lattice sites. The resulting Liouville equation of motion for the
reduced density matrix of the particle is solved analytically for several physical quanti-
ties of interest, i.e, the time-dependent mean and the mean-squared displacements as
a function of the bias and the drive parameters. Aninteresting new result obtained by

us is the nonlinear enhancement of the diffusion coefficient with increasing drive am-



plitude, and its variation with the frequency detuning relative to the inter-site energy
gap tunable by the static bias. Our expressions correctly specialize to the known exact
results in the limit of zero drive and zero bias. A motivating physical realization of
the above model is the Stark-Wannier ladder of states localized in the potential wells
of a heterostructure superlattice subjected simultaneously to a strong electrostatic field
(bias) and an electromagnetic excitation (drive). Some open questions of equivalence
of the incoherence caused by the stochastic on-site modulation and the decoherence due
to the Hermitian Lindblads, as also the question of dissipation are briefly discussed. It
is also argued out that despite the heating effects of the Lindblad operators/19, 16] to-
wards infinite temperature,, the band-width limited nature of the one-band Hamiltonian

makes the use of the Lindblads physically meaningful

2.2 Modd hamiltonian and the reduced density
matrix: evolution unde Hermitian Lindblad

operators

2.2.1 Zeobiasand zerodrive

We begin by considering first the simplest case of quantum motion of a particle moving
on a dynamically disordered 1D lattice (Figure 2.1) under a tight-binding one-band
Hamiltonian

HY=—(V/2) (1D +1]+[1+1){1]) (2.1)

where (-V) is the nearest-neighbour transfer matrix element, and the sum is over
the N sites with N taken to be infinite. The effect of dynamical disorder, namely
the incoherence, will be introduced through a set of Hermitian Lindblad operators,
Ly = /v | I){l | that project on to the lattice-site orbitals, | 1). The Lindblads
represent coupling of the particle — — the dynamical degree o freedom o interest here,

with the numerous environmental degrees of freedom, e.g., the thermal phonons. The
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Figure 2.1: The 1D model of a dynamically disordered tight binding chain.

reduced density matrix p for the particle then obeys the evolution master equation

(written in the operator form)[7]:

dp

it = —%[Ho’p] - Xl: [Lla [LhHO]] ’ (2.2)

where the first term on the RHS gives the unitary evolution, while the second
term gives the non-unitary (incoherent) evolution causing the initially pure density
matrix (p = p? at t = 0) to become mixed (p # p? for t > 0). Asis now wdl
known, such a Lindbladian preserves the defining properties of the density matrix,
namely, its positivity, Hermiticity, trace-class property (conservation of probability),
and the gaussianity of the stochastic process. More explicitly, in the terms of its matrix
elements, we have

0 14
_'gtﬂﬁ = _%[/’m,n+1 + Pman-1 — Pm+1n — pm—l,n] - ’Ypmn[]- - 5mn]- (23)

with the initial condition,
pmn(t = 0) = 6modno. (24)

In the Fourier space, with 5 = —%.

) o ; o ‘
a Z pm,ne_zmkl emkz — _'3_ [E pm,n+le—zmkl ez(n+1)k26—zk2 + :I
mmn

2 m,n
—y Z pm’ne-'imkl einkz + v Z (Sm’ne-imkl einkz’ (25)
m,n m,n
with
. , 1 T
kb t) = 3 pmne mee™2 5= — / eim-magy (2.6)
m,n 2T J—x
We get
d

T
gﬁ(kl, k2, 1) = [iB(cos ks — cos k1) — v1p(ki1, ko, t) + ;7; [ plky — g, k2 — g, t)dg. (2.7)
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Defining center of mass and relative wave-vectors as p = (k; + ka)/2, u=ky = ky
and writing p(k1, k2,t) = p(p, u,t), we have
3} e i
PP u,?) = [2iBsinpsin(u/2) ~ ]o(p, u,?) t -27; j/ p(p — q,u,t)dg. (2.8)

We further define the reduced density matrix by

x(u,t) = 2i p(p — q,u,t)dg = —f (g, u, t)d (2.9)

As thedimensions of 8 and v are (time)~!, we define the dimensionless parameters as

T=tBand I' = %, and defining
¢(p, u) = 2isinpsin(u/2) — T. (2.10)

The evolution equation becomes

a%p (p, u,7) = ¢(p, w)p(p, u, 7) + Tx(u, 7). (2.11)

