
APPENDIX A 

SHELL MODELS OF INHOMOGENEOUS SPHERICAL SYSTEMS 

These models a r e  t i m e  dependent g e n e r a l i z a t i o n s  o f  t h e  

s t a t i o n a r y  model o f  equat ions ( 3 . l b ) . .  For convenience we 

w r i t e  down t h e  d i s t r i b u t i o n  f u n c t i o n  again 

t oc 6(%) 6(% - vC ( T I )  +- R, 
( A .  1 )  

d - ' 0 -f- r > , K o  

Th is  s t a t i o n a r y  model has un i fo rm dens i t y  w i t h i n  rad ius  equal 

t o  R, and i t  c o n s i s t s  o f  s t a r s  moving on c i r c u l a r  o r b i t s .  

The g r a v i t a t i o n a l  f o r c e  on a  s t a r  a t  rad ius  7- = L;rMfr) T .  
r z  

Balanc ing the  c e n t r i f u g a l  fo rce ,  ~cy-,r , aga ins t  g r a v i t y  we 

see t h a t  K(Y) cc r. So w e  imagine t h a t  t h e  system i s  made 

o f  concen t r i c  s h e l l s  o f  s t a r s  each o f  which moves i n  a c i r c l e  

about t h e  centre.What happens i f  a l l  t h e  s t a r s  i n  a  s h e l l  o f  

r a d i u s  r ( f o r  b r e v i t y  S,) are ,  a t  some i n s t a n t  o f  t ime,  g iven  

some (say,  outward) r a d i a l  v e l o c i t y ?  The mot ion o f  t h e  s t a r s  

i n  S, i s  n o t  a f f e c t e d  i f  the  mass [ M ( T ) I  i n  t he  s h e l l s  

enclosed i s  lumped i n t o  a p o i n t  mass a t  t h e  cent re .  The 

o u t e r  she1 1s do n o t  a f f e c t  t he  mot ion o f  t h e  s t a r s  i n  S, 
anyway, so f o r  t he  present  l e t  us ignore  them. When a l l  t h e  

s t a r s  i n  S y a r e  g iven some r a d i a l  v e l o c i t y ,  they  w i l l  ( i f  t h e  

r a d i a l  v e l o c i t y  i s  n o t  t o o  l a r g e ! )  o s c i l l a t e  between r, and 

where < r ( 1; . The motion o f  every s t a r  o f  S y i s  a  

Kep le r ian  e l  1  i pse  w i t h  apocentre ?-) and p e r i c e n t r e  1; . 
,4 

We have go t  one s h e l l  o s c i l l a t i n g  p e r i o d i c a l l y .  To 



keep i t o s c i l l a t i n g ,  i t has been asssumed t h a t  i t  does n o t  

no t  i n t e r s e c t  other  s h e l l s  ( t he  mass enclosed by the s h e l l  i n  

the  course o f  i t s  o s c i l l a t i o n s  should no t  vary w i t h  t ime) .  

This can be achieved by making the o ther  s h e l l s  o s c i l l a t e  

t oo  ! 

I f  a  s h e l l s  o s c i l l a t e  w i t h  eaual per iods and i n  

phase, i t  looks as i f  we can prevent s h e l l s  from crossing. 

To do t h i s ,  i t  i s  necessary (though no t  s u f f i c i e n t )  t h a t  the  

?; and T,of a  s h e l l  should both be greater  than 7; and 7, o f  

s h e l l s  enclosed and a t  the same time are less  than the 7; and 

T o f  s h e l l s  outside. The semimajor a x i s  o f  a p a r t i c l e  i n  a 

s h e l l  moving on a  Kepler ian e l l i p s e  i s  given by 

So a orders the she1 1s. 

Since we requ i re  t h a t  the periods o f  o s c i l l a t i o n  o f  a l l  

s h e l l s  are equal, 

Hence 

Even i f  a t  some i n s t a n t  o f  t ime a l l  s t a r s  are a t  t h e i r  

apocentres (and hence w i l l  be a t  t h e i r  per icent res  a f t e r  h a l f  

a  per iod)  we have no t  ye t  ensured t h a t  s h e l l s  w i l l  n o t  cross 

a t  any t ime. To make sure t h a t  s h e l l s  do no t  cross, we need 



t o  f o l l o w  t h e  mot ion o f  a  s h e l l  f o r  h a l f  a  p e r i o d  f rom 

apocentre t o  p e r i c e n t r e  ( t h e  o ther  h a l f  o f  i s  s i m i l a r ) .  

Choosing a  p e r i o d  o f  o s c i l l a t i o n  t o  be 2-r u n i t s  o f  

t ime,  we r e q u i r e  t h a t  

Since t h e  t ime v a r i a t i o n  o f  the  r a d i u s  o f  a  s h e l l  i s  

i d e n t i c a l  t o  the  t ime v a r i a t i o n  o f  t he  r a d i a l  coord ina te  i n  

t h e  Kepler  problem, we s h a l l  use t h e  standard 

parameter iza t ion  o f  and t i n  terms o f  t h e  e c c e n t r i c  

anomaly . 'l 

e i s  i n  general a  f u n c t i o n  o f  4 .  Since a l l  o r b i t s  a re  

c losed 

c e m )  I 0 - ( A . 7 )  

To express t h e  requirement i n  (A.5),  we f i r s t  need t o  see how 

3] v a r i e s  w i t h  d. when ?? i s  h e l d  f i x e d .  From (A.6b) 

Theref  o r e  



From (A.6a) 

dr = d a ( l - e B i . ) )  + Q - ( ~ L ~ A ~  - d e m h 7 )  (A.9) 

de Using (A.8) i n  (A.9) and w i t h  e S - and X = &) we 
da 

r e w r i t e  (A.5) as 

( I - - e x ) '  + a c l ( e - r )  
(A. 10) 

( 1  - e x )  

The denominator i s  always p o s i t i v e .  S o  we on l y  need requ i r e  

t h a t  t he  numerator be p o s i t i v e  f o r  a l l  X 6 I - IJ  I ]  

Th is  i s  a  quadra t i c  expression i n  X , which g ives  us 

cons t r a i n t s  on the  al lowed f unc t i ona l  forms o f  e(e).  
We summarize the  models b r i e f l y  and work o u t  two 

examples. 

