CHAPTER 2

BETHE CLUSTIA MODEL CALCULATIONS OF HEMATIO LIQUID
CRYS2ALS: X. HON-POLAR MOLECULES

2.t Introduction

The first succeasful theory to explain quali-
tatively the thermodynamic properties of the nematic
phase was given by Maler and Saupe (1957, 1958, 1559,
1960). In thias theory the van der ¥Waals foxoes between
anisotropically polarizable molecules are considered.
The elcotrostatic interaction batwsen tuo molocules

1 and J i3 given by

R )

Hy 3

vhere e, and @y, are the systems of point chsrges
belonging to the molecules i and § respectively, ¥, and
i-’d denote the positions of the centres of gravity of the
molgeglea 1 and J, and é’;k and ,-éil are the positions
- of the charges relative to the origin af the coordinate
systen located at the centres of grawity af the two
nolecules respectively. The intermolecular potential



enexrgy 71.3 due to the dipole~dipole contribution of the
dispersion forces is odtained as a second order perturba-
tion. The intsrnal energy of a molecule 1 is odbtained by
sumaing vu ‘over all othsr molecular coordinatesz. JMaler
and Saupe uased ths mean~fisld appraximation and asguned
that (2) the distribution of the molecules a
the referenice m 1 is spheriocully cymmmetric and

(b) the positian and the orientation of the molecules
are independent of each other. The orientution-depcndent
part of the potential energy of a given molecules § will

then toke the form

vy - - Ay 200 6y) (2)

where v is ths molar wvolume, 4 io & conuntant dependent
on the antaotropio interaction strength mentionsd adbova,
P,(cos 6) 1s the second order Legondre polynomial and 8
is the degres of orientational order. The Helmholts free

energy is given by
? = --2‘?;820&'! {1n f(cos 6)) (3)

vhere (|0 f£(oos 9)> - f f {(cos @)[1n f{cos 8)]d(cos §).
The normalized M&m&m function f£{cos 8) whioh minimizes

thia free enexgy is given by
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The consistent walue of the order parometer iz Dow given
1 |
S m f P,(cos 8) £(eos 8) 4(cos 8) s)
| o
‘She theary prediots a firet order NI transition et
 AXTE = 4.5415 and 5 = 0.425. S = 0 i & trivial salution
of sguation (5) and gorresponds t0 the fsotrapic phane.
¥or tempexatures less than the HI trunsition temperature
{Sux), um-m values of S correzaponding 4o the hemntio
‘ phase nintmise ﬁu free anergy. ‘The theory is suoceuaful
. an predioting m qualitative behaviour of the thermo=
| Gmﬂpmomw of the mematic phase, but has some
~ Arawbacks. ¥Yor instance, ﬁwthﬁurypmd&otaamm
mtmmmﬁmoxaamum of A/KTV" and
gives 3 = 0.429 at 2y, for a1 nematio compounds. Howevex
the experimental value of 5 at Ty, is generally different
for different 11quid crystals. Since there 1s a finite
" (though small) volume change at %;;, the Gibb's free
snerglies (rather than the Helmholts free energies) of the
nematio and isotropic phases should be ejualiszed in
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locasing ‘1‘2{1 {MBaler and Saupe, 1U6UD). However, the
rasuldting value of S at %I is not zipgnificantly 4l fferent

fron the universal wvalue of 3 = 0,420,

™is dravback was overcase by Chandraseihar and

Madhusudana (1971, 1973) by extending the oxlentational
potential to include higher arder terns. The interuction
encrgy of a palr of molecules vi 3 is obtained by taking
into account the contributions from (i) permanent dipole-
dipole interaction, (i1) dipole=iipole and dipole-guadrupole
parts of the dlsperslion enexgy, {iii) encrygy due to the
induction effect, and (iv) repuluion energy. She %otal
interns)l eneryy of the molecule £ with all its maighbouring
molecules is given in the mean field approsimution alter

truncating to tha aos" 91 torm by

2

vi " - v"g(a fc:r:m4 G, + b cos® 8 + ) (6)

Later Humphries and Luckhurzt (1972} argued that it ls
nmathanatically more appropriste o tuke ‘Vi in the following

forn

v

y = - 7”3[?\494&;::& 8y) + ?x?}’g(cw 9) + 7‘0‘3 (1)

where 7y, 2, &nd ), ave functions of <1>2(cos 6) and
(Pé(eoa a)). ?4(1205 ) = (35008 & - 30cos” © + 3)/8 im
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of these pretransition effects an the basis of the
Landau theory (1%‘3‘2 of phase transitions. The exoess
free energy of the nematic phane can be written as