We take the time(scaled) laplace transform p(p, u, S) = [5° e*" p(p, u, 7)d7 of the above

equation(Eq. 2.11), and get
sh(p, u, 5) — p(p, u,t = 0) = $(p, u)i(p, u, s) + TX(u, 5). (2.12)
Now we want to calculate the value of p(p, u,t = 0). We know that

prn(t = 0) = (Cr,(t = 0)C(t = 0)) = m,00n,0

ﬁ(kl, kg,t — 0) — Z pm,n(t — O)e—imkleinkz — Z 6m,05n,06_imkl einkz
m,n

mn

p(p,u,t =0) = Z 5m,05n,06_im(p+u/2)ein(p_u/2) =1 (2.13)
m,n

With this we get
1+ I'%(y, s)

o(p, u,s) = : 2.14
o) = 5w (214
Summing the above equation i.e., Eq.(2.14) over p, we have
- 1+ x(y,s)
yU,8) = T N
;p(p ) ; s — ¢(p,u)
1 N 1 = d
%/_Wp(pau,s)dp= 1 +FX(U,3)]§; /—1: ;‘&%)‘E (2.15)
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By re-arrangements we get

. 1 1 g dp
X(u, ) = = 1T /_xs—¢(p,u)' (2.16)

Now, we want to find the mean and the mean-squared displacement of the quantum

particle. For this we note

X(u, s) = o / (g, u, s)dg = — z ﬁmm(s)e—z’m(p+u/2)ein(p—u/2) dp
B T m,n
A 5 = o
Tmmn
1
o= “/ e 2.17
2r P- (2.17)

Now, the mean displacement in the s-domain is given by 3, npy »(s), for

%
Xgl;s annn S)e m.
Thus, we have
ox(u, s)
<(»—[ ] . (218)
ou |}, o
Similarly, the mean-squared displacement is given by
#x(u,s
(z2(s)) = Zn Pnn(8) = — [—%%7_)] . (2.19)
u=0

Now differentiating Eq.(2.16), w. r. t. (u) and findingthe derivatives of the integral
| at u=0, and using Eq.(2.18) and Eq.(2.19), we obtain

(#(s)) =0,
((t)) = 0. (2.20)
~ _ 1
(.17 (3» - 82(S+P) i
@) =~ + 37+ e (.21)
Recalling, 7 =t8 and T = /8, where 8 = V/h, v = 2qo/h*, we obtain
(z*(t)) = —i—z + %zt + gﬁ : (2.22)

28



................................................................................

A ,*’
v s~ =

°>‘3 ,.l/’ n+1

q"j ’/’ ~ n

LS ’,*

Figure 22: The 1-D modd of a dynamically disordered tight binding lattice with bias.

which reduces to the classical case in the large time (t > 1/v) limit with (x3(t)) ~
(8%/~)t giving the diffusion coefficient D = 42/2y. In thesmall timelimit it goes ballis-
tically as t? as expected, while the mean displacement (z(t)) is zero. The same results
were obtained by solving the Schroedinger equation with a time-dependent random
potential (Gaussian White Noise, GWN)(1, 2] by using the Novikov theorem[21].
This shows the equivalence o time evolution of the quantum particle obtained by
solving the Schroedinger wave equation with a time-dependent GWN potential and the

evolution by Lindbladian master equation for a tight-binding lattice Hamiltonian.

2.2.2 Non-zero biasand zero drive

Next, we consider the more interesting case where the model lattice hamiltonian has
a systematic bias in that there is a constant energy mismatch between the successive

site energies. The system hamiltonian in this case is,

He =~ S+ 1+ 4 DA+ E el ) (2.23)
1

with a as the site-energy level spacing. With this hamiltonian, the Lindbladian master

equation(Eq.2.2) for the time evolution of the density matrix is now,

0 1% 1oy
/gtnn = —ﬁ[pm,n&l +pm,n—1_pm+1,n"pm—l,n]“7pmn[1—5mn]_f[m_n]pmn' (2'24)
E time & time ' fzme



Now, we defineé = &, T'=%, r =% asdimensionless parameters.So we have

OPmn ? .
a:_l = _i[pm,n+1 +pm,n—1 — Pm+1n — pm—l,n] - zé[m - n]pmn - Fpmn [1 - 6mn]- (225)

