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CHAPTER VII

EXTRSION OF MCMILLAN'S MODEL 0 LIUID CRYSTALs OF
DISC-LIKS HOLECULES

7.1 Introduction

A3 we hava disoussed In the previous chapter, a
nusber of dise~like molecules are known %ta exhibit thermo—
tropic mesomorphism. The mesophases Bo fur discovered
f£all into two distinct categories, the columar and the
nematic. In the ocolummar (D) type, the dizcs are stacked
one on top of the other, the different colummar stacks
forming a two-dimensiomally periodic array. Several
variants of this structure have been identified -~ hexagonal,
rectangular, tilted, eto. (mg.iw)‘. The ncmatic phase
(Bn), with an orientationally ordered arrangement of the
discs and with no long runge translational order has been
discussed in great detall 13:' the previous chapter. Lranaitions
between colunnaxr and namatic phases have been obterved in
a few caces (see Tinh et al, 1¢81; Doetrade, 1U81a,b).
As an example we present in tabie I, the dats for the
hexa-n-alkoxybengoates of triphenyleme (HiB7). ‘The symbol
bt in dtable I signifies tilted soelumns and z face~contered
rectangular {PCR) lattice {(Plgures 14 and 1e), and 2, -



PIGURE 1

(a) Schezatiec representation of a 'liquid-like
stack of disc-shaped molecules (from Levelut, 1980).
(b) Hexagonal modification 4 of an upright colwmar
structure. The filled cirele depiciz thamoleculiar
core wiich i3 normal to the colummnur axis. {c) Recta=
ngular wodification D, of an upright @ —
structure. & clroular cores are noronl to the
columnar axes and form o fece-centeored rectangular
lattice, dbut the ssymmwetric disposition sf the chalng
resulte in a herringbone pattern of elliposes, whone
8llipticity is highly exaggerated here for the sake
of clarity (Zinh et al, 1981y Doestrade et al, 1661
Lovelut, 1983). (d) 2ilted columar structure
0, (7inh et al, 1981 and Destrade et ul, 1851).
{e) Pace-cantered rectangular laitice of Dge The
cores are tilted with respect 0 the columnar axes
{#inh et al, 1581 and Destrade ot al, 1981).
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2aBLE )

Hexa-n-alkox ybenzoates of triphenylene: Iransition
temperatures in *C (fimh et al, 1981 and Destrade et al,
1981)

gfﬁnganﬂo 7 K o nt 3’: ﬂ'}a I
ne=4 « 257 = - - 300 -
5 . 224 = - « 298 -

6 + 186 - 193 - - 24 -

7 « 168 - - . 25% .

8 . 152 - - 168« 244 -

9 . 154 - - 8% - 227 -

10 . 42 - « 181 - 212 .

11 ¢ 145 - . 19 . 185 .
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upright columms and 5 pectangular arrangemeit as in fig. to.

Levelut (1979) has shoun that in the latter case
the dices are pormal 2o the colwmnar axes: thuu the 'circular’
cores form a 70K lattica but the asymueiricul disposition
of the chains results in a herringbone pattern (Pg. le).

In both D, and D,, the calumns themselves are ‘ilgquid-like’,
i.e., there ia no long range translutional pericdicity along
the columnar axes, For the n = 11 hoamulogue the lattice .
paraneters have been deternined to be a = 32.6 A and

b = 51.8 5. {sea 2inph ot al, 19u1 and Destrade €% al, 1981a),
which reprecents only & slight depavture foua true hexagonal
Symaatsy.

