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We present exact and analytically accurate results for the problem of a flexible polymer chain in shear

flow. Under such a flow the polymer tumbles, and the probability distribution of the tumbling times � of

the polymer decays exponentially as � expð���=�0Þ (where �0 is the longest relaxation time). We show

that for a Rouse chain this nontrivial constant � can be calculated in the limit of a large Weissenberg

number (high shear rate) and is in excellent agreement with our simulation result of � ’ 0:324. We also

derive exactly the distribution functions for the length and the orientational angles of the end-to-end vector

R of the polymer.

DOI: 10.1103/PhysRevLett.101.188301 PACS numbers: 83.80.Rs, 02.50.�r

The dynamics of a polymer under shear flow has been of
great interest both experimentally and theoretically [1–12].
In biological systems, biomolecules subjected to complex
fluid flows [6,13] are quite common, and a shear flow is one
such example. In shear flow, a polymer gets stretched as
well as tumbles in an irregular fashion. A crucial quantity
which describes the interesting conformational evolution
of the polymer is its end-to-end vector R (see Fig. 1).
Recently, experiments on a single DNA molecule in shear
flow [10] have obtained accurate probability distribution
functions of the length, the orientational angles, and the
tumbling times of the vector R. On the other hand, theo-
retically, although scaling results from studies of the non-
linear single bead-spring model [7–9] and approximate
analysis of semiflexible chains [11] are known, these are
mostly nonexact.

For a nonlinear system such as a semiflexible polymer
(like DNA), approximate theoretical results as in [7,11] are
perhaps as best as one can get. They agree well with the
static properties seen in experiments [10]. On the other
hand, exact and analytically accurate results are very de-
sirable for at least the flexible polymer problem. In par-
ticular, there exists no theory for the tumbling time
statistics of the vector R; heuristic arguments given in
[7,11] are simply inadequate, as will be evident from our
analysis below. In this Letter, we derive exact and analyti-
cally accurate results for the static and dynamic properties
of R of a flexible Rouse chain [14] in shear flow.

The stochastic process of our concern, namely, the end-
to-end vector RðtÞ of a linear polymer is a Gaussian
random variable and its dynamics, is non-Markovian.
The aspect of Gaussianity makes it quite easy to write
down the static ‘‘joint’’ probability density function
(PDF) of the Cartesian components of the vector R, and,
consequently, the joint PDF of the length R, latitude angle
�, and the azimuthal angles� [9,11]. The first nontriviality
is to get the PDFs of the individual polar coordinates,
namely, FðRÞ, Uð�Þ and Qð�Þ, in the stationary state.

While Qð�Þ was known [9,11], in this Letter we derive
FðRÞ and Uð�Þ exactly for a linear chain.
Second, the non-Markovian evolution of RðtÞ [15]

makes the first-passage questions (like the tumbling time
statistics) analytically extremely challenging. First-
passage questions in the context of polymers have been
of long standing interest [16–18]. In general, for non-
Markovian processes, calculation of first-passage proper-
ties are very nontrivial even when the full knowledge of the
nonexponential two-time correlation function is available
[19–22]. However, when a process is smooth (as defined
below) a method called ‘‘independent interval approxima-
tion’’ (IIA) is applicable [19] and yields accurate estimates
[12,22]. Very interestingly, while in the absence of shear
any component of RðtÞ is a nonsmooth process and thus
analytical prediction is unknown, we show below that in
the presence of strong shear, a suitable component of RðtÞ
associated with tumbling becomes a smooth process, lead-
ing to analytical tractability via IIA. Thus, quite unexpect-
edly mathematical simplicity is achieved in a case of
greater physical complexity. To be precise, we show that
the PDF of ‘‘angular tumbling times’’ �, goes as
� expð���=�0Þ (where �0 is the longest relaxation time
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FIG. 1. A polymer configuration with shear flow along the x
direction.
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of the chain), and in the limit of large shear rate � !
0:324þ.