Writing the above equation in the Fourier space, by defining

ﬁ(k], k2’ t) = Z Pmn (t)e_imkl eink27 (226)

mn

we get

a ; 2. 3. M . .
_6—7? Z pmn(T)e—imIn eznkz — 5 Z pm+1’n(7.)e—1mkleznkz + Z pm_l,n(,r)e—zmln emkg .
m,n mn

m,n

—i5 [Z (T)mpmn (T)e—imkl eink2 _ Z npmn(,r)e—imkl einkz
mn

m,n

-r Z Prmn (T)e~imk1 einkz + r Z 6mnpmn (T)e—imkl einkz . (227)
m,n

m,mn
Using the representation &, = o f7, €(™~™4dg in thelast term of the above equation,

we obtain

aﬁ(kh k27 T) — % [ y Pt n(,’_)e—-i(m+l)k1 €ink; €iky + Z Pm—1n (T)e—i(m—l)kl eink2e—ik1
or m+I,n ’ m—1,n

_—; [ 2 pm,n—l(T)e_imklei(n—l)kZeikZ’ + Z pm,n+1(T)e_imklei("‘*’l)kze—ikz}

m,n—1 m,n+1
3 _Q_ —imky ink2 4 __a__ —imky
i6 |1 Pmn(T)E e i) pa(T)e
akl mn mn
- r =
_Fp(kl’ k27 T) + 5_/ p(kl - 4q, k? - q T)dq7 or (228)
T J-7
0p(k1, k2, 7) _ ik —iky ikz —ika] x
PRI Jfeh 4 e — e ik, by, )
0 0 r (=
=+ 205 —T)p ~ [ bk1 — g, ky ~ q,7)dg @2
+5 [3/91 + 8k2] p(k17k27T) Pp(klak27T) + o </-1r p(kl q, k? q7T) Q’( 9)
—-————a”(kg ba7) _ _ [r + 2isin( ) g (B2 = k2)] p(ky, bz, 7)
r

0 0. rrm .
+(5 l:— -+ ——J p(kl, kz, 7') + 2—71' /‘_ ,0(]‘51 - 4qg, k? —4q, T)dq (230)



Inserting the center-of-mass and the relative wave-vectors as P= #4%2 and u = k; — &,

respectively, and writing 5(k1, k2, 7) as p(p, u, 7), the above equation transforms to

[—gf - 60(1] p(p,u, ) = —[I'+2isin(u/2) sin(p)] p(p, u,T)+% /_: p(q,u,7)dg. (2.31)

As before, we take the time Laplace transform of the above equation,
) ]‘ / ) STd
x(u, s o ) dp | p(p,u,7 T
giving
5701, ~p(p, 4, 0) = 8 5(p, )~ [L+2isin(u/2) sin(p)] i, . 14T (w9 (232
Using the initial condition p(p, u,0) = 1, we get
—6%;5(;0, u,s) = —[s + T+ 2isin(u/2) sin(p)]p(p, v, s) T 1+ 'x(u,s). (2.33)
Now writing v = =L £, = Zsin % and —[1 + T'x(y, s)]/2 = Q(u,s), we obtain
0 . e ~
51;/)(;0, u, 8) — [V + ifusin(p)]p(p, u, s) = Q(u, 5). (2.34)
After solving the above first order P.D.E. in p, we obtain
5(p,u,8) = Q(u, 5)e7 e [ errtitecondpt Oy, s)errHcnr, (2.35)

The integration 'constant’ C(u,s) is calculated by setting P = 0, in the above equa-
tion(Eq.(2.35)) as

cm@=m=mme—m%@Ufmmmwﬁ. (2.36)

p=0

The transformed density matrix in the ss-domain at p= 0 isgiven as
5(0,, s) me Je~imtnu/2, (2.37)

In the long-time limit, due to decoherence by the dissipative medium, the contribution
of the off-diagonal elements to gmn(s) becomes very small, and only the diagonal ele-

ments (M = n) will contribute to the time evolution of the density matrix. Under this
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condition, we get a closed solution of Eq.(2.35). By by putting m = nin Eq.(2.37), we

now get

PO, u,8) =Y pmm(s)e™™, (2.38)

Now, from Eq.(2.17) we have

X(u,8) = p0,4,8) = pmm(s)e”™, (2.39)
and thus from Eq.(2.36) and Eq.(2.39), we get
C(u,s = ¥(u, s)e’* — Q(u,s) [/ e"’(”’“)dp] , (2.40)
p=0

where we have defined ¢(p,u) = —vp + if, cosp. Next, we sum Eq.(2.35) over p and

get

> B, u,s) = Q(u,5) Y e ?P¥ /e"’(’”“)dp +C(u,8) Y e *P® or (2.41)
» ) »