It 48 seen from Table I that the lower mwubers, n =4
and 5, show anly the 4, phase. ‘fie higher mewbers {with
the exception of n = T) show both the J and X., phases, the
temperature range of tie ﬁ‘.‘i) phase decressing with inereasing
chain length ¢il1l at n = 12 the colwaar phase Rwunsforus
directliy to the isotropie phase. Droadly, the trend is
reminiscent of the behaviour of the 3,~l-I trancitionsa in
systens of rod-like molecules. This myests that one nay
be able to give a gualltative description of the :‘}-KI,-I
transitions by extending MeXillan's (1971) weun fisid model
of 3& 80 that the density wave is now periciic in two



dimenszions, Such an fdea had In fact been conuidered
very briefly by Kass (1978), but no caleulatione were
presensed by him, We undertook a detuiled theoretical
study of the prablem for the hexagwmal and POR colurmar
structures. When our work was nesring completion there
appeared a paper by Feldkomp et &l (1931) on ecspentially
the same theory for the hexagoml case and we were
gratified to find that thelr conclusions are In exuct
agreenent with oura. However, our formulution differs

s1lightly from thelrs in sowme dedallo.

7.2 ‘Theory

de consider & two~dimensional FOR lattice compoued
of llquid=-like columns, the molecular cores being circular
dises normal to the colwenar axes. (Therefore, the
departura from hexagonal symunatrey 1s supposed to be uolely
due $o the asymumetric disposition of the chalins as in
the D, structure (Pig. 1c) except that for simplicity we
ignore the herringbone pattern.) The FCR lattlice can be
described by a superpaosition of three denuity waves with

wave vectors {(Plg. 2)
- -
s ,
A = En(é + é) 3

g‘ - 23(—% @é); and



(b)

HG 2 Two-dimensional face-centered rectangular |attice
showing (a) the lattice paraneters a and b, and

the primitive cell of the direct.Jattice, (b) the
-
reciprocal lattice vectors X , B, and C.



Q- 551 = (X +B)
where 1 and 3 are unit wvectors along the x und y
axes respectively. Since the orientational ordering of
the molecules is obviously necesaary for the exdastence
of the columnar structure, we need to define order paura=-
neters whioch couple the two types of order. In the smectic A
phate of rod-like molecules, the orientational order is
normally defined with xospact to the direotor, which alao
represante the direction of the wuve vector of the donai ty
wavae. On the o’&wﬁ: hand, in the present cass the director
is parallel to the cdlumanr axis (w-axis say) whereas the
wava vectors 4, —5, C are in the arthogonal xy plane.
Therefore, we couple eack denvity wave to the appropriate
componant of the orientationmal oxder paraneter along
3. B or ‘—é. rather than to the componoent along ‘s. Retadining
only the leading taerms in the Pourier expansion of the
donei ty waves, the single particle potential in the mean
field approximation is assumed to be of the form

v, (¥, o, p) = --va(-n,rz(a.m @ cos p) = n,P,(sin B ein g)‘
- 22,0, P,(s1n @ cos gleos C - T
- 28,0,{P,(sin 8 cos(w+ ¢))cos £ - ¥

* Pz(nm @ cas(¥~ ¢))cos B . ?}]
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where Va deternmines I, @, iz an interaction strength
related to demsity waves along 2 and B anad %y that along
g, y= tan '(b/a), @ and g are the polar amles, F is
the poaition wector, and P, is thae Legendre polynomial of
order two. Since the molecular core ls assuaed %0 be
circulariy symaetric, ws get

«, = 2exp[=(2ur o,«‘n)‘?J

«, = 2axp{~ { ?zx'o(a‘ + bz)?‘f‘ab}zj‘

where r, ic the range of t he intermolecuiar attractive
potantial.

In genersal thare are four order parussoters, P and
ng the arientational oxder paruneters measured along the
x and y axesn, smaoz and oy the order paraneters coupling
the arientational and translatimmal orders along the A
{oxr 3) and U directions respectively. e have chosen %o
define the order parameters in such a way that they wvary
from O fin the dizordered aymtem tu +1 in e jerfectly
ardered system. We then have

1y = {(~2P,(sin 3 coa ¢)>

= (-—22’2{31;: 9 sin 9))
(1)

—

£

—

a, = <-{I?2(ﬁin 9 cos(Wr gleon . - FS
> ?ziﬁm < cos{ W=~ g)loon i - 5?}>,

oy = (-&I’z(sin < 0oy ¢jcos Q.
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where the angulay brackets represent o statistical
average, and the normalised single partition distri-
bution funotiom

exp{~V (¥, @, g)/ki}

2, €, 9) = 1 2 - (2)
[& ( d{cos @) ia@ exp (=¥, (¥,8,9)/k03
]

whare (4% 1s over the primitive cell.

