
CHAPTER 3 

HOMOGENEOUS SPHERICAL MODELS 

3.1 Construct ion o f  the models 

We b r i e f l y  discuss s ta t i ona ry  models o f  homogeneous 

( i e .  uni form dens i ty )  spheres and then go on t o  general ize 

these models t o  t ime dependent s ta tes .  A homogeneous, 

s ta t ionary ,  s e l f  g r a v i t a t i n g  f l u i d  sphere corresponds t o  a  

po ly t rope o f  index zero which i s  not  r ea l i sab le  as a  

c o l l i s i o n l e s s  s t e l l a r  system w i t h  i s o t r o p i c  v e l o c i t i e s  

(Vandervoort 1980). A d i s t r i b u t i o n  func t ion  (f ) t h a t  i s  a  
0 

f unc t i on  o f  energy alone impl ies  i s o t r o p i c  v e l o c i t e s  and 

there fore  w i l l  no t  descr ibe a  uniform sphere. One 
.L 

a l t e r n a t i v e  i s  t o  seek a  f unc t i on  o f  both E and L ( L i s  

the angular momentum per u n i t  mass = r XI). Another i s  t o  - 
introduce some r o t a t i o n  by requ i r i ng  f t o  be 4 f unc t i on  o f  

0 

E, L% and L , .  Two funct ions t h a t d e s c r i b e  a  uni form 

sphere are (see Fridman & Polyachenko 1984 - herea f te r  FP- 

and references t he re in )  

where V, ( T )  i s  the c i r c u l a r  v e l o c i t y  a t  r , V, i s  t he  
a 1 2  

r a d i a l  v e l o c i t y  and VL s V  - V T .  Any f i s  a member o f  a two 
e 



parameter family o f  func t ions  character ized by t o t a l  mass 

(Me) and radius (R,). The d i f f e r e n t  members o f  such a  fami ly  

can be derived from each o ther  by a  change i n  the u n i t s  o f  

length  and t ime ( o f  course there  could be other  cont inuously 

vary ing parameters whic.h modify the d i s t r i b u t i o n  f u n c t i o n  i n  

a  less  t r i v i a l  way). The i n t e r i o r  g r a v i t a t i o n a l  p o t e n t i a l  i s  

Since by Poisson's equation 
t 

we can ( f o r  convenience) use W,and R o a s  parameters ins tead 

o f  M, and Ro. We note below some general p roper t ies  o f  the  

s  i n  (3.1) .  They can we w r i t t e n  i n  the form 

S i  nce 

using (3.3) ,  we have 

I / 
De f in ing  V = - and r = ~ 6 ,  w e  have 

C 



The t ime dependent genera l iza t ion i s  based on the  f o l l ow ing  

simple observat ion. I n  (3.7) ,  the  expression i n  t he  f i r s t  

s l o t  i s  the energy which i s  a  constant o f  motion f o r  a  

p a r t i c l e  moving i n  the po ten t i a l  given i n  (3 .2) .  The energy 

I I 
i s  quadrat ic  i n  1 and Y (equ iva len t l y  V and Y ) .  When the 

d - - 
poten t i a l  acqui res  t ime dependence (whi l e  remaining 

propor t iona l  t o  'I"'), the corresponding constant o f  motion i s  

the sum o f  the Lewis I nva r i an t s  ( w i t h  the same func t i on  

5(&) ) f o r  motion along x, y  and z.  Since the  Lewis 

I nva r i an t  i s  a  quadrat ic  expression i n  V and , rep lac ing 
d - 

energy by t h i s  sum o f  th ree Lewis i nva r i an t s  i n  (3 .7) ,  should 

on i n teg ra t i on  over v e l o c i t i e s  g ive uni form densi ty  i ns i de  a  

spher ical  volume. We car ry  out  t h i s ,  programme e x p l i c i t l y  

below. 

Let  us w r i t e  the g r a v i t a t i o n a l  p o t e n t i a l  o f  t he  t ime 

dependent sphere as 
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The Lewis i n v a r i a n t  f o r  motion along the  x d i r e c t i o n  i s  

. . 
where 5 + w 2 ( t )  f - I s o  

5 
(3.9b) 

We have simi l a r  expressions f o r  5 and 1 Choosing the  same 3 a- 
f unc t i on  ?-(&) f o r  a l l  o f  them, and adding, we def ine 

The proposed d i s t r i b u t i o n  func t ion  f o r  the  t ime dependent 

sphere i s  

Not ice  t h a t  W,  and R o  do no t  have the same physical  meaning 

as i n  ( 3 .4 )  but  they s t i l l  de f ine c h a r a c t e r i s t i c  scales o f  

t ime and length associated w i t h  a  given t ime dependent model. 

A l t e r n a t i v e l y  they can be regarded as l a b e l l i n g  a  s ta t ionary  

model which gives b i r t h  t o  a  fami ly  o f  t ime dependent models. 

The dens i ty  
2 3 

where 



" = 
4 

From (3.7) ,  (3.12) and (3.13) 

We see t h a t  the radius o f  the sphere i s  & <&). The s t reng th  

o f  the g r a v i t a t i o n a l  po ten t i a l  

Therefore, from (3.9b) and (3.15). f s a t i s f i e s  

We note 

( i )  the s p a t i a l l y  bound so lu t ions  o f  (3.16) are t ime 

per iod ic ,  wh i le  o thers  eventual ly  expand t o  i n f i n i t y .  

These, as we s h a l l  see below correspond t o  spheres 

w i t h  t o t a l  energy negat ive and p o s i t i v e  respec t i ve ly .  

( i i ) Choosing f corresponds t o  the s ta t i ona ry  mode1 

described by ( 3 . l a ) .  Small o s c i l l a t i o n s  about t h i s  

s ta t ionary  con f igu ra t ion  ( e a s i l y  computed from (3 .16) )  occur 

w i t h  angular frequency W, . 