= N T LT LA Y

2* here is recognised as the hypothetical secand oxder
transition poing. PFor B 7 0, 1t predicts a Lirst order
phase transiticn. T is given by

(Zgg = %) - 232/9%0 :

By applying an extermal magnetic field (H), a weak orlenta-
tional order can Be Anduced even in ihe 1izotraplo phase
and the reculting magnetic birefringence ocan be shown to be

Ay = ﬁf'%(fﬂ - )

where D which is a funotion of material properties has 5
relatively small temperaturs dependence. Hence An, varies
susentially as (7 - ™)', mxperimentully (Stinson and
Mtster,!S?O) tis ia found %o be the case with {Tﬁr&'} ~ 1%,

The slectric birefringence iz also found to vary
ezsentially as (T = 2%)”' for positively diclectric mole-
cules. Hence for such molecules, An, and. AuJig ars
sxpected to behawe sinllarly over a wide range of tempe~
ratura, Experimentally this is found to he the cune



SOTRODTOW P VU DOULOM STUY UT POTIIMT By 3T °IOYIO WPUe Jo

sanoquATou Anasvou fuTeq sIMoqulTSu 3Seardu Omy ot ‘(¢ Z 8)

sxnoquiton Jroavdy B LQ popunoIing 8¢ ©4 pPONNSSR ©T ATNO

~-HYON Wowd *THPox JOJENTD WY WY CTOPOW JO3ENTO w, 010K eus

fuysdepe Lq (Clq1) aouxesexpuwy) puv wvuwpnenypeil £q uoAl? sea
MIOTIVTOXTOD [RUNTIvIUaTIO o Jaoye Furpniour Liceyy ¥

FoTI RO
Ut XApI0 SFuLY JIOWE IOF YTOPOW INJENTO YIOFE O 22

*gayoavdeosTp PadRy Z0F

JIWWo0R 0F GINATIH Jepro ATUEX JIOUS YL TTWIOP UT IOp THIDO
03 Lreepdsdu 9T 3T *siTuUn 3uepundapuy se eaeydq saTnODTOM
C=2 O SIOGONTO VY COMNDUR OUO JT UDAD OUIUG OYS SUTUMOR
TG OTUL Uyt ~ (g ~ Tx) LTTOIVORTINAXE FROIEGN
(L6or = T2) nov ~ (x ~ T’) *(vva) erosmresxosvuIed a0g
9060 = ma/,z 200 on ‘Giysy = LTy Surasng cmies g
o 03 pooTxaox BT wormTEds o@ vuw gy w 3 exewn

'E%“ vzzmc iéégwm"’“rﬁ“:m%"@

saﬂ>6 ?
o0 uUB3ATIR Bq wed eweyd ,oydoxjoay, POISPIL

Lyyoeon ouy yo aeus voxy sdneg-retei ey ‘erdwexe oy
(g = 3) 3o swTiowmy o0 Tuy pwe Muy :wmnm

sarsviyTent oy R0Tpaxd o3 STQE BIP SOTIOMY ptm
. ueom ok *{9l61 *ClL6L ‘Te 39 wuyny erdwuxe Ioy ses)

N
oy



essentially lie on & lattice. The interaction of the
central molecule with its g nearest neighbours is cmnl-
dered in detail and that of an outer molecule with the
rect of the medium is treated in the cam field fashion.
Let E(coe au) be the energy of interaction between the
central molecule i and an outer molecule J, where 91\3 i
the angle between the long axes of the molecules 1 and J.
Let ‘V(ej_) be the mean field poteatiusl encrgy of an outex
molecule J due to the surrounding medlwm. At thie etage,
different approximatione are poaxsible and are nentioned

below.

a. Chang's consistency condition: Chang (1937) postu-

lated that the relative probability of & molecule pointing

in any direction (91‘ 91) should be the same whethor 1t
is o central or an outer nolecule. The relative probabli-
lity of the centml mdlecule which is in the direction