As shown in Fig. 1, we study the Rouse dynamics
[14,23] of a polymer chain of N beads connected by
harmonic springs, in a shear flow in the x direction. Let
rnðtÞ � ½xnðtÞ; ynðtÞ; znðtÞ�T denote the coordinate vector of
the nth bead (n ¼ 1; 2; . . . ; N) at time t. For n ¼
2; 3; . . . ; N � 1, the position vectors evolve with time ac-
cording to the equation of motion

drn
dt

¼ kðrnþ1 þ rn�1 � 2rnÞ þ fnðtÞ þ �ðn; tÞ; (1)

where k denotes the strength of the harmonic interaction
between nearest neighbor beads, and the vector fnðtÞ �
½ _�ynðtÞ; 0; 0�T denotes the shear force field with rate _�. The
Weissenberg number is Wi ¼ _��0, where the longest re-
laxation time �0 ¼ N2=k�2. The vector �ðn; tÞ �
½�1ðn; tÞ; �2ðn; tÞ; �3ðn; tÞ�T represents the thermal white
noise with zero mean and a correlator h�iðn; tÞ�jðn0; t0Þi ¼
�	ij	n;n0	ðt� t0Þ, where i, j ¼ 1; 2; 3 and n, n0 ¼
1; 2; . . . ; N. The noise strength � is proportional to the

temperature and all the force strengths in Eq. (1) are scaled
by viscosity. With free boundary condition, the two end
beads (for n ¼ 1 and n ¼ N) feel only one-sided interac-
tion and therefore they evolve via modified equations
which are obtained from Eq. (1) by using r0ðtÞ ¼ r1ðtÞ
and rNþ1ðtÞ ¼ rNðtÞ, for two fictitious beads 0 and N þ 1.
For large N limit, the discrete n of the beads is replaced

by a continuous variable s [23] and the discrete Laplacian
in Eq. (1) is replaced by a continuous second derivative
along the s direction. Equation (1) then leads to

@rðs; tÞ
@t

¼ k
@2rðs; tÞ
@s2

þ fðs; tÞ þ �ðs; tÞ; (2)

with the free boundary conditions @rðs; tÞ=@s ¼ 0 at s ¼ 0
and s ¼ N. In this continuum limit, the shear field and the
noise correlator are given by fðs; tÞ � ½ _�yðs; tÞ; 0; 0�T and
h�iðs; tÞ�jðs0; t0Þi ¼ �	ij	ðs� s0Þ	ðt� t0Þ, respectively.

The end-to-end vector is RðtÞ ¼ rðN; tÞ � rð0; tÞ.
Equation (2) is solved by Fourier cosine decomposition,

where each mode evolves independently [23]. In the sta-
tionary state limit t ! 1 with a finite time increment � �
0, we find the general correlation function (i, j ¼ 1; 2; 3) as

h½rðiÞðs1; tÞ � ~rðiÞð0; tÞ� � ½rðjÞðs2; tþ �Þ � ~rðjÞð0; tþ �Þ�i ���!t!1 ��0
N

X1
m¼1

cos

�
m�s1
N

�
cos

�
m�s2
N

�

�
�
	ij

e�m2T

m2
þ 	i1	j2Wi

�
e�m2T

2m4
þ Te�m2T

m2

�

þ 	i1	j1Wi2
�
e�m2T

2m6
þ Te�m2T

2m4

��
; (3)

where T ¼ �=�0 and the notations rð1Þðs; tÞ � xðs; tÞ,
rð2Þðs; tÞ � yðs; tÞ, and rð3Þðs; tÞ � zðs; tÞ, and ~rð0; tÞ ¼
N�1

R
N
0 rðs; tÞds describes the center-of-mass motion of

the polymer. Note that, any static correlation function in
the stationary state limit can be obtained by setting � ¼ 0
in the above equation. On the other hand, for dynamic
properties like tumbling, we need the correlators with
� > 0.