3.2 Some proper t ies  o f  homogeneous t i m e  dependent spheres 

The mass ( 4) , po ten t i a l  energy ( W )  and the  k i n e t i c  
0 

energy (x) are e a s i l y  ca lcu la ted f o r  the s ta t i ona ry  sphere 



I n  a  s i m i l a r  manner va r ious  parameters f o r  the  t ime  dependent 

model descr ibed by (3.11) can be d i r e c t l y  ca l cu la ted .  

Mass = M = M o  
Radius = R ( t )  = f @) 

P o t e n t i a l  energy = h/ - 

Mean v e l o c i t y  a t  - 1 = (1 ,+) = r (k \ -* 
2 3 Bulk k i n e t i c  energy = = - dr 

2 

Heat ( k i n e t i c  energy associated w i t h  l o c a l  pecu l i a r  

v e l o c i t i e s )  

To ta l  k i n e t i c  energy = 7 = 71: + Tk 
The second mass moment about the  o r i g i n  i s  

The V i r i a l  theorem (see eg. BT) i s  



C 

Using the formulae f o r  Z, , 7h and W from (3.18) i n  

(3.19) we have 

which i s  i d e n t i c a l  t o  (3.16) governing r a d i a l  o s c i l l a t i o n s .  

This connection w i t h  the  V i  r i a l  theorem a1 lows ea,sy 

i n t e r p r e t a t i o n  o f  the terms occur r ing i n  (3.16). The term 

( - j / E 3 )  resembles the ( repu ls i ve )  cen t r i f uga l  fo rce  occur r ing 
/ 

i n  the r a d i a l  equation f o r  a  cen t ra l  fo rce  problem. I t i s  

c l e a r l y  propor t iona l  t o  ( lh /?  ) and i t  makes good physical  

sense t h a t  the sphere i s  h o t t e s t  when maximally compressed. 

The heat makes i t  bounce back. The t o t a l  energy 

Equation (3.16) admits a  f i r s t  i n t e g r a l  

Therefore 

when )\ 3 0 the  so lu t ions  t o  (3.16) are unbounded as t3 oo 

whi le  f o r  A ( o the so lu t ions  are bounded and t ime per iod ic .  

As noted e a r l i e r ,  we see t h a t  these correspond t o  p o s i t i v e  

and negat ive t o t a l  energies respect ive ly .  



3.3 O s c i l l a t i o n s  o f  homogeneous spheroids 

We use the method used fo r  spheres t o  cons t ruc t  models 

o f  o s c i l l a t i n g  uni form dens i ty  spheroids. The method i s  

app l icab le  because the  i n t e r i o r  p o t e n t i a l  o f  a  homogeneous 

spheroid i s  quadrat ic  i n  the spa t i a l  coordinates. A spheroid 

w i t h  axes ( a , ,  A % ,  d3 witha,=RL) along the x,  y and z 

d i r e c t i o n s  respect ive ly  and mass densi ty  f has an i n t e r i o r  
0 

p o t e n t i a l  (see eg: Chandrasekhar 1969). 

where 

fit = 2 ~ G , t A , ( r n )  

4 - - 2rC;P. AJh) 

and ax i s  r a t i o  7R = a 3 / q 1  

2 
Since and p s a t i s f y  V$o = 4 r ~ P ,  we have the  f o l l o w i n g  

0 b b 0 

re1 a t i o n  between 4, and A 
3' 



Some examples o f  phase space d i s t r i b u t i o n s  func t ions  f o r  

s ta t i ona ry  uniform spheroids are Freeman's r o t a t i n g  model 

which i s  co ld  i n  the plane o f  r o t a t i o n  and Polyachenko's ho t  

model (see e.g. FP f o r  d e t a i l s  and references).  

We f i r s t  exp la in  the general s t ra tegy  f o r  cons t ruc t ing  

t ime dependent spheroids and then go t o  d e t a i l s .  The 

d i s t r i b u t i o n  funct ions o f  these models depends on the 

f o l l ow ing  i n t e g r a l s  o f  motion 

The t ime dependent model i s  constructed from the  s t a t i c  

d i s t r i b u t i o n  func t ion  by rep lac ing %/f& and €45 /w, by 

the corresponding Lewis i nva r i an t s  (see equation 3.32 below). 

The axes are propor t iona l  t o  q(&) and 7 (t) ( see equat i  on 

3.37) which from the const ruc t ion o f  the Lewis i nva r i an t s  

s a t i s f y  equations (3.34).  Se l f  consistency e l im ina tes  the 

e x p l i c i t  t ime dependence i n  these equations s ince the fo rce  
2 2 

constants fi (&) and Ld (&)are func t ions  o f  5 and 5 from 

(3.24). We get  a p a i r  o f  autonomous coupled second order 

ord inary  d i f f e r e n t i a l  equations f o r  5 and 2 (equat ion 

3.39). 

Uniform spheroids can be grouped i n t o  f a m i l i e s  

w i t h  three parameters determining the mass w ,  and axes A , ,  

'i For convenience we choose the  parameters t o  be fl , , 
0 



Q, 
. Then, the  density i s  determined from Poisson's 

equation. 

?. 4 - ~ G , t  = 2n, + w ,  2 

while  Q j i s  determined by equation (3 .24 )  

and 

We w r i t e  the  d i s t r i b u t i o n  funct ion f o r  any s ta t ionary  uniform 

spheroid i n  the form (d 1; , a d  a, as $d) 

Therefore,  

- - 0 otherwise 

Def in ing  



we have 

-. 2C-i- wok WR*, xI+v2 2, - 
4aG4Ji3. - 4 0,' +3- L (3.31) "042 

The t ime dependent model i s  constructed from the s ta t i ona ry  

d i s t r i b u t i o n  f unc t i on  by rep lac ing EL/& a n d E i / ~ ,  

respect ive ly  by the corresponding Lewis i nva r i an t s  

The i n t e r i o r  p o t e n t i a l  i s  

?. 
where fl (+)and LdZ(t)are determined from the dens i ty  f ( +; 2 ,  t) 
and the t ime dependent ax i s  r a t i o  by formulas s i m i l a r  t o  

equation (3.24). 