]. 7r 1 us 1 v

I - = ~¢(pw) [ H(pw) = / —é(pu) gy,

o /_W p(p,u, s)dp = Q(u, 5) o /_we /e dpdp +C(u,s)5~ | e p
(2.42)

Now it is convenient to define the integrals
1 [ 1 =
- _1 . _ 1M s / $(pu) }
X(u,8) = o /_wp(p,u,S)dp =5 /_“e [ e?P™dp| dp
L= / e"’(”’")dp , L = i / " é“”(’”“)dp , Iy = [ / e""”’“’dp] . (2.43)
27T -7 p=0

With these definitions of the integrals, and using Eq.(2.36), we get

) Lly -1
X = ¥ TI —T1L1,, - sLeh’

(2.44)

We know from (Eq.(2.17) and Eq.(2.18)) that (z(s)) = i [9’%?1]":0. Accordingly,
we differentiate Equation (2.44) w. r. t. (u) and set u = 0. Finally, after some algebra,

we obtain

s+T ] z __sinh7y

(i(S))=5L2[(8+F)2+52] = (2.45)
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Figure 2.3: The plot d mean displacement z(7)(vertical-axis) vs. scaled time 7 =
t/to , to = h/V,(horizontal axis). The solid lineisfor I' = ¢yy = 0.1, dotted(I" = 1),
and the dashed line(I" = 2),with constant § = «/V = 0.5.

The aboveequation (Eq.(2.45)) was numerically inverted to time domain, and the mean

displacement vs. scaled timeis plotted in Fig.(2.3).

2.2.2.1 Small 6 - limit:

We can set 6 positive, without loss of generality. Small ¢ limit means that energy level

sepration o < transfer matrix element V. Under thelimit 6 — 0, v = L — oo thus

z sinhmy e™/2  e™/2

z—1 sinhmv—7mv "~ e™/2—Tv "~ €™/2

1 (2.46)

Thus, taking the inverse laplace transform o Eq.(2.45), we obtain

F 62 5 F2 26L6_PT
(z(r)) =6 g TEET0)2{1 - e MooséT} - (32T sinér| . (247)
One further approximation can be performed for § < I'
L1 L -t ] 2.4
(z(r)) ~d [—ﬁ + 7+ e cos 7‘] . (2.48)
Thisisodd in é asit should be. Long time behaviour is
]
(@(r)) ~ 5. (2.49)

Small time behaviour is
{z(7)) ~ —272- (2.50)



2.2.2.2 Small s- analysis, long time behaviour:

For small s we mean s < I and sinh 7w ~ sinh(%f) + s% cosh(ZF), we obtain

or sinh(ZF)
{a(r)) = 2 + 42 [smh(”r) L

(2.51)

For 6 < T, the Eq.(51) gives (z(r)) ~ &7 as expected.

It is readly seen that the mean displacement is zero when 4 is zero,i.e., when all
the lattice sites have same energy(as in case A with no bias). Also, the expression for
(z(7)) isan odd function o 6, asit should be.

The expression for mean-squared displacement (x2(s)) in the s-domain is obtained

by doubly differentiating Eq.(2.44). We obtain

<.’172(.S' >__ 0 XU 3 - I;I_IZ;’u 2[I;u_1;][F(I;_IZ’$u)_JI;u_Z‘
Ou? g 0+T(, —I,) — 66, [0 + (1, — I3,) — 611,)2

[T5u — u][F(IL — 3u) — ‘ﬂlllu — 2l + Ilu/(S] _ 2[I3u - u][F(I; - Il;u) — ‘Hiu _ 2.Ilu]2/2

[6 + (I, — I3,) — 61, )2 [6 + T(I, — Isy) — 611,3 v

The values of variousintegrals are given in the Appendix(2A).