We first consider the static distribution functions related
to R � ½Rx; Ry; Rz�T . Since the Cartesian components are

Gaussian random variables, their joint PDF is,

P ðRx;Ry;RzÞ¼ ð2�Þ�3=2jCj�1=2 expð�1
2R

TC�1RÞ, where

C denotes the covariance matrix. Using Eq. (3) we find,

C �
hR2

xi hRxRyi hRxRzi
hRxRyi hR2

yi hRyRzi
hRxRzi hRyRxi hR2

zi

2
64

3
75¼

d b 0
b a 0
0 0 a

2
64

3
75; (4)

where

a¼ �N

2k
; b¼ �N�2

48k
Wi; d¼ aþ �N�4

480k
Wi2; (5)

and the determinant jCj ¼ ac, with c ¼ ad� b2.
The scaling of hR2

xi ¼ d � NWi2 � N5 is a pathological
feature of the Rouse model in shear flow in comparison to
semiflexible polymers (better modeled with FENE con-

straint on R [6]). If the Wi dependencies are ignored, the
asymptotic functional forms of the PDF’s of the Rouse
model, compare quite well with semiflexible polymers.
It is straightforward to obtain the joint PDF of the po-

lar coordinates by using the standard transformation:
~P ðR;�;�Þ ¼ P ðRcos� cos�;R cos� sin�;R sin�ÞR2 cos�.
By integrating it over R we get the joint angular PDF

Sð�;�Þ ¼ jCj cos�
4�

½acos2�facos2�þ dsin2�

� 2b sin� cos�g þ csin2���3=2: (6)

Now again integrating over� in Eq. (6), we obtain our first
important result, the PDF of the latitude angle,

Uð�Þ ¼ jCj cos�
�ðd1 � d2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 þ d2

p E

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2d2

d1 þ d2

s �
; (7)

where d1 ¼ ½aðdþ aÞ=2�cos2�þ csin2�, d2 ¼ ða=2Þ�
½ðd� aÞ2 þ 4b2�1=2cos2�, and EðqÞ ¼ R�=2

0 ð1�
q2sin2
Þ1=2d
 is the complete elliptic integral of second
kind [24]. From our exact result in Eq. (7), by taking the
limit of _� 	 1 and � 
 1, we see that the Eð�Þ ! con-
stant, and ðd1 þ d2Þ � ad and ðd1 � d2Þ � c�2: these lead
to Uð�Þ �Wi�1��2. Further, from Eq. (6), in the same
limit Sð� ¼ 0; �Þ �Wi�1��3. The azimuthal angle distri-
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bution Qð�Þ ¼ R�=2
��=2 Sð�;�Þd� can be easily derived

from Eq. (6); we skip its explicit expression as similar
result has been derived earlier in [9,11]. We just note that
Qð�Þ peaks exactly at � ¼ �m ¼ 1

2 tan
�1ð 2b

d�aÞ. The full

width at half maximum �� of Qð�Þ is given exactly by
cosð2��Þ ¼ 2� ½ðdþ aÞ=ðd� aÞ� cos2�m and for _� 	
1, �� � �m �Wi�1 and Qð�Þ � Wi�1sin�2�. The
asymptotic dependences of the functions Uð�Þ, Sð� ¼
0; �Þ and Qð�Þ on � and �, that we derive from our exact
Eqs. (6) and (7) for a Rouse polymer, match with earlier
studies on semiflexible polymers [7–11].

To derive our second result for the radial length distri-

bution function FðRÞ ¼ R
2�
0 d�

R�=2
��=2 d�

~P ðR; �;�Þ, we
employ the trick of first calculating the Laplace transform
of the PDF of R2 instead, namely, hðsÞ � hexpð�sR2Þi ¼
hexpð�s½R2

x þ R2
y þ R2

z�Þi. This is easily obtained as

hðsÞ¼ ð1þ2asÞ�1=2ð1þ2sðaþdÞþ4cs2Þ�1=2. The PDF
FðRÞ is then related to the inverse Laplace transform of
hðsÞ as FðRÞ ¼ 2R½L�1

s fhðsÞgðR2Þ� and is given exactly as

FðRÞ ¼ R2e�R2=2a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2�jCjp Z 1

0
dx

e�R
2xI0ð�R2xÞffiffiffiffiffiffiffiffiffiffiffiffi
1� x

p ; (8)

where I0ð�Þ is zeroth order modified Bessel function of

first kind [24], and � ¼ 1=ð2aÞ � ðaþ dÞ=ð4cÞ and �¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðd�aÞ2þ4b2
p

=ð4cÞ. From asymptotic analysis of Eq. (8)

we see that FðRÞ � ffiffiffi
2

p
R2=

ffiffiffiffiffiffiffiffiffiffiffi
�jCjp

for small R, and FðRÞ�
expð�½1=ð2aÞ�����R2Þ= ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4�jCj�ð�þ�Þp
for large R.