5 ,  3] are any so lu t i ons  t o  

The t ime dependent d i s t r i b u t i o n  f unc t i on  i s  



Therefore 

Def in ing  

x ' =  ./, > y'= $I5 , z f =  t/? 

From ( 3 . 3 1 )  and ( 3 . 3 5 )  

Therefore t h e  new axes a r e  

b, = b,= & a , $  

b 3 = Goa331 
and t h e  a x i s  r a t i o  , b3/b , 
From ( 3 . 2 4 )  

-Q2 = 27%P A ,  ( ~ c )  

u2 = 2 T T G f A 3 ( ~ )  

otherwise 



writing 2a2+ udl 3 

25L-m 

and using (3.36), (3.37) and (3.38) in equations (3.34) we 

get the following equations governing the behaviour of the 

axes of the homogeneous spheroid 

3.4 Some properties of the oscillations of uniform spheroids 

3.4a Hamiltonian formulation 

In this Section we point out some general features of 

solutions to (3.39). 
. 

Firstly, they can be recast in 

Hamiltonian form by a simple scaling. 

The axes 

while the axis ratio (ellipticity) is 

lntroducing' a function 



we can express At and ha i n  terms o f  

C 

5 
At(u.1 - u g w  

For convenience we s h a l l  use constants o( and @ i n  place o f  

and K 

d = K' d d 
4 

d, /S  
Wri t ten  i n  terms o f  x ,  y, 0( and p ,  equations (3.39) read 

T o  see t h a t  (3.46) can be der ived from a Hamiltonian, we need 

the f o l l ow ing  i d e n t i t y  f o r  % 

Using (3.47) i t  i s  easy t o  v e r i f y  t h a t  (3.46) i s  generated by 

the Hamil tonian ( w i t h  parameters 0( and @ i n  t h e  p o t e n t i a l  



I where V = - 
2r l -  4g= X 

An immediate consequence i s  t h a t  i s  a  constant o f  motion. 

D i r e c t  ca lcu la t ions  using the  V i r i a l  theorem and (3.46) show 

t h a t  

where b? and E are t o t a l  mass and energy o f  the  model. The 

time-independent Hamiltonian s t ruc tu re  o f  (3.46) guarantees 

t h a t  the o s c i l l a t i o n s  do no t  damp asymptot ica l ly .  Another 

advantage i s  t h a t  we can use Poincare's method o f  the surface 

o f  sect ion (see e.g. Lichtenberg and Lieberman 1983)  t o  

understand the nature o f  these o s c i l l a t i o n s .  

For every a1 lowed value o f  0( and 6 , has a  minimum whose 

2V - 3V 0. l oca t i on  (Ze, # ) i s  determined by - , _, 

b ~ .  2% 
Equiva lent ly ,  w i t h  LCo = %/ze 9 

The so lu t ions  t u r n  ou t  t o  be unique; ( O( ,B ) 6 ( X e , & ) .  

The minimum i n  v corresponds t o  a s ta t i ona ry  spheroid w i t h  

a x i s  r a t i o  k , .  From (3.50) i t i s  c l e a r  t h a t  k o  depends 

on ly  on o(' imply ing t h a t  O( alone determines the  e l l i p t i c i t y  

o f  the under ly ing s ta t i ona ry  model. Note t h a t  wh i le  O( i s  

dimensionless, has dimensions o f  ( t ime)% and hence can be 

s e t  t o  any convenient value by a choice o f  u n i t s .  LC, i s  an 



increasing func t ion  o f  O( imply ing t h a t  pro lateness o f  the 

s ta t i ona ry  mode1 increases w i t h  increasing O ( .  For O( = 1 ,  

the  s ta t ionary  model i s  a sphere. Figure 3 . 1  shows a contour 

p l o t  o f  V f o r  0( = 1 and = 3/2. The minimum i s  a t  X 6 =  1 ,  
$o = I where V = - 0.75.  Away from the minimum and toward 

the  coordinate axes, v r i s e s  i n d e f i n i t e l y .  The contours o f  

V f o r  other  values o f  o( and are t o p o l o g i c a l l y  s i m i l a r .  



3.4b A p re l im inary  study o f  O rb i t s  

( i )  Va r i a t i on  o f  E l l i p t i c i t y :  It i s  c l ea r  from (3.49) t h a t  

70 impl ies  t h a t  & > o .  S t e l l a r  systems w i t h  p o s i t i v e  

t o t a l  energy eventua l ly  disperse t o  i n f i n i t y .  Therefore 

(x,y)  should asymptot ica l ly  increase wi thout  bound f o r  

a > o .  One such o r b i t  i s  shown i n  Figure 3.2 f o r N = 0 * 1 .  

The o r b i t  can be i n te rp re ted  as a  co l lapse from i n f i n i t y  

fo l lowed by bounce and expansion back t o  i n f i n i t y  a t  a  

d i f f e r e n t  e l l i p t i c i t y .  



Under what circumstances w i l l  e l l i p t i c i t y  be conserved? 