(81. 5’1) in given by
P*(6,,9,) = Ug £(cos 8, 5)e(@)a(cos ﬁj)dg)j]z

whore
f{cpz 9“) =  exp[~Z{cos 913)/35‘9}.
g(®) = a'xp{-—?(ﬂj)/k?} (10)

and the lirst sudbscript in 613 refers t 0 the central

.43



Cbbgg

moleculs. The assumed form of E(cos 9,,) {and thus

" 2(oos ﬂu_)} depends only on o = (gg = _93); the .4ifference
between the agimuthal amglen. It can be noted that an
integration over gy or 94 is egquiwvalent to an integration
over g and P as defined in equation (10) can be written

as 7(8,). Wow, the probability of finding an outer

ks e Ak

molecule in the same orientation (&1. 91) | iz given by
8(e;) f S i (8,)2(cos 0, Ja(con 8, )dp

whare (8,, ¢,) is the orientation of the contral molecule.
Hence accoxrding to the Chang's approximation we get

7*(e,) = a(s,) f [ ¥V(a,)1(c08 0 )a(com B,)dp . (11)

b. Krieger and James approximation: Krieger and James
(1654). generalized the cumaistency requirement by arguing
that the relative probadbility of a palr of molecules occu~
pying any given confignration must be the same irrespoctive
of which molecule is considered am the sentral molecule.
™e relative probability that the central molecule and

one of its nearest neighbvours, say 1, are oriented along
(8. 9;) and (8,.9p,) respectively is than

1£(91.¢1; 9,,9,) = f{cos 6;1)5(9,)3”"‘031) .
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Since this probability should be the same irrespective
of which molecule is regarded as the central one,

Y(ai'vi‘ 310?') - 'kf(a*‘ ’?15 910?1)
Since f(cos 6,,) = £{cos 6,4), we get afier simplification

&(9. 8(9,)

%’ - - = constant (12)
#*ie) e

which is the Krieger-James (KJ) consistency condition.

¢. Bethe-Yelerls~ieinn ammtim?%omv?ueruwm»
(BPW) approximation was uged in the c;}w of ferropagnetism
{Smart 1966; Stried et al, 1963) and was adapted by Ypma
and Vertogen (1976, 1977) for the description of the
menmatic phase. In fact this is a weaker approximation
compared to the two approximations mentioned aﬁm. I%
states that the average orientation of the central molecule
and an outer molecule must be identical. In other words,

%S P,{c0s 8,) 2*(e, )a(cos 8,)
=3 [[{ 2onlcom @;)8(e,)t(con y,)
x 7% (8,)a(00s 8, )a(cos ©,)dy (13)

vhere P, (cos §,) s the (Zn)ﬂ‘ order Legendre polynomial
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and \ -
D = Jr’(ﬁ‘)ﬁ(am 9) -

4. Constant coupling appraximtion: This is yet
another methud employed in ferromaegnetism and was used by
Shong and wojtowics (1976) for the nematic phase. The
average orientational order of a moleculs iz caloulated in
two wvayas: (1) by assuming that the molecule is in the
mean field of all 1t z nearest neighbours and (1i) by
cmsidering interaction Between $wo neighbouring molecules

exactly and replacing the rest of the intoractlions of this
coupled pair by the gffective mean field due to {(z-1)
neighbhours on each of them. It is then assuned that

(1) and (11) should give identical results, l.e.,

jrz(mm q)lialo )] ‘/(a‘”d(cw @)

e §
(rate,n Y ateos 8,)

J [[® (0088, )2(c0na, j)uia, Ja(e,)d(con &;)d(cos 3,)dp

IU £(con Gié)a(ai)ﬁ(ei)ﬁ{c:os 9, Jd{cos 9,)d9

~ [2y(00s 8)%(6,) al8;)d(con &)
- (14)
[ 268,) atey) a(con 8;)
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wiich is the caonstant aoupling (UC) approximation.

Asong all these approximations, the KJ approximation
uses the most general consistemy condition, since satip-
fying EJ condition is equivalent to satisfylng «ll the
othexr cumsistency comditions. This can be analytiocally
tested as follows.

Substituting for r(‘”’)(sa) from eq.(12) in eq.(11),
we get |
&(e ,)
&le,)

a 1 (8,) “ f(cos 8,,)g(0,)d(cos 8,)dp .

P(o,) = g(oy) ([~ ¥1(6, )2(c0s 6,,)d(co ©,)dp

Thus ¥J approximation involvez the Chang's approximation
and hence the BPW approximetion also., Further by substi-
tuting KJ relation, vis., F(9;) = [&le, )/ ale, )3’/ =1, x P(@,)
in the R4S of equation (14), 11; can be zeen that it is
reduced %o an identity. Thus the KJ approximation aleo
implies the CO approximation.