The moiar internnl energy of the oriented eystem

can now be written as
v ’
Tip = -zfmign: +gn5+ a0 + 2,05} (3)

vhere K is the Avogaldre mumber, the entropy as
1 2%

AS > > -
Fx = -JJ f!(r, e, ¢J)in £(¥, 8, pli(cos 9)dp ar

2 2

v.n n

= - @Bt + 22 v oydf + 20,0))
1 2x

+in # [ f ( exp{~¥,(7,9,¢)/k2}d(cos ©)dp ¥
o9 e (4)
and hence the madar free energy as
: 2

- 2
V »
AP _ Ay = 208 _ ‘9 M N2 .
77 7 R m‘ﬁl rr* ""ﬁ’f * 2“2":::’
1 2%

- 1in ;";g [ f [m{~v,(3,e.¢j;‘xff}d(eoa 8)dp ar
o © | N §)
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The distribution function £, (3.6,?) (eq.2) mintuizes

the above free energy expreasion.

There are four posd ble & lutions to the eguations:

1) n, fa, ¥ 0, a‘#az;‘o biaxial rectangular
columnar phase

2) ny¥n, ¥ 0, a, # 0, g, =0 biaxial smeotic phase

3) q“ﬂzf‘. 0, o,=a,=0 uniaxial nematic phace

4) ny=mn, =g, =9, n0 isotropic phase.

The free energy corresponding to the different solutions
can be evalaated to determine the phaze dlagram as a
function of the a coefficients for a given value of the

axial ratio b.a.

when b,/a = {3, W= 60%, and we have a hexagonanl
lattice. It tihen follows that @, = a, and the solutions
take the slupler form

1) Ny =7, g o, o, = a, % O uniaxial hexagonal
columnar phase

2) Ny =0, # 0, g, = 0d; =0 uwniaxial namatic phase

3) ny=n, =0, =0,=0 isotropic phuse.

7.3 Calculations and results
“he consiztency conditions (eq. 1) were solved by

using POP-11 and J3BC~1.J computers. The numerical integrations
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were performed in double precision by using the Guasaian
guadrature technigue with 12 {or vometimes 16) quadrature
pointe. '

For b/a = [3, the phase diagram is shown in £ig.%.
This is exactly identical to the one presented by Feldkamp
et al (1981) for hexagonal sase. 48 pointed out by these
authors, the hexagmal~nematic transition is always first
oxder, unlike the 3 A"" transition which is predicted w
become second oxder for & < 0.70.

For b/a ¥ J3, we get two types of rectangular
columnar lattices depending upon whether b/a <J'3_ .m.r?fi .

Por b/a = 1.6 and 1.5, we present the phase diagrauns
along with the transition entropies in Ligures 4 and 5
respectively. The transition entropies close to the triple
points are not salculated. The nature of the phase diagran
is very much siniler to that for the hexagonal lattioce (fig.3)
and leads to a first order transition between the biaxial
rectangular oslumnar phase and the uniatlal nematic phase.
It is seen that the temperature range of the nematic phase
decreases with increasing a, and for values of ay higher
than some value, say L the columnar phase transfoize
directly to the isotropic phase. If, as in HeMillan's
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theory, a is interpreted to be a measure of the chain
length these reoults are in qualitative accord with the
observed trends for HABT (tadble I). We have also ptudfed
the temperature variation of order parameters n,, n,., 0,
and o, in columhar and nematic phases. Foar thie purpope
we selected that valus of a for which the range of naumntic
phace is the same for both walues of b/a ratio. The
results are shown in figures 6 and 7. when the walue of
b/a decreasea from J3 to 1.5, we ochserve the following
behaviour in the transitlion properties:
a The vulue of & decreases from 0.64 to 0. 495,

i.0., the range of values of a over which the nematio

phase exists will be reduced us one decreases the

value of b/a (Mgures 4 and 5).

b The wvalue of As.qx at the triple point decroades.