We should look f o r  cond i t ions under which U i s  constant 

wh i le  x and y change w i t h  t ime; i f  i / i  y/x a t  some time 

* a  .. 
under what circumstances i s  y/x = y/x? Using ( 3 . 4 6 )  we 

requi  r e  

Since 2C i s  assumed t o  be constant,  we can use ( 3 . 5 0 )  t o  se t  

Using the i d e n t i t y  ( 3 . 4 7 )  f o r  g[rc), we get  the c o n d i t i o n  

% i s  an increasing func t ion  o f  (C . Therefore U = ; the 

only s e l f  s i m i l a r  o s c i l l a t i o n s  al lowed a re  spher ica l  

o s c i l l a t i o n s .  When & = /  , P=2/3and 0 ( = /  ( 3 . 4 6 )  reduces t o  

We determine ,8 from ( 3 . 4 6 ) .  Since = 1 ,  = W, and 

a , =  Q,from the very d e f i n i t i o n s  o f  W ,  and R e i n  terms o f  
.-L 

a ,  and a3. Therefore = duo - = 3 Go - 
Using t h i s  we get  % ( I >  

2 



which i s  i d e n t i c a l  t o  equat ion (3.16). Note t h a t  wh i le  the 

ex terna l  appearance o f  these o s c i l l a t i n g  spheres i s  the  same 

as those described by ( 3 . 1 6 ) ,  the  phase space s t r u c t u r e  i s  

d i f f e r e n t  s ince f now depends on Leas we1 1 . 

( i i )  General features:  We have solved equations (3.46) 

numer ical ly  f o r  o ( =  1 a n d B  = 3 /2  using a simple f i r s t  order 

scheme (update momenta and then coordinates) .  This has the 

advantage t h a t  i t  represents an exact symplect ic map o f  the 

4-d phase space onto i t s e l f .  So general p roper t ies  l i k e  

L i  ouvi  1 1 e ' s theorem are preserved t o  machi ne accuracy 

i r r e s p e c t i v e  o f  step s ize .  The s u i t a b i l i t y  o f  the  scheme was 

tes ted  on the Toda Hamil tonian (see e.g Lichtenberg and 

Lieberman 1983) w i t h  s a t i s f a c t o r y  r e s u l t s  - no spurious chaos 

induced by d i s c r e t i s a t i o n  o r  round o f f  was found. F igure 3.3 

shows a surface o f  sect ion ( p versus y a t  x = 1, P > 0 ) f o r  
Y x. 

a =  -0.45. The (unstab le)  f i x e d  p o i n t  on the upper l e f t  

corner corresponds t o  o s c i l l a t i o n s  o f  uni form spheres. For 

6 -0.45, t h i s  f i x e d  p o i n t  i s  s tab le  (a l though we do no t  

show the sec t ion  here).  ~ t x " c - 0 . 4 5 ,  the o s c i l l a t i n g  sphere 

i s  unstable t o  spheroidal modes and b i f u r c a t e s  i n t o  a quasi- 

p e r i o d i c a l l y  o s c i l l a t i n g  spheroid. I t should be noted t h a t  

t h i s  i s  no t  necessar i ly  a general feature  o f  a l l  uni form 

dens i ty  o s c i l l a t i n g  spheres. The c lass  o f  uni form densi ty  

spheroids i s  much more r e s t r i c t e d  than the c l ass  o f  uni form 

dens i ty  spheres. So the  present work on ly  a l lows us t o  note 

t h a t  the i n s t a b i l i t y  occurs f o r  the subset o f  spheres t h a t  

are members o f  a sequence o f  uniform spheroids. 



The s tab le  f i x e d  p o i n t  on the r i g h t  hand s ide  w i t h  i t s  

accompanying is lands corresponds t o  o s c i l l a t i o n s  t h a t  are 

roughly "orthogonal" t o  the  osci  1 l a t i o n s  o f  spheres ( i  .e. 

they represent o s c i l l a t i o n s  o f  e l l i p t i c i t y ) .  The chain of 

is lands i n  between i s  due t o  o r b i t s  trapped near a 5 : 3  

resonance between the t w o  "orthogonal" non l i nea r l y  coupled 

modes. 

I I I I I 1 I I I 1 I I 1 1 

- . * * *  
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Figure 3 . 4  i s  a Section a t  x = 2 . 5 ,  P > o  f o r  X = - 0.3 .  A t  
X 

t h i s  high value o f  x ,  the basic i n s t a b i l i t y  o f  the  spheres 

has given b i r t h  t o  chaot ic  o s c i l l a t i o n s  o f  spheroids. The 

o s c i l l a t i o n  "orthogonal" t o  spherical  o s c i l l a t i o n s  i s  s t i l l  

s tab le  and large  regions o f  phase space around t h i s  a re  

f i l l e d  w i t h  regular  o r b i t s .  



3 . 4 ~  Discs and Needles 

We b r i e f l y  discuss t h e  extreme ob la te /p ro l a te  l i m i t s  o f  

the  spheroidal  model. These correspond t o  d i s c s  and needles 

repec t i ve ly .  

(i) Discs: I n  the  s ta t i ona ry  model we l e t  Q3-+o, whi le  

keeping t h e  mass M f i x e d .  The osc i  1  l a t i o n s  perpendicular  

t o  the  d i s c  as descr ibed by the  time-dependent behaviour 

o f  b3. Since we are look ing  f o r  so l u t i ons  t h a t  correspond t o  

h i g h l y  f l a t t e n e d  con f igu ra t ions ,  we l e t  b3 3 0 .  

When U g  30 , m s 3 4 0  

3 7 r 6 M  Also g ( m ) ~ ~ / ~ a n d  = - i n  t h i s  l i m i t .  
4a ,3 

From equat ion ( 3 . 4 5 ) ,  2n,/r 

We r e c a l l  t h a t  b l = a a , x b a n d  b 2 ) z & ~ , # .  S i n c e b - t o  , 
3 

and both Jh,, and a , a r e  f i n i t e , y + o  . The o s c i l l a t i o n s  i n  

the  plane o f  the  d i s c  are described by t he  f i r s t  o f  t he  

equat ions ( 3 . 4 6 ) .  

since + 0 , We replace %(Hz) by F(0) = and w r i t e  
Z 

which governs t he  osc i  11 a t i  ons o f  the  rad ius  ( b,) o f  t he  d i s c  

w i t h  sur face dens i t y  cc (1 - 2 )%obtained by p r o j e c t i n g  a  
b f 

un i fo rm dens i t y  spheroid onto  i t s  plane o f  symmetry. What w e  

have i s  a  t ime dependent genera l i sa t ion  o f  Ka lna js '  c i r c u l a r  



discs.  A s t i l l  more general , fami ly  o f  t ime dependent d iscs  

i s  discussed i n  the next  chapter. 