2.2.3 Non-zero bias and non-zerodrive

N~

Next we consider one more physically realizable case in which the lattice is present
in an external electromagnetic drive(semiconductor heterostructure superlattice with
Stark-Wannier ladder of states present in a tunable laser field). Our model is described

by a tight-binding one-band hamiltonian

HY = —Egcoswt ) [+ 1)+ [T+ 1){1] + > ad|I)(1, (2.53)
1 1
with the evolution master equation

dp

) r
5 = —ﬁ[H“’, p] + 5 > {2LpL; — pLiL, — LiLip} (2.54)
1

where E, coswt is the time dependent drive of amplitude E, and circular frequency w,

appearing as the nearest-neighbour transfer matrix element. It may be noted, that in
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the limit w = 0, this simulates the usual transfer matrix element —V. In terms o the
matrix elements

apmn Z'E'O

Qa
ot A [pm+1,n + Pm-1pn — Pmp—1 — pm,n+1] - Zﬁ("npmn - npmn) - 7[1 - Jmn]pmn

(2.55)
The quantities %l, 2 and y have a dimension of time™'. So, we define the scaled

quantitiestoino, 6= 2

o, I'=tyy, and 7 = £ With this we have
Opmn __ . :
—8_7'— = 1Co0s wT[pm+1,n +pm-1,n — Pmn—1— pm,n+l] - la(mpmn - npmn) - F[l - amn]pmn

(2.56)
After applying the rotating-wave approximation[18] With p,., = pmn e~%0™™" the

evolution of reduced density matrix in co-ordinate space is

apmn — 1

or 2 [ei(o—a)r [P

Pm+1in — F—’m,n—l] + eni(o—d)r[ﬁm—l,n - pm,n+1]] - F/7m11[1 - 6mn]

(2.57)
Here, we have defined 6 = wty, 7 = t/ty, and to = h/Ey. By writing, A = 6§—4. The

A isthe detuning wt, — 6 between drive frequency w and scaled energy level spacing
6. Noting that

Blki, ko, 7) = 3 pinn (1) MR1 iR

m,n

pm,n+1 — e_ikzﬁ(kh k27T) ’ ﬁm+1,n — eikllz(kly k2, T)

ﬁm,n—l - eikzlz)(kl, k2a T) ’ pm—l,n — e—ikl/:)(kls k21 T)7

(2.58)
we obtain
=k k _ ro -
0P ™) — (o by + Ar)—cos(hyt AT)| D)k, ko) 45— [ B(ki=a,ka—a,7)da
or 2 -

(2.59)
Performing the co-ordinate transformations p = (k; T k)/2 , u = k2 — k1 and defining

pky, k2, 7) = o(p, u, 7), We have

Qg@al}lj—)— = [2¢sin(p + A7) sin(u/2) — T'o(p, u, 7) + 2{? /1r

-7

o(p — q,u,7)dg. (2.60)



By defining

x(u,7) = % /_ : o(p—q,u,7)dg = % /_ : o(q, u, 7)dg, (2.61)

2

A cos(p+ A7) sin(u/2) +I'r, (2.62)

olp,u,7) = — /[22 sin(p+ A7) sin(u/2) —)dr =

the solution of the first order P.D.E (Eq.(2.60)) is

g(p, u, T) = Fe_(p(paufr) /e‘P(p’uvT)X(u’ T)dT + Cl(p’u)e“‘p(p/u'ﬂ-). (2.63)

Summing over p, we get

ZP: g(p, u 17-) =T zp: e_ﬁp(l’y“ﬂ') /e‘/’(ﬂ,"ﬂ'))‘c(u, T)dT + EP: Cl (p’ U) e—&p(p,u,T), (264)

or

1 s r s _ wr ) 1 . . )
%'/—;7‘. dpg(p7 u, T) = %‘/;W dpe (p(p’ ) )/e(\a(p’ ) )X(u’ T)dT+% /;w del(p, u)e <P(p,u, )’

(2.65)
or
v I " —ewun) 1/ —o(p,u,7) plpusT) 5,
x(u,7)=§7-r/ e PPt L;dp—l-%/ Ci(p,u)e?P*")dp , I4:/6 T x(u, T)dT.
(2.66)

To calculate Ci(p,u), we put T = 0 in Eq.(2.63), and use the initial condition (Eq.(4)),
i.e., Pmn(t = 0) = pmn(t = 0) = dmodno. We get

o(p,u, 7 =0) = Z ﬁmn(O)E—im(p—u/2)ein(p+u/2) — }: 5m05noe—im(p—u/2)ein(p+u/2) =1.
" " (2.67)
Thus,
Ci(pu) = e#040 ~TI,, | I, = [ / e(p(p’"’T))_((u,T)dT} . (2.68)