Madnusudana and Chandraneichar (1S73) applied t he EJ
mothod {eyn. 12) to the nematic phase by taking

B(0y4) = = Bpyloos 6, ,) (16)

v‘aj) - - szzfﬁm B’:) . . (17)
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Por s = 8, they derived theoretical relations for the
electric and magnetic birefringence of the isoiropic phace
on the basis of the abuve menticned modei. The calcula—
tions showed that (TIII - ) is considersbly reduced as
compared with the mean filald theoriesn. However, as was
rightly pointed ocut by Ypoa and Vexrtogen (1976), equatioms
{(16) and (17) do nut satisfy XJ relation, or equivalently,
Chang's relation {eq.11) exactly in t he ordered phase. The

maximm discrepancy is of the order of 2-34 for z = 8 near

Tur {Bea fig. 1). In order to derive a mmthematically con-

sistent theory, Ypma and Vertogen used the wealer BPW

approximation (eq.13). They made calculatiuns for different

values of z between 3 and 12 and showed that (-:'m-T’) as well

as the heat of transition come closer to the experimental

values for lower values of g. However, as we chall see later,

the above method does not satlufy (hang's relations. JFor
5 = 8 nesr "?uz' tho mad mun error in satislying Qung's
candition is 4 ~ 54 The discrepancy increases at lower

teuperatures for a given value of g and morgover it beconmes

quite pronounced for lower wvalues of z. further, thesge

authors also obtained tha zomewhat surprising result that
t he apecific heat change (Acv) at NI docreases a8 2
decrgases, contrary to the predictions of the original

Bethe theory [see e.g., Fowler and Guggenhelinm (1¢39%),
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FIG. 1: Percentage error in satisfying Krieger~James approxiwation
for z =8 (a) when terms only up to Pz(cos o) is taken into
account, (b) when ;p4(cos~ @) tern is al so taken into account,
(C) when terms up to P,,(cos 8) arve taken into account.
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Hunster (1974)]. 48 we will see in later sectionsm, it

is necessary to satisfy the KJ relation as accurately

aa possible, to achieve a thernodynamically counzistent
descriptium of the nematic phase. It is interesting to
note that in magnetism, the EJ approximation is equivalent
to the O approximation { Savithramm and Madhusudana
_1978). In mpagnetism, the CC apprm:mtign is known to be
thermodymanically consistent whereas the 3PW approximation
1s not. 1In the following sectim, we discusg an extension
of the calculations mentioned =bove such that the KJ
relations are satisfied quite accurately.

23 Bxtension of the calculations based on the Bethe
cluater method

With the aim of obtuining solutimms to satisfy the
KJ consistency condition and hence the thermodynamic con-
sistency candition as accurately as possiblie, we include
higher order terms J.n the potential V(8), i.c., we assune

V(9,}) = =~ Z By Pon(cos 8, ) . (18)

Haetaining terms up to },’4(008 8) as well as 1’13(003 ), we
have made calculations uzing the XJ and BPW approximations.
The two particle distribution functiome in these approxipations
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are given by
f(cw ﬂiJ)i{;(ei}ﬁ&’j)

PRSIy ﬁjt?j)m -
[((£(cos0y 4)i(e, ale ) cons, Jalcosd )y

F’f"i (Qi )ﬁigé)f(cmx 313)
{20

X(ﬁia?ilajsva)m L
fff #** (0, Js (@)1 (cosp, ,)a(case, Ja(cous, Jap

and an average of any angle dependent function x i: given by
(x) = “( xf)((ai.qia 93.:;»1)(1(605 Qi)d{co;a 93)&;} .

Theee dif%erent methods have been uzed t o locate ?I«EI‘

1. Two-site cluster approximation: The procedure was origi-
nazlly doveloped for magnetiosm (3tried et ul, 1Y63). It has
also bteen used by Ypma (Thieds, 1977) and Sheng wund dojtowicz
(1976). The intermolecular potentiudl which describeu the

nearest neilghbour interactli an of the Bethe ciuster cun be
written au

: - % -
1 = -8B (g) Pylay + By)

where ;1 is A unit vector pointing in the direction of the

long axis of the molecule f. Introdueing a variational
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parameter 3 such that

Ai' » 5= ?2(613)

whore a, . is t he projecti an of -gi along the nesatic
director, the Hamiltonlan 1s written as

B o= Ho(4y, 44 5) + giﬂ % (8,4, )

The free cnergy of the systen is given by

~2/%2 » In Priexp(-H k)]

= 1n <exp(- (5 : vijm>>no " 1 arf exp (~i /¥T)]

where ( D, means the average over the distribution
o
function given by
exp(~z§°/wz)/m:{e;q;(-ﬁa,~“kr)3 .