(ii) Needles: This extremely p ro la te  l i m i t  o f  spheroids 

corresponds t o  a s ta t i ona ry  model, w i t h  a ,+  o wh i le  the  

mass o f  which i s  kept constant a t  M . When 4, + 0 , m = ?. GO 
a1 

and asymptot ica l ly  

The equ i l i b r i um values o f  x and y are determined by s e t t i n g  

b, c a, and b3 = U 3  : 

The o s c i l l a t i o n s  o f  the length  o f  the needle are described by 

the second o f  the equations (3 .46 )  

Since the  equi 1 i b r i  um value o f  x + o when ')H 3 00 , we s e t  

u = 3 5 M i n  the above equation : 
X 



Also, s ince $300, we need t o  work w i t h  b 3 5 J Q 4 , ~ .  So, w i t h  

b3 we have 
$= 

6 3 + G )  3 - 31 = O  (3.57) 
3 

This i s  the equation o f  motion f o r  a p a r t i c l e  i n  a p o t e n t i a l  

we l l  t h a t  i s  i n f i n i t e l y  deep a t  b3=Qb S t r i c t l y  speaking the 

o r i g i n a l  CBE i s  not  app l icab le  t o  2 and lower dimensional 

systems due t o  c o l l i s i o n a l  e f f e c t s  (Rybick i  1972). The 

ca l cu la t i ons  on d iscs  and needles given above must be 

regarded as descr ib ing systems i n  which the th ickness i s  . 
f i n i t e  bu t  small compared t o  the other  dimensions. 

3.5 Discussion 

There has been e a r l i e r  work on the  o s c i l l a t i o n s  o f  

uni form spheres and spheroids by Chandrasekhar and E l b e r t  

(1972, herea f te r  CE) and Som Sunder and Kochhar (1985, 1986, 

herea f te r  SK I and SK 11). The approach o f  CE was t o  apply 

the sca lar  form o f  the  V i r i a l  theorem t o  a sphere. The 

moment o f  i n e r t i a  term and the potent ia l .  term could be 



expressed i n  terms o f  t he  instantaneous radius,  a , and the 

k i n e t i c  energy fo l lowed from energy conservation. The 

r e s u l t i n g  equation f o r  t he  v a r i a t i o n  o f  a w i t h  t ime i s  

i d e n t i c a l  t o  (3.16). Not ice  t h a t a p p l i c a t i o n o f  the V i r i a l  

theorem i n  t h i s  manner presupposes the exis tence o f  undamped 

o s c i l l a t i o n s  preserving the  un i fo rm i ty  o f  the sphere. The 

app l i ca t i on  o f  the Lewis I n v a r i a n t  proves t h i s  hypothesis by 

p rov id ing  the under ly ing phase space d i s t r i b u t i o n  funct ion.  

CE a l so  used the tensor v i r i a l  theorem t o  study the 

o s c i l l a t i o n s  o f  spheroidal systems. There are now two 

independent k i n e t i c  energy terms along the a ,  and Q3axes, so 

energy conservation alone i s  i n s u f f i c i e n t .  CE introduced an 

add i t i ona l  postu la te  s e t t i n g  these equal t o  each o ther  a t  a l l  

t imes (an a lgebraic e r r o r  was r e c t i f i e d  by SK I). SK I 1  

c r i t i c i s e d  t h i s  assumption as unnatural and instead assumed 

t h a t  the  mean streaming v e l o c i t y  i n  the s t e l l a r  system was a 

l i n e a r  func t ion  o f  the coordinates. This hypothesis was a 

na tu ra l  one t o  make sure t h a t  the uni form dens i ty  and 

spheroidal shape are preserved as fo r  f l u i d  e l l i p s o i d s .  This 

assumption enabled them t o  der ive  a p a i r  o f  coupled equations 

f o r  a ,  and Q3which are i d e n t i c a l  t o  (3.39).  This i d e n t i t y  

can be understood s ince the Lewis I nva r i an t s  1, and 

(equat ions 3.32) depend on v e l o c i t i e s  i n  the combination 

and (12 V* - ~ j t ) ~ r e s p e c t i v e l  y . When the 

d i s t r i b u t i o n  f unc t i on  depends on v e l o c i t i e s  through 1, and 

i t i s  c l ea r  t h a t  the  mean value o f  t he  v e l o c i t i e s  L a n d  
3' 

v, are l i n e a r  func t ions  o f  and . In b r i e f ,  the  

d i s t r i b u t i o n  func t ions  presented i n  t h i s  paper prov ide 



under ly ing d e t a i l e d  dynamical models r e a l i s i n g  the 

assumptions o f  CE and SK I1  f o r  uni form spheres and 

spheroids. We know of no way t o  provide a  s i m i l a r  bas is  f o r  

genera1 (eg. Gaussian) densi ty  p r o f i l e s  s tud ied i n  CE. We 

should a lso  mention ( i )  t h a t  the l i m i t i n g  case o f  a  co ld  

co l laps ing  spheroid has been studied by L in ,  Mestel and Shu 

(1965) and ( i i )  the work o f  Louis and Gerhard (1988) who 

constructed an o s c i l l a t i n g  non uni form dens i ty  spher ica l  

o s c i l l a t i n g  model by numerical methods. 