We now turn our attention to our third and main result on
the first-passage question of the polymer ‘‘tumbling’’ pro-
cess in shear flow. The tumbling event is either defined as a
radial return of the polymer to a coiled state (as in experi-
ments [10] and simulations [8]), or as a angular return of
vector R to a fixed plane [8], say � ¼ 0. The former radial
definition relies on an arbitrary choice of a threshold radius
[8,10], while the latter angular tumbling is not. In this
Letter we study the statistics of angular tumbling time,
i.e., the distribution of times � between two successive zero
crossings of the stochastic process RxðtÞ. For the scaled
time T ¼ �=�0 the relevant PDF asymptotically is PðTÞ �
expð��TÞ. Analytical scaling dependence of � on Wi is
known for semiflexible polymers [7], but accurate constant
factors were not estimated. We show below that for a
Rouse chain, in the limit of large Wi, � approaches a
constant value, and that can be estimated by using a
systematic IIA calculation.

For a Gaussian stationary process, the mean density of

zero crossings is given by [25]:  ¼ 1=hTi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�A00ð0Þp
=�,

where AðTÞ is the normalized correlator, i.e., Að0Þ ¼ 1. We
need A0ð0Þ ¼ 0 and a finite A00ð0Þ for  to be finite—then
the process is smooth and one can use IIA [19].

Now, for the relevant stochastic process RxðtÞ of our
concern, using Eq. (3) we find the stationary state correla-
tor CxxðTÞ ¼ limt!1hRxðtÞRxðtþ �0TÞi as,

CxxðTÞ ¼ ��0Wi2

N

X1
m¼1;3;5;...

�
e�m2T

m6
þ Te�m2T

m4

�

þ 2��0
N

X1
m¼1;3;5;...

e�m2T

m2
: (9)

The two sums in the first and the second lines in Eq. (9) for
CxxðTÞ will be henceforth referred to as CshðTÞ (due to
shear) and CthðTÞ (due to thermal fluctuations),
respectively.
In the absence of any shear (Wi ¼ 0), the normalized

correlator becomes AðTÞ ¼ CthðTÞ=Cthð0Þ. Using CthðTÞ
from Eq. (9) we see that both A0ð0Þ and A00ð0Þ diverge,
which in turn makes  infinite. Thus, in this case RxðtÞ is
nonsmooth—see inset (b) of Fig. 2. Although IIA fails in
this rather simple looking case, our numerical simulation
gives � ’ 1:20 (see the curve for Wi ¼ 0 in Fig. 2).
On the other hand, in shear flow (Wi � 0), both the

terms CshðTÞ and CthðTÞ are present in CxxðTÞ, and the
small T singular behavior of CthðTÞ contribute also to
CxxðTÞ. Thus although RxðtÞ has long excursions (see inset
(a) of Fig. 2) the thermal noisy contributions keep it
nonsmooth. While this makes application of IIA seem
hopeless, we note that for Wi2 	 2 in Eq. (9), the term
Cth can be ignored compared to Csh. More precisely, in the
limit Wi ! 1, the normalized correlator AðTÞ !
CshðTÞ=Cshð0Þ. Using CshðTÞ from Eq. (9), one finds
A0ð0Þ ¼ 0 and A00ð0Þ ¼ �120=�4, giving a finite mean