In the two-site cluster approximation, a padr of interacting
nearest mSeighbour moleculies iu assumed tu be enbedded in an
affective internat fiald due to the average alignment of the
resaining syaten, l.e., for & Jethe eluster N2

o
After thiz, the free energy ln simplified %o

#/Ax? = (3~-1)1n I, -~ 2/21n 3,, {21)

where



Zyp = m f(ﬁu)x(a")g(e‘i)d(uw 8, )d{cos ej)dqa

2, = ﬂs(ei)]sﬂ‘“n d(coz €,) ,

The detuiled derivation of these expressions is given in
Appendix I. %1 1s obtained by egquating the free energy

of the nenatic phase to that of the lsotropic phabe. Further
the above free energy [eq.(21)] is thermodynanically
consiostent as it satiafies the following conditions

(1) [%] BB 0" (py(c0s 60> = U (22)
where U is the internationul energy of the systewm, and
DB/k? ‘
(11) [ ] = o,
23

2. Fres energy of & Bethe clusters Ypma and Vertogen
(1976) located TRI by calculating the free energy of a
Bethe cluster in the following manner. The intexrnal energy
of a cluster of 2 molecules is given by (Ypmm and Vertogen,
1976)

U = = (Blog,)> + § (¥(ey)> (23)
ard the entropy is given by

23, = 8 (B4 « s(?(ajb + kKT 1ln D



where D is defined as in the equation (13). The free
encrgy of a Bethe ocluster lso then written as

30 = ﬁc*wo
- -§<v(93))-kw1nn. (24)

Ty 30 located by ejquating the above free enerygy of the
namatic phmee to st o the ivotrople phase. Aurther

checking for the thormol ynamic conclstency, it gives the
following results

22 /x |
[0(12:]3 - (B9 + 3 QD = U,

* Aa |
11) {b g -J = 0 givec the condition that B,xX(?,(cos8)}
[} :)
2 .

when the term with P,(cos 9) only is retained inthe potential
given in eqation (18). By including higher order terns

this method gives complicated coupled egquations involving

<P2> <P4>, -e e <P2ﬁ>

3. Graphical method: Using the Wermodynanic relatian (12)

(Krieger and James, 1954) 1% can be shown that the flrot
order nazatic-isosrople trancsition is deteruined by satis-
Lying the condition
Wi iy
va(1ke) = | ua{1,/k2) (25)
1,17, 1, 7"
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vhere T, is the temperature corresporiing to the point E
in figure 2. The internul energy of the systen U is
plotted as a funotion of 1/XT for the required range of
temperatures. The first order transitiom point (Ty,) is
obtained by adjusting the shaded areas 1o have equal
values. This ensures that the Helmholta free energies

of the ordered and the disordered phuses are the sane,

A8 we dlscussed sarlier, the other point of Interest
in calculations baned on short range effect is the asti~
mation of (Zyy = ). The hypothietical second order
transition point ¥" can ba evaluated in the following
manner. T io the temperature at which the internal
energles of the mnc and the lsotroplo phases are equal
(soe Ligure 2). As the temparature approaches *, the
coefficlients of higher order terms, viz., B‘. Bg «oe 812
become nagligibly smull oompared to B,. Hence one can write

g(®) =~ 1« B, P, (cos 9),/x2 {(26)

In this limit of approximation, it natisfies ull the four
conzistency conditions (f.e., equations 11-14).
Using the EJ approximation, viz,.,

a0) __ale)
™ (s,) 7 (q)
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and subatituting squation (26) in eq.{(1J), we get

39(91)@ g axp[n’ﬁpe(cw eu),fktz} * [1 +82,(con aﬁ/w}ia{cmﬁ L%
After some simplificstion, we get

#(8,) = 2xD[1 + CB,P,(008 8, ) k1] (27
where

C, = %—; ( P, (o008 @)exp[B"r, (008 6)/x7]d(cos @)

and _
D, = je:t;p[B‘Pz(cm 8)/k2]a(cos B8) .