The s t a b i l i t y  o f  these o s c i l l a t i n g  so lu t ions  i s  an 

important quest ion t h a t  remains unanswered. I f  a  given 

o s c i l l a t i n g  s o l u t i o n  i s  s tab le ,  i t  imp l ies  the exis tence o f  

nearby so lu t ions  which do no t  have p rec ise ly  uni form dens i ty ,  

but  share i t s  nonrelaxing proper t ies .  We know t h a t  the 

s t a b i l i t y  o f  s t a t i c  models depends on the d e t a i l s  o f  the 

d i s t r i b u t i o n  func t ion  - there i s  a  t rend f o r  h o t t e r  models i n  

general t o  be s tab le .  When the parent s t a t i c  uni form sphere 

o r  spheroid i s  s tab le ,  one might expect models w i t h  

s u f f i c i e n t l y  small o s c i l l a t i o n s  t o  be s tab le  as w e l l .  The 

existence of nonrelaxing so lu t ions  would probably be missed 

by numerical codes which d i r e c t l y  a t tack  the CBE (eg. White 

1986) because o f  the unavoidable d i s s i p a t i o n  produced by 

f i n i t e  g r i d  s ize.  



CHAPTER 4 

GENERALIZED FREEMAN DISCS 

I n  sec t ion  ( 3 . 4 ~ )  we b r i e f l y  discussed a  l i m i t i n g  case 

when the minor ax is  o f  ob la te  ( t ime  dependent, uni form 

dens i ty )  spheroids was al lowed t o  shr ink  t o  zero, wh i le  the 

mass o f  the spheroid was held constant. The r e s u l t i n g  

ax i  symmetric, t ime dependent d isc  had sur face densi ty  

. When "a " ,  the radius o f  the d i sc  i s  constant i n  

t ime, the d i sc  reduces t o  the e q u i l i b r i u m  so lu t i ons  

discovered and studied by Kalnajs (1972). I n  t h i s  chapter we 

s h a l l  const ruc t  t ime dependent, c o l l i s i o n l e s s  d iscs  t h a t  are 

much more general i n  t h a t  the d iscs are al lowed t o  be 

nonaxisymmetric and they can not  only o s c i l l a t e  but  r o t a t e  as 

we l l .  We begin b y  tak ing  a  quick look a t  Ka lna js '  d i scs  and 

Freeman's a n a l y t i c  bars which are t h e i r  nonaxisymmetric 

general izat ions.  

4.1 Kalnajs Discs 

These are axisymmetric d iscs which are s ta t i ona ry  

so lu t ions  t o  the CBE. They are described by a  phase space 

d i s t r i b u t i o n  func t ion  (f,) 'which has three parameters; the  

d isc  mass (  radius ( C L )  and angular ( r o t a t i o n )  speed 

( fi ) . The surface densi ty  

The g r a v i t a t i o n a l  p o t e n t i a l  a t  any p o i n t  i n  t he  d i sc  due t o  
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t he  surface densi ty  i n  (4 .1)  i s  

where 

Using instead o f  M 

- 3 M  lab-n')a2 + 2 ( n ~  t 
2. 3 nr-na)'/z 4n a (  0 

where (T  8 are p o l a r  coordinates and Vg and V, are 
A A 

v e l o c i t i e s  along 0 and T respec t ive ly .  I t  i s  a l so  c l e a r  

t h a t  R0 >/ R. We b r i e f l y  note some important p roper t i es  

( i )  The argument o f  t he  rad i ca l  i n  (4 .4 )  can be w r i t t e n  as 

Thus 
A 

a )  The mean v e l o c i t y  o f  s t a r s  a t  r i s  7-fl e . Therefore - 
these d iscs  r o t a t e  r i g i d l y  w i t h  angular speed n. 



b)  The d i s t r i b u t i o n  o f  pecu l ia r  v e l o c i t i e s  a t  any p o i n t  

i s  i s o t r o p i c .  

( i i )  The degree o f  heat can be var ied. Hot Kalnajs d iscs  

have fi (< no where random motions balance s e l f  g r a v i t y  . 
Cold d iscs  ( r Ro) are supported aga ins t  s e l f  

g rav i t y  by r o t a t i o n .  

4 .2  Freeman's Ana l y t i c  Bars (or Freeman Discs) 

Freeman (1966) attempted t o  model the bars  o f  s p i r a l  

galax ies through a  genera l i za t ion  o f  Kalnajs d iscs .  Here, we 

b r i e f l y  descr ibe them. Freeman d iscs  are e l l i p t i c  d iscs  

s ta t ionary  i n  a  frame r o t a t i n g  w i t h  constant angular v o l o c i t y  

(say f i g  1. Let  ( X ,  5 ) be coordinates i n  the  r o t a t i n g  

frame such t h a t  the major ax i s  o f  the d isc  i s  along X and 

the minor ax i s  i s  along l& . The surface dens i ty  o f  a  Freeman 

d isc  o f  mass i s  

The g r a v i t a t i c n a l  p o t e n t i a l  i n  the i n t e r i o r  o f  t he  d isc  i s  

where 

- -= { ~ ( k )  - E (k)] $A= + 

k'a 



and 

Jo 
are complete e l l i p t i c  in tegra ls .  

The p o t e n t i a l  i n  ( 4 . 7 )  gives r i s e  t o  a  force o f  s e l f  

g r a v i t y  per u n i t  mass (ac t i ng  on a  s t a r  a t  X ,  ) t h a t  i s  a  Y 
l i n e a r  func t ion  o f  Z and y .  Since we are i n  a  r o t a t i n g  

frame, i n  add i t i on  t o  s e l f  g rav i t y ,  C o r i o l i s  and c e n t r i f u g a l  

fo rces ac t  on the s t a r s  i n  the d isc.  The C o r i o l i s  fo rce  i s  a  

l i n e a r  func t ion  o f  V' and V while the  c e n t r i f u g a l  f o r ce  i s  
Y 

a  l i n e a r  funct ion of Y and L& . The n e t  r e s u l t  i s  t h a t  the  

equations o f  motion ( f o r  a  s ta r  i n  the  d i s c )  are l i n e a r  i n  

( 1 , , Vz , Vy 1. L i nea r i t y  of the equations o f  motion 

guarantees the exis tence o f  i n teg ra l s  o f  motion t h a t  are 

quadrat ic  funct ions o f  ( X  , , V'; 5 ) .  I n  p a r t i c u l a r ,  the  

i n t e g r a l s  o f  motion may be chosen t o  be p o s i t i v e  d e f i n i t e .  