T=

Equations (2.66), and (2.68)give

r (= 1 T
x(u,7) = 2—/ e P [ dp + 5 / [e#’(li,u,o) — FI4T]6-—¢(p,u,—r)dp’

™ J—7 _7T -7

Iy = /e‘p(”’“’r)x(u,r)dr,
I, = [/ e‘p(”’“’T))Z(u,T)dT] ,
7=0

o(p,u,7) = % cos(p + A1) sin(u/2) + I'r. (2.69)



Noting that (z(r)) = iZX&7|,_, in order to calculate the mean displacement, we

differentiatew. r. t. v and set u = 0. Using Eq.(2.61) wefinally obtain(Apendex(2B))

(z(7)) = [%JJ—T)] = 0. (2.70)

Thus, the mean displacement is zero in the rotating wave approximation even for
non-zero hias. To calculate mean-squared displacement (z%(r)) = — [f%‘%’ﬁ]u:o, we
solve Eq.(2.69) by doubly differentiating it w. r .t. (u) setting u = 0 (Apendex(2c)),

and get

0%x(u,7) o*x(u,7) . rr
[ Ou2 ]u:O = I‘e‘”/e”[ ] _OdT— (AZ +T9) (1 — e T cosAT)

Oou?
r —Tr a2X(U 7) -rr
+A(A2 n F2)6 sin At — 27 [/e [ o2 | dr T_Oe . (2.71)

Equation (2.71) is solved by the Laplace Transform method (Apendex(2c)). We

finally obtain

(g*(1)) = F2£A2 + [ﬁ]u e cos At} (—Aiirz I §nAT.
(2.72)
The above equation (Eq.(2.72))is an important result of the present work. The
mean squared displacement from above equation is plotted in Figs. 2.4,2.5 and 2.6.
For two special cases of interest, equation (2.72) gives. (A) On-resonance, i.e.,
A=Dge

2

(1)) = “T, . (dif f usive). (2.73)

(B) Off-resonanceand longtimet,

Egy

2(4)) = t, (dif f usive — controllabl 2.74
<x()> R (o — o) (dif f usive — controllable) (2.74)

which indicates diffusion, but with a diffusion constant

Egy

- 2[h%y2 + (hw — @)?] ’ (2.79)
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Figure 2.4. The effect of dimensionlessdamping I' on mean-squared displacement. The
top most curve is for high damping case I' = 0.3, central for I' = 0.2, and lowest for
[' = 0.1. With constant detuning parameter A = 2. As the damping decreases, the
oscillationsin the mean-squared displacement increase, but after along time oscillations
vanish and the mean-squired displacement goes linearly with time as it should. Note

that, I =74, r=t% and A = be=e,
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Figure 2.5: Shows the effect of detuning (A) on mean-squared displacement. The
top most curve is for the resonance case, detuning A = 0; central for A = 0.5; and
the lowest for A = 1. Damping parameter I' = 0.08. As the detuning goes up, the
oscillations in the mean-squared displacement increase, but the latter has the same
overall evolution, namely, short time 72 rise, followed by oscillations, and finaly the

mean-squared displacement goes linearly with time.



O .25
oO.27
O.15¢

o.xf

O .05}

=2 4 S 8 10

Figure 2.6: Diffusion coefficient D in the long time (classical) regime as a function of
the damping parameter I' (scaled system-bath coupling parameter). It isa maximum
for the detuning parameter A equal to damping parameter I, i.e., when the drive

frequency w. = v+ a/h.
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Figure 2.7. Diffusion coefficient D as a function of scaled time 7. It oscillates intially
and in the long time limit it takes on a constant value. Here, we have taken I" = 0.1,
and A =0.5.
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Figure 2.8: Diffusion coefficient D vs scaled time 7 and detuning parameter A. It is
clear that after theinitial oscillations, diffusion coefficient takes on a constant classical

value in the long time limit. Here I" = 0.01.



tunable with the external derive. Thisisone of the main results of this work. The
energy-level spacing 'a’ between the sites can be controlled by the external electrostatic
field E as a = eE.a , where a is the lattice vector[14]. Thus a and w act as control

parameters in an experiment. Diffusion coefficient becomes maximum at
we =7+ a/h. (2.76)

All our analytical expressions specialize correctly to the earlier exact results in the

proper limits.