Substituting eqns. (26~27) in the KJ relation, we get

B : B
g A 2 e
1+ T——%—ﬁ rz(caa Gi_) 1 + Tt it .ﬁ’a(nos 81)
»

1+ B,C,P,(cos 8, )/k? 1 + ByGoP) (cos 8,)/KT

By retalning only the lingar ters in 2}2. we get

Q = 1/(2=1) (2s)

The other properties that can be obtained from the theory
are the specific heat C, at constant volume and the heat
of tranpition AU

0' - (au/ a”i")v

AU = Upen = Uino (29)
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where U, . 18 the molar internal energy given by eq.(22)
for the nematic phase, The corresponding internal energy

of the iaotropic phase is obtained by putiing Bau - Q,

The detalled expression for O is given in the Appendix II.

2.4 Results and Discuasion

ALl the integrals have been gvaluated by using the
32-points Cuassian quadrature method. The consistency conditions
are solved by a least square xmtm procedurs. The calcu-
lationa were carried out in double precision on an IBM-360
computexr. For a given value of ¥ and retaining terme wp
to a given value of m in the long range potential [eqg.(18)],
we made the caleulations as fallows:

ABsuming a Teasonable value of BY/K? to start with,
in the BPW approzimation the coefficlents i, E“, owe By
are caloulated by aquating <Py) o (BeDs «sa (P>
obtainad Irom the one particle dlstridbution function to
thosa got by using the two particle dlstridution functimm
(see agqn.13). Pollowing Ypm.'m Yortogen (1576 a,b) Ty
is 3.mm by using the free energy of & Bethe ocluster.
The value of B%/k%,, 1s obtained by iterating on the
assumed walue of B*/k? to equalise the free cnergies of
the nematic and isotropie phases. The procedurs is repeated
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for several values of 3 by retuining temms Up to P,(cos a),
P4(cea 9) and Pm(coa ®) respectively in the long range
potentiul. As we have mentloned already, for m = 1,
mintxizatian of free energy af a Dethe cluster demands
that B, X<P,) . However the sctusl nunerical calcula-
lations usging the BPu ximation do not lead to this
renult. It twrns out that the ratio B,/ (P,) steadily
decreases (by ~ 0.3%) as the temperature is increased

(by ~ 33%)(a simdlar prdblem exists in the BP¥ mothod in
ferromaguotism (Stried et al, 1963)). uhen the .‘i’4(con 8)
texm | S introduced in the long range potential, the
equilibrium conditions using the free enexgy of A Dethe
cluster lead to expreasions inwvolving both B ,and 134 and
we no longer get a simple relation like B, <I’2 .

In the KJ approximaticn, we made the calculations as
followa. PFor a given wvalua of and B%/kT, the
coafficlents B,, B‘. eee B, are chosen such that the
KI relations (eq.12) are satisfied &5 accurately as
posaible at 32 values of @ ranging from O %o %/2. By
iterating an the assumed walue of B®%/%T, the value of E!N‘%I
is determined by equating the two-pite cluster free envrgy
of the nematic phase to that of the isotropic phase (eq.21).
This procedure is repeated for several values of g and aleo
by retaining terms up t 0 Py(cos 8), P (cos 8) and Py (cos 8)
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recpectively in the long range potential.

Por 3 = 8, B"/kTy, has also been calculated by
the graphical method. The short range order perameter
(@ylc08 8;,)) (eq. 19) and hence the internal energy U
(eq. 22) of the systenm are deternined for the required
rangs of walues of B*/kx?T. Plotting U versus B®/x2, Ty
io located by the equal areas method (see figure 2).

We have also catimated the erxror involved in
satisfying the KJ consictency condition for different
values of m and . From eq.{(12), the percentage error
defined as 6 = 200 x (RHS-IHUS)/(RAS + LH3) 1s culculated
and t he result for z = 8 at Tgy @5 & function of Cos @
|Ss plotted in figure 1, form= 1, 2 gand 6. Perm = 1,
the maximum error in satisfying the XJ relation is found
to be 2-34 By including tre I*“(em 8) term in the long
range poteatial, the maximum error is reduced to 0.084,
When terms up to i-’w(cas 8) are included, the error is
almost gero (~10"'9) and hence cannot be distinctly

shown in figure 1.