density of zero crossings  ¼ ffiffiffiffiffiffiffiffi
120

p
=�3. The fact that the

process RxðtÞ becomes smooth is clearly seen in the inset
(c) of Fig. 2. Thus in this limit of strong shear, IIA becomes
applicable.
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FIG. 2 (color online). Linear-log plot of PðTÞ versus T: the
fitted �’s for the four curves with Wi ¼ 0, 2.0, 6.1, and 20.3 are
1.20, 0.57, 0.375, and 0.326, respectively. The two data sets with
symbols ) and m in (c) are obtained by switching off the
thermal noise along the x direction (�1 ¼ 0) in Eq. (1) and _� ¼
0:2 and 0.6 respectively—both fit well with the analytical � ¼
0:324 line. All data are for N ¼ 10. Inset: Typical RxðtÞ versus t
corresponding to the cases (a) both _� � 0 and �1 � 0, (b) _� ¼ 0
and �1 � 0, and (c) _� � 0 and �1 ¼ 0.
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A crude estimate of � can be made by approximating
PðTÞ to be exponential over the full range of T and not just
asymptotically—this gives � ’  ¼ 0:353. For a more
systematic approach one needs to use IIA. In Ref. [19],
few different IIA schemes were discussed. We calculated �
by all these various schemes, and the various estimates
differ slightly—these details will appear in a future pub-
lication. In this Letter, we present a particular approxima-
tion which yields � very close to numerics. We start with
[26] AðTÞ � P1

n¼0ð�1ÞnpnðTÞ, where pnðTÞ is the proba-

bility of having n zero crossings of Rx between 0 and T.
Then IIA assumes pnðTÞ to be a product of the probabilities
of intervals which make up the stretch 0 to T, integrated
over the locations of the zero crossings. The latter con-
volution integrals are best handled by Laplace transforma-
tion, and one eventually obtains a relation between the

Laplace transforms ~AðsÞ and ~PðsÞ, of AðTÞ and PðTÞ,
respectively [19,22]: ~PðsÞ¼ ½1�ðhTi=2Þsð1�s ~AðsÞ�=½1þ
ðhTi=2Þsð1�s ~AðsÞ�. From Eq. (9), we obtain the exact

Laplace transform of CshðTÞ and hence ~AðsÞ in the limit
Wi ! 1 as,

~AðsÞ¼1

s
� 120

�4s3
� 60

�4s3
sech2

�
�

ffiffiffi
s

p
2

�
þ 360

�5s7=2

� tanh

�
�

ffiffiffi
s

p
2

�
: (10)

Since PðTÞ � expð��TÞ, the Laplace transform ~PðsÞ must
have a simple pole at s ¼ ��. In other words, the denomi-

nator of ~Pð��Þ must vanish, i.e. 1� ðhTi=2Þ�ð1þ
� ~Að��ÞÞ ¼ 0, where hTi ¼ 1= ¼ �3=

ffiffiffiffiffiffiffiffi
120

p
. Solving

for � from the latter, we finally have,

� ¼ 0:323 558 . . . : (11)

To check the accuracy of our analytical result Eq. (11),
we perform a simulation switching off the thermal noise in
the x direction (�1 ¼ 0) in Eq. (1)—this effectively
achieves the limit Wi ! 1 for any finite _�. For the latter
case, with _� ¼ 0:2 and 0.6, we show in Fig. 2 that their
slopes � for PðTÞ have excellent agreement with Eq. (11).
For any finite Wi (keeping �1 � 0), the value of �
smoothly interpolates between the two limits ’ 1:20 and
0.324 (see Fig. 2).

No direct comparison can be made with the published
experimental data [10], as the latter study is for radial
tumbling. We look forward to future experiments on angu-
lar tumbling of a semiflexible polymer. We claim that our
result for � in Eq. (11) will serve as a lower bound, based
on the following argument. For the small Wi regime, a
semiflexible polymer may be represented by the Rouse
limit, for which we have shown (Fig. 2) that � decreases
as Wi increases and approaches the value in Eq. (11) from
above. On the other hand, for the large Wi regime, it is
known from experiments [10] and FENE model simula-
tions [8] that � increases as Wi increases. These two facts
put together imply that�would reach a minimum value for

some intermediate Wi and that can only approach the value
in Eq. (11) from above. In summary, we have obtained
exact PDFs for the length and latitude angle of the end-to-
end vector of a Rouse polymer in shear flow. Further, we
have derived an accurate analytical estimate of the decay
constant associated with the PDF of angular tumbling
times for a Rouse chain in the limit of strong shear.
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