Freeman used these i n t e g r a l s  t o  const ruc t  s e l f  cons is ten t  

d iscs  by f i n d i n g  those d i s t r i b u t i o n  func t ions  (denoted by 

*' $pes ;these are func t ions  o f  the i n t e g r a l s  o f  motion) t h a t  

on i n t e g r a t i o n  over v e l o c i t i e s  g ive the  sur face dens i t y  i n  



(4.6). We note below some proper t ies  o f  t he  Freeman discs.  

( i )  The d iscs  may have any ax is  r a t i o  ( b/d_ ) ,  bu t  they 

should no t  r o t a t e  too  rap id l y :  

( i i )  When C L = b ,  they reduce t o  Kalnajs '  d iscs .  

Freeman d iscs  have many o ther  i n t e r e s t i n g  p rope r t i es  and f o r  

more informat ion see Hunter (1970, 1974 ) .  

4.3  ~ e n e r a l i z e d  Freeman Discs (GFDs) 

The GFD introduced here i s  a Freeman d i s c  which 

w r i t hesand  ro ta tes  i n  i t s  plane under the a c t i o n  o f  i t s  s e l f  

g rav i t y .  B y  "wr i the"  we mean t h a t  the d i s c  can change i t s  

ax is  r a t i o  ( b / a )  as wel l  as i t s  s ize.  While w r i t h i n g  and 
'/z. 

r o t a t i n g  the surface dens i ty  o f  the d isc  1 K ( I -%(*))  where 

%(t) i s  a p o s i t i v e  d e f i n i t e  quadrat ic form i n  X and $(which 

are i n e r t i a l  Cartesian coordinates i n  the plane o f  the d i sc )  

w i t h  t ime dependent c o e f f i c i e n t s .  The sur face dens i t y  

causes the fo rce  o f  s e l f  g r a v i t y  t o  be l i n e a r  i n  X and F 1  
though t ime dependent. Hence the  t ime dependent 

I 
t ransformat ion from ( X .  # , V' . V ) a t  t ime t t o  ( r ,  #'. 

8 F  

I 
v~ 1 v)' ) a t  t ime t' i s  l i n e a r  i n  the  phase space 

coordinates. Let  us w r i t e  t h i s  as 

where 



( T denotes transpose) 

and S i s a 4 x 4 t i m e  dependent symplectic matr ix .  By 

"symplectic" we mean t h a t  

where 

Le t  us consider the act ion  o f  the transformation i n  ( 4 . 1 0 )  on 

a quadrat ic  form 

where $(t) i s  a 4  x 4 symmetric ( i n  general t ime dependent) 

mat r ix .  

I f  we requi re  t h a t  1 (2') = 1 (qwe get  



So, when Z i s  an i n teg ra l  o f  motion, ( 4 . 1 6 )  

determines the t ime evo lu t i on  o f  the c o e f f i c i e n t s  of x .  By 

Jeans' theorem Z can be used t o  construct  a  phase space 

d i s t r i b u t i o n  f unc t i on  (f ) t h a t  describes a  GFD. Z should 
GFD 

be chosen t o  be p o s i t i v e  d e f i n i t e ,  otherwise the l eve l  

surfaces o f  71. i n  phase space w i l l  no t  be compact - it i s  

e a s i l y  seen t h a t  t ime evo lu t ion  as given i n  ( 4 . 1 6 )  w i l l  

preserve the p o s i t i v e  def in i teness o f  1. If we choose f as 
G F 3  

then, by i n teg ra t i ng  over v e l o c i t i e s  ( V,and V ) i t  i s  
2- 

s t ra igh t fo rward  t o  check t h a t  the surface dens i ty  so obtained 

4.4 A convenient form o f  the  equations o f  evo lu t i on  

Equation ( 4 . 1 7 )  shows t h a t  the GFD i s  described 

completely by one number f and the ten c o e f f i c i e n t s  o f  . 
0 

Once these quan t i t i es  are spec i f i ed  a t  some i n i t i a l  i n s t a n t  

o f  t ime, evo lu t ion  i s  governed by ( 4 . 1 6 ) .  Let  us r e w r i t e  

( 4 . 1 6 )  i n  terms o f  P = Q-I because the elements o f  the mat r i x  

P d i r e c t l y  g ive  "phase space averaged- o f  products l i k e  

X $ ,  X X  , xV,  etc .  De f in ing  

z ~ t k  - M ( 4 . 1 8 )  
GFD 

we show i n  Appendix B t h a t  



To w r i t e  the equat ion o f  evo lu t ion  i n  terms of P , we take 

the  (mat r i x )  inverse o f  (4.16) and ob ta in  

The constant fo i n  (4.17) i s  propor t iona l  t o  the  mass ( M )  of 

the  d isc .  P ( l i k e  Q ) i s  a 4 x 4 symmetric ma t r i x  and 

contains 10 independent elements. We now take M and 10 

independent elements o f  P as the basic va r iab les  t h a t  

describe the t ime evo lu t i on  o f  GFDs. I t  i s  c l e a r  t h a t  r'/l 

does not  change w i t h  t ime and we may choose t h i s  t o  be u n i t y .  