¢ Ny >Ny 9> 08, and g, ~ 9, and 0, ~ 0, inorease us
b/a decrcanes from /3 (see figures 6 and 7), l.ce,
larger the M of the lattioe, stronger 1s the
biaxial opder of the rectangular columnar phase.

If b/a is slightly greater than |3 say equal to
1.85 (see fig. B), the phase diagram is again rather
sinilar to that for the hexagonal lattice. However as
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the asymmetry of the lattice is increuased, we get
salutions correspond ng to a4 smectic phase also. PRig. 9
presents the phase diagrun a8 well as the transition
entroples for b/a = 1,95 (Y= 62°51'). 1Iu this casue,
for values of @4< 0.52, the rectangular columnar phase
transforms to a smectio A phase (with the layer normal
along U ) which in turn undergoes a secand order transi-
tion to the nematic phase at & higher temperature. Noth
the columnar and smectic phase are weakly biaxinl (see
fig. 10). 7The columnar phase goes over to the noematic
phase for 0.52<&,< 0.7, and to the imotrapic phase for
&, 7 0.70.

Thé temperature variation of order parameter in diffe—
rent phases are oshown in figures 10 to 12. 46 we incresase
b/a from J5 to 1.95, we obmerve the following trends in
the transition propertiss. |
a The value of %, inereases from 0.64 to 0.70 (see
figures 8 and 9).

b Por b/a = 1.95, if «,<0.27, Ay is less than
ASRI and for larger walues of a, A8y, exceeds
NSy {figures 8 and 9).
increass with increasing value of b/a (seo Ligures
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11 and 12}, i.0., larger the asymmetry of the
lattice, stronger is the blaxial oxder of the

rectangular calummar phase.

4 Fram figure 19, wa can see that at the colwmnar-
gnmectic transition, yr Oos 0y and No drop abruptly
(52 dropa to O) since the transition is of first
order character. AaAs the temperaturae is increased
in the smectic phase, ny decreasens more rapidly
aml bdecomes ejual to n, at the smectio-nematic
transition. o, decreases continuously to gerw
valua since th%Ntrmium is second order. A=
one increases the temperature further n(w ny = (P9
decreases and drops abruptly to zero at TNI’

-

T4 Gunclusions

Rectangular phases have been observed with disce

like molecules having esasntially circular cores;, but in

these cases b/a does not depart significantly from J3.
Accoxding t o our theory the smectlic A phasme can intervene
betwoen the rectangular and nesatic phase only 12 the
latticae 13 aignificantly a and moreover the
a-values (and hence the chainolengthe) have to be srall.
It 1o doubtiul 1f an asyrssetric distridution of relatively
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ghort chaing can give rise to the necezsary values of
b/a. OUn the other hand, rectungular lattices of high
anisotropy may be expected 1L the molecular core ituelfl
is elliptical a8 in the cave of rufigaullal (oee
uegudner, 197%) (or in effect elliptical as in the
tilted colummar structure which of courve would give
rise to a omectio © phame). The extension of the model
to allow for the ellipticity of the cores and also to
explicitly take into account the herringbone arcangement
will result in a very large nuxber of order paruancters
(as well as free paraneters) and the calculations will
no doubt be extremely tedlous. Remt}mlé&n. the oimple
rodel dlscussed adbove serves to illustrate two points,
namely that (o) the origin of the twoedimensionul transe
lational order in the colummar phase ig similar %o that
of one-~dimencionul order in swmectic & iz so for as the
large mutual attraction between the aromatic cores end
the role of the end chains are concerned, and (b) the
ponaibility exists of obsexrwving suectie phases in certain
dizcotic systems.
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APPERIIX X