Resulta obtained by retaining terms only up to
1’2(coa 8) in the long range potential, are givenin
table |. e can see that the walue of <2,) got from
the XJ approximation ifo slightly greater than that got
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TABIE X

Results obtuained by retaining terms up to

Pztma 8)
(PyHat Ty s"/xs'g! |
* e s Bpé  xg°  Uraphioal

8 0.424 0.426 0.6248 0.621 0.6212

4  0.413 0.420 1.452 1.4357 -

%y using the free onergy of & Beth. cluster, ig.{24)

hby using the fres energy given by the two-site cluster
approximation, Eq. (21).



from the BPY approximation for any vialue of zs""/m. Fox

s = 8, using the KJ approximation the value of Ii"/kﬂ'ux is
found to be the sang wvhether we use two-site cluster free
energy O the equal areas method. Compared to this, the
BPW approximation (wherein the free energy of a Bethe
clunter 1s Used) yields a slightly larger value of B’/kTHI.

When %erms up to ?‘(ow &) are included i N the long
range potential, EKJ approximation and BPY approxipmtion
glve practically the same values of (2,) amd (P.) .
Moreover, the two-gite cluster free energy, ¢qual Arens
pethed and the Ifree energy of a Sethe clusier will all lead
to almost an identical value fur Bﬁz‘fk%x, showing the
importance of including higher order terms in the long rage
potential for achleving thermodynamic consistency. ALl
the resultz that are disoussed further were obiained by using

the XJ approximati on.

Including the P 4{%& 9) term in the long range
potential, various pronerties of both nematic and icotrople
phases like (P,) & (P > s <Ppleos 6440 o (4, - ®)/B,,
heat of transition AU, specific heat at conostont volune
(¢,), etc. are calculated for z = 12, 8, 4 an2 3. The
values are listed in table 32 fuor various values of or
The variation of <P2> , (2?0 . (‘fezicw 6%;1)) and C, of
Bath nematic and isotropic phases are plotted respectively
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in figurea 3 to 6. The calculated values of long range
order parameters are compared with some of the experi-
mental data in figure 7.

Prom figures 3 and 4, we ses that <P,) am (2,)
are lower for lower values of x, particularly near
The rate of deorease of the long range order parsnceter
with temperature inereases for lower wvalues of 2. Yhe
absolute value of (?2> and its temperature variation
for!l = = 3 and 4 are in good agreenent with exporimental
data on common nematic compounds like p-amoxyanlsole (Pai)
and n~p-methoxybenzylidene-p'~butylaniline (Saupe and
Haier, 1561y Chandrasexhar and Madhusudana, 196%; Loe
et al, 1974). The calculated values of <P4> / <8,) wre
compared with experimental results given by Eohlf ot al
(1976) for PAA. The agreenent batweon them 10 again good
for a = 3 and 4.

Frog table 11, we can see that the coefficient 34
has a negative sign. Tha ratio [34/32| inereases
congiderahly as the teuparature is lowered fur a
value of z. Rurthor 1{ increases rapidly as s deoreases.

And + the arror in satlafying the XJ relation aloo
increaces as z decreases (see table IX). The ratio

mo - Py and AU decrease  from the mean field 1imit
NI & 54
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(z = ) to s = 3. The value of AU decresses slightly
. but (. - T')/?BI renaine unaltered as the nusber of

terns m incoreases (veo table I1I).

Ydharesults obtained fax the speeific bat at
conatunt vaolume when terms up to P (cos @) ar¢ taken in
the long range potential are given in €table II for
various walues of g. By retaining only P,{cos e) tern,
Ypma and Vertogen (1976 a, b) found that ¢, at all tempe-
ratures and Ac' at wm, decreane systematically as 2

field
decreanes frua the mean: /. . it to 3, contrary to the
predictiong of the original 3ethe thoory. Howewver, when
texsme up to %(ws 6) are included | n the long range
potential, O, at Ty, aS well as AQ, increases from
the mean field limit to 3 = 4 (see Ligure 6). But for
g=3%, both these quantities fall below ths walues for 2 = 4,
This trend iz true even when the long range potential is
extended UD to Py,(cos 8). In any cace z = 3 is not a
reallistic numbexr for the cluater maiel. As the Seupo-
rature | s lowered, the o eurves Ior lover vaiues of g
erosgs over those for higher valugs of 2, so thiat at suffl-
clently low texperatures G, 13 lower 1L z is lower. Ihis

behaviocur is aleo In agreement with the resits of Bethe

tm@ry;
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We made these calculations name yeart &go, and
after the calculotions were completed, we rececived a
preprint from Sheng and Wojtouwica {1576 in which the
CQ approximation has been applied %o calculate the Il
transition properties as funciions of g. They used the
two-site clunter free energy to locate u‘m and terms up to
P“(oos 8) in the lomg range potential. Thelr results at
Iyy for various values of g are given in table IIX, and
indeed are very close to our results {see table IIl). They
also made calculations by including a %(cw eij) tern i N
the short range potential, l.e., by assuning that