So the GFD evolves i n  a 10 dimensional "phase space" spanned 

by ek . This t ime evo lu t i on  i s  i t s e l f  determined by (4.20) 

where S i s  requ i red t o  be t h a t  t ransformat ion which i s  

generated by the s e l f  g r a v i t y  o f  t he  GFD. The proper 

formulat ion o f  the t ime evo lu t ion  o f  a GFD i s  the ( s e l f  

cons is tent )  i n f i n i t e s i m a l  vers ion o f  (4.20) .  This i s  w r i t t e n  

down below. 

Meanwhile we can understand some general p rope r t i es  of 

t ime evo lu t ion  ( t h a t  are independent o f  s e l f  consistency)  

from (4.20) i t s e l f  - f o r  example, L i o u v i l l e ' s  theorem imp l ies  

t h a t  det P i s  conserved. I n  Appendix C we t r y  t o  understand 

the general nature o f  (4.20) f o r  a general (syrnplect ic) S . 
The f u r t h e r  r e s u l t s  o f  t h i s  chapter do no t  d i r e c t l y  r equ i re  

these formal developments. Here, we merely note t h a t  i n  

Appendix C, i t  i s  shown t h a t  (4.20) i s  a Hamil tonian system. 

Therefore, i n  common w i t h  a l l  f i n i t e  dimensional Hami l tonian 

systems, the GFD w i l l  a lso  show nonrelaxing behaviour. 



4.5 Effecting Self Consistency 

We s h a l l  now w r i t e  ( 4 . 2 0 )  i n  i t s  i n f i n i t e s i m a l  form. 

Wr i t i ng  

where ~f i s  a small t ime step, we have 

p ( + + a t )  = ( I +  * t . ~ )  ~ ( t )  ( 1  + A ~ K ~ )  

Therefore = kP + P K ~  

We need t o  work qut  K . S i t s e l f  was def ined by ( 4 . 1 0 )  and 

( 4 . 1 1 ) .  Therefore 

def ines K which conta ins informat ion about the equations o f  

motion f o r  a s t a r  i n  the GFD. The g r a v i t a t i o n a l  p o t e n t i a l  of 
'/a 

a GFD w i t h  surface dens i ty  4 ( I -  8 )  can be w r i t t e n  as 

where o( , and 9 are t ime dependent. The equations o f  

motion f o r  a s t a r  are 

2 = v, 5 ' 3  
C v, - - ~ t r  - # 3 ~  i3 = - P X -  ( 4 . 2 5 )  



Therefore,  f rom ( 4 . 2 3 )  and ( 4 . 2 5 )  
C 7 

where 

conta ins  the " s t reng ths "  o f  t he  f o r ce  o f  s e l f  g r a v i t y  o f  t he  

GFD. I f  we express d , P and 9 i n  terms o f  the  elements o f  

p, we would have e f fec ted  s e l f  consistency. Th is  we 

implement below. To c a l c u l a t e  the f o r ce  o f  s e l f  g r a v i t y  we 

need t o  know t he  s i z e  and o r i e n t a t i o n  o f  t he  GFD. Th is  

i n fo rmat ion  i s  conta ined i n  

Le t  us suppose t h a t  the  major a x i s  ( =  2 6 )  o f  t h e  d i s c  i s  

I 
along X and t he  minor a x i s  ( = 2 b )  i s  along 5' . When t he  

major a x i s  makes an angle o f  e w i t h  respect  t o  t he  p o s i t i v e  

X. a x i s  we can w r i t e  

Therefore 



Since t h e  d i s c  i s  symmet r ica l l y  disposed about t h e  X - 
axes, x 0. 

Therefore f rom (4.30) 

determines 6 upto  an a d d i t i v e  cons tan t  o f  r/2 . The 

ambigui ty  i n  0 i s  reso lved by r e q u i r i n g  t h a t  t h e  major a x i s  

I 
- - 

o f  the  d i s c  l i e s  a l o n g X .  i . e .  by r e q u i r i n g  x'' . 
CC - 

We now express x ' ~  and 91% d i r e c t l y  i n  terms of and 

b . The sur face  d e n s i t y  o f  the  GFD w i t h  mass i s  (see 

Then 

- 2 C___ 

S i m i l a r l y  $ I 2  = b/5. . Using these va lues o f  xi2  and - - - C- 

l 1  i n  (4.30) and w r i t i n g  1' , xL$ and i n  terms 



1 
The fo rce  per u n i t  mass a t  a po in t  ( X ,  #' ) i n s i d e  t h e  d isc  

i s  

2. Z 
where A and B are determined i n  terms o f  & , b and f rom 

r\ A 

(4.8) and (4.9).  e I 

X'  
and ey, are u n i t  vectors along X 

I 
and . Resolving the fo rce  along the X and 9 axes, we get 

- 
the fo l low ing  expressions f o r  G( , and '$ ( i n  4.27): 

-j = A~L?-B -I- B'W-B 
The t ime evo lu t ion  o f  the GFD i s  given by (4.22) ,  

together w i t h  equations (4.26),  (4.27) and (4.35).  As shown 

i n  Appendix C,  the  evo lu t ion  occurs on an 8 dimensional 

submanifold o f  the 10 dimensional space spanned by the 

elements o f  the mat r i x  P ; the reduct ion i n  dimension from 10 

t o  8 i s  due t o  the existence o f  conserved q u a n t i t i e s  which 

essen t i a l l y  are ( i )  the  volume i n  phase space occupied by the 

GFD and ( i i )  the  2-area o f  the plane sect ion o f  the  GFDin 

phase space t h a t  i s  maximal. I n  add i t ion ,  the t o t a l  energy 

and angular momentum are conserved. Freeman's bars cou ld  on ly  

r o t a t e  w i t h  constant angular v e l o c i t y  and i n  t he  r o t a t i n g  

,frame, t h e i r  s i ze  and shape were constant i n  t ime. For GFDs 



the coupling between r o t a t i o n  and o s c i l l a t i o n  a l lows f o r  t ime 

varying r o t a t i o n .  The r i c h  behaviour i m p l i c i t  i n  the  

equations remains t o  be explored.  