Two Site Cluster Approximation

In chapters XX and IXIX, we hive used the freo onergy .
exprosolon derived from a two-slite cluster approximation
which was originally developed by Striedb et al (1963) to
treat clunter models encountored in magnetiam. Subseguently
the argunent has been uasd by Ypma (1977) specifically in
the cane of nematio lig@id crystals.

A in chapter II, the nearest neighbour interaction
is taken %o be of the fom

The Hamiltanian of the system i now written as

H = 3% > P, (oos 911)
| 43>

where (1)) xepresents the swmation over the nearsst

neighbours 1 and § oriented along directions (9., g,) and

(-‘a‘. gi) respectively with respect to the nemutio ﬁimﬁur

and 913 is the angle between their long axesn. Pz(aoa ﬁu_)

1o the second order Legendrs polynomial and is written as

Qa(uaa 913) - i’gmw 91) ?2(003 GJ) + wu
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where
PR 2 2
Wy = quin’ 9, sin” 6, oos 29,4
g 8, 8in 9, coa ©
+ 3s8in ui con s 3 cos 3 cos ‘?i;j

and
P13 = log ~ 94l (2)
Following Stried et al, the Hamiltonian of ithe system 1o
divided into an unperturbed part (Ho) and @ perturbation term
(¥) by introducing an expansion paraneter

A:L = 3 - ?z(m Q.t) (3)
where & is a variational paraneter whose best vadue will
be detornined by minimizing the free enecyy. The unperturbed
Bamiltonian !i is taken to be

H, - " (_am - S8, +0))] @)

80 that only linear terass in A are used in . The
%otal Hamiltonian H is now written as

H = J1,+7V (5)
vhere
Vs 8% 7T B0y +wyy) = T Wy cay,  (6)
A & d

The choice of the perturbation is resconable &ince AiA 3
1a likely tao be quite small and the value oo 4y 3 iz always
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close to gero. The configurational lielmhol S free energy
ie given by
P = -k In{Tr {exp(=i/%x2}3]
2o ) $om + V)05
Tr{exp (-8, /x7)]

= X7 1n <axp(-?/k"2)>ﬂo =k2 In{2r{exp(=-il k)]

-k 1n {2l exp(~H k213

The unperturbed portion of the free energy, vis., E'ﬁ is
easily evaluated and gives

ﬁ *z‘iz ~
P, = S5E 2. - per 1n (a(cos e)exp ™ Sp,(c0s 8, )/x1]

.o (8)
vhere % is the mumber of mearest neighbours.
Identifying Ngb® = A/‘iz and &= S, B, is the free cnergy
according to
_the mean field approximation used by Huier and Jaupe (see

L
chapter I1).
To ocalculate 3‘1 y & Swo-unite cluster appreoxinmation is

used. It is ansumed that

(exp(=V/xT)), = (T exp(-?ijf“i:’i‘bﬁ
e 4P 0
/2

K
T P TR A0S (s)
o
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Substituting equations (9) and (8) in aq.(7), we get by
following some algebra

P = ¥x¥(z - 1)ln Z, - m-g i, (10)
where
2,5 = ({({ acon a,)dp; alcon 6,)dp, £(3, jleleydeley)
| 2/ {2=1)
z, = {a(eos 6,)a&le,)] . (1)

“913) = exp[m“?z(aw 914)/%‘5"33 )

ge,) = exp[B* 3 (2 ~ 1) P,(con 0, )k (12)

C(O))
which are identical %o equatimms)(16) and (17} of chapter II,

12 B, = 3* 3 (z - 1). Equation (19) io % hermodynanically

consiutent as we have shown in chapter II.
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