E"(Gu) - -B*[I’z(aw 913) + @4(903 913),}

For z = 8, they caloulated the value of (F,) at % for
2 = 40.2. It was found that a = 0.2 increases the value

of (¥,) at Ty; while & = =0.2 decreaces 1%.

when terms up to ?12(’608 &) are included i N the long

rango potential, all the four nechanlical connictency
conditions and the three methods of lLocating iz lead to
the same numerdcal results for t'e properties of nenstic
and igsotropiec phames. The results are given in table IV.
Comparing them with the results obtainad by retuining terms
up to ?4(12013 @) only (table II), only some minor quanti-

tative 4ifferences are observed | N the trancition properties.
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Hesults obtained by retaining terms up to
P4(eos 8) (by heng and Wojtowics, 1976)

b
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s 4 | 6 8 10
%N 0.356  0.382  0.399  0.405
(Ppleos 8,40y, 0-353  0.298  0.264  0.245
(2y{con e“p_w o 0e320 0.189  0.134  0.103

8%k 1.437  0.8622 0.6215  0.4866
AU joules,/mole T03.40  944.5 5072.0 1159.10




Recults obtained by retaining tarms up ¢

.,
6b
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0 }‘?w(cos 8)

Properties at THI =4 z=3
B%/x® 1.4352 2.2532
B/k? 1.2657 1.0541
23‘/132 x 10 - 0.6356 - 0.7434
Be/B, x 107 0.4959 0. 7672
B,/B, x 107 - 0.4293 - 0.6784
B,,/8, = 104 0.3889 1.0514
B,,/B, x 10° - 0.3520 - 1.2463
{Py> 0.3664 0.3414
@4‘7 x 10 0.7707 0.6248
{(Pg) x 10 0.1037 0.0674
{Pg) x 107 0.9574 0.4574
{Py x 104 0.6363 0.2051
(P> x 107 0.6018 0.6320
AY joules/mole 680.9 443.1
0y joules/mole °X 684.63 78.16
AQ, joules/mole” °K 81.33 73.18
6&3:.: at @II ~ 0.0 ~ 0.0
0.041 0.031

(Tyy = )/ %y
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The order paremeter (P,) €oes up by ~ 3. for both a = 3
and 4. AU has decreused by ~ 94 for z = 3 and by ~ 44
for z = 4. PFurther QO has incroased by ~ 1.5 for g = 3
and by ~ 1.54 for g = 4. AC, also increases by ~ 104
Zor 3= 3 and by ~ 1.2% for g = 4. The values of B*A:THI
and (B, ~ ﬁ')/-rm are not affected ruch.

Recently Lekkerkerker ot al (1978) and llaegen et &l
(1980) have extended tha cluster variation nodel for the
RI tramsition to the three-particle and four-particle
cluster approximations in analogy with a method followed
in magneticm (Ballensiefen and Wagner, 1565). Phis is 4n
effect an extension of the CC agpproximtion. In those
cargs, the resulis depend an the type of laitice considered.
Por hexagonal layered (hi) and fuce centered cubic {fec)
lattices, in which a palr of newrvst nel hbouwrs have cowwon
neareust neighbours, even the threo particie cluster approxi-
mation leads to an appreciable laprovement in the values
af (TRI - ?“);f'ﬁm coumpared to the two parsicie cluster
approxiration. On the othar nand, for siuple cubie (ec)
and body centered cubic (bee) latiices for which nearest
neighbours 40 not have comuon nearest neighbours, the
three-particle approximation did net lead 2 wny lmprove~
pent over the two-particle cluster approximatione. However,

when a four-particle cluster approximation was used, there
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was o considerable reduction in tie viluer of (P,) am
I vl atticen:  the vl af (¥».,

(2,y = T*)/Ty; for all the lattices: the vulue of ()

at Ty, has come down to 0.274, J.347, 0,350 and U.36U

for hl, 8c, bes and fee respeciively. Hurther (?ﬁx*ﬁﬁ)ffﬁz

hag also reduced to J.024, $.038, L040 and J.045 for

these lutticen respectively.
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