2.3 Discussion

We havestudied the quantum diffusion on adynamically disordered latti ce described by
a tight-binding one-band Hamiltonian in the presence o static biasand harmonic drive.
The usual site-diagonal guassian white noiseis replaced by a set of Lindblad operators
that project on to the sites and cause decoherence. With the Lindblad master equation
we reproduce several known exact results based on the Gaussian white noise stochastic
models. An interesting new result obtained by us is the nonlinear enhancements of
the diffusion coefficient yE2/2(hy? T (fiw — )?) with increasing drive amplitude, and
its variation with the frequency-detuning relative to the inter-site energy gap which
is tunable by the static bias. A physical realization of the above model is the Stark-
Wannier (SW) ladder of states localized in the potential wells of a heterostructure
superlattice (SL), subjected simultaneously to an electrostaticfield E (the bias) normal
to plane of the layers and an electromagnetic excitation (the drive). Unlike the usual
atomic lattices, for the SW statesin the SL, the energy-level spacing ‘a’ between the
sites can be controlled by the strong external electrostatic field E as a= eE.a, wherea
is the lattice vector.!®* Thus the mean displacement is controllable. Our expressions

correctly specialize to the known exact results in the limit of zero drive and zero bias.



2.4 Appendix(2A)

The various s-domain integrals and their derivatives for calculating the mean-squared

displacement in Section 2.2.2 (Eq.2.52) are:

i/ _ 1 _
I= ). € 0N Ldp, I = ol Weddp | I = /e"’(”’")dp, Ipp = [La]p=0 , Is = 1 1.
Here, ¢(p,u) = —vp Tif, cosp, v=2 ¢, = 2sin(u/2) , z = SR
o=y I = iv? I o L ie™¥P(sinp — v coSp)
R (A S i A T2 S
’ —~ ’ v ’ " z V2 +2
I2up—5~(y—2_’Tﬁ ) IBu—_z/V7 ISu—_Zm’ Iu__l/ya I,=0, Ilu—_ﬁm’

" 1 " V2 + 2 " 2z I/2 + 2 21/325

o= (2 +1)° Tapu = Vo2 (2 +4) T ua212 4+ 4 * 822 +1)%

2.5 Appendix(2B)

On differentiating the equation(2.67) with respect to (u) and putting u = 0,we get

dux(u,T) | R P Iy
5 =0 = %/_W[e r (=R cos(p+ AT)) Ly + €713, )dp
1 g7 -I'r 1 7 L r~ Iy i
+§; /_w[e (Z cosp — = cos(p + A7))dp — . [”[e (_Z cos(p + AT)) 4y
+e 171, Jdp. (2.77)
We have defined (Eq.(2.61))
)—((U ,7.) — _1_ /1r g(q u T)dq — _1_/” Ep (T)eié(m—n)re—im(p—u/2)ein(p+u/2)dp.
’ 2n )7 21 Jn S

The value of x(u,7) at u=0 comesout to be

™

x(0,7) = 51;/_

Theintegralsin Eq.(2.78) have the values

E Pmn (T)eid(m—n)rei(n—m)pdp = Z (smnpmn (T)eié(m—n)T =1. (278)

T m,n m,n

I'r

Iy, = /6FTX(0,T)dT = —e—f—,



, i Del”

A . I'r !
W= RNATT T [cos(p+AT) + Fs1n(p+A'r)] + /e x(0,7)dr.

The notation I, means [I,],-o. Inserting the calculated integrals, we obtain

X7 =1 [[&ryo,n - ([erxon) ],

&0, 7) I‘/ o el (/ Ir (0, T))Tzo'

Defining g() = €'/ (0, 7)dr, the above equation becomes
g(r) =T / )dr + constant.
Which readily gives (z(7)) = constant. Since (z(7 = 0)) = 0 we have

(z(7)) = 0. (2.79)

2.6 Appendix(2C)

ou?

In equation (2.71), we define e'™ [i’fﬂ?ﬂ]u_o = f (r). With this, f (r) takes the follow-

ing form

I'r Ann~ A~ nAT

flr) = F/f(T Jdr - AT T2 T AZqIE A(A2 +I'2) + constant. (2.80)

Differentiating the above integral equation, we get

df (1) Tel™ FcosAT  AsinAr
MO -mrEt e @y

(2.81)

With theinitial condition f (r = 0) = 0, i.e., mean-squared displacement iszero at time
7 = 0, the above equation can be readily solved to get the mean-squared displacement
asgiven in Eq.(2.72)