The models are  descr ibed i m p l i c i t l y  by t h e  equat ions 

(A. 12b) 

( A . 1 2 ~ )  

The a1 lowed f u n c t i o n a l  forms o f  e (4) are  constra ined by 

A 1 1  I n  p r i n c i p l e  from (A.12b) and (A.12c), we can 

express h. as a  f u n c t i o n  o f  ?- and e .  Then 



Example 1 : L e t  e = cons tan t  ( i . e. independent of a ) . Then 

( 1 4 . 1 1 )  i s  immediately s a t i s f i e d .  

From ( A . 1 2 )  3 
3" 

( A .  1 4 )  

where 7 i s  now a  f u n c t i o n  o f  t alone. Sinc'e M c c y 3  

t h i s  i s  a  un i fo rm dens i t y  o s c i l l a t i n g  sphere such as t h e  ones 

descr ibed i n  s e c t i o n  3 . 1 .  

Example 2 : .  L e t  e = A d .  where i s  a  p o s i t i v e  constant .  We 

choose ahax = / . So o < X < / .  We s h a l l  see below t h a t  

( A .  1 1  ) p laces f u r t h e r  c o n s t r a i n t s  on . 
2 

N ( x )  5 ( I - e x )  + e ( e - r )  7 0  f o r  x 1-1, I ]  

where we have chosen t o  work w i t h  e i t s e l f  i n s t e a d  of A and 

I t  i s  c l e a r  t h a t  N > O  f o r  = s o .  The r o o t s  o f  N ( x ) = o  

are  r e a l .  So i f  we r e q u i r e  t h a t  t h e  smal le r  r o o t  be g rea te r  

than 1 ,  then N ( x )  w i l l  be p o s i t i v e  f o r  X s  I . The smal le r  

r o o t  

i m p l i e s  t h a t  

z e 2  - - 3 e  + I > e  



This condition is satisfied if e < or e ) I .  Since e i s  

always less than 1 ,  we should require that 0 _< e < . 
The choice = / implies that 

The mode1 is now described by 

M (a) = a3/G7 

The density is 
b / y  

4-TTY-1 a r  
It is not easy to express A ase a function of 2- and t . 
B u t  >e can see what the system looks like at 

(i 1 Maximum contraction ( = 0 ) 

Then r 3 &(/ - ) l a )  

and t = O  

Since a,,, = the radius of the system is Twx= (I - A )  . 
Solving for a from ( A . 1 7 )  we have 

The ref ore 



and I \ %  

( i i )  Maximum e x p a n s i o n ( ? - r )  

Then = 77- 

(A. 1 9 )  

Since a,,, = I  t h e  rad ius  of t h e  system i s  xaxs ( I  +A). 

Solv ing  f o r  a from ( A . 1 9 )  we have 

Theref  o r e  

2 X  

- ( J I + ~ A Y  - I )  ( t )  

The Y corresponding t o  ( A . 1 8 )  and (A .20 )  a r e  shown i n  t h e  

I 3 -f i g u r e s  A 1  and A2 below f o r  = - and 6 = - 
4- 7-r' 





D i  scuss i on 

A l l  models constructed i n  t h i s  appendix have f i n i t e  

s i z e  - &'(a) cc a3 imp l i es  t h a t  f o r  f i n i t e  t o t a l  mass = 

M ( a m ) ,  Q wax i s  f i n i t e .  

While i t  i s  n o t  d i f f i c u l t  t o  cons t r uc t  a v a r i e t y  o f  models, 

i t  should be noted t h a t  we have n o t  used Jeans' theorem a t  

a1 1. The g r a v i t a t i o n a l  p o t e n t i a l  (P( ?,&) i s  nonl i nea r  and 

t ime dependent. Other than angular momentum (which i s  

conserved due t o  spher ica l  symmetry) t h e  p o t e n t i a l  may n o t  

admit  g loba l  constants o f  motion. The models have been 

const ruc ted  by s e l e c t i v e l y  popu la t ing  p e r i o d i c  e l l i p t i c a l  

o r b i t s  o f  y( F, t) . The nature o f  t h e  unpopulated o r b i t s  

might  reveal  i n t e r e s t i n g  dynamics, and throw some l i g h t  on 

what cou ld  happen i f  the  models were s l i g h t l y  per turbed.  



APPENDIX B 

PROOF OF EQUATION ( 4 . 1 9 )  

By d e f i n i t i o n  
A 

where 1 = Z 'QE 

- a 1  
s ince  Z,Z - - (where Q + i s  the  element o f  9 i n  t h e  A tS;. 

b Q A ,  
row and t h e  24 column) we have 

&! i s  a  p o s i t i v e  d e f i n i t e  symmetric 4x4  m a t r i x .  L e t  us 

Z 2 
denote i t s  eigenvalues by A, , , , . We can 

d iagona l i ze  & (and hence Z ) by per forming a  

spec ia l  ( ckt Q 1 ) or thogonal  t rans format ion ,  0 : 
W = O E  

4 
dok 4 = 1 imp1 i e s  d42 = dbd. Therefore 



where 

Def i ni ng P = Q-' we have 

where i s  t he  

" co fac to r "  o f  
Q, 

. Therefore 

From ( 8 . 5 )  and ( 8 . 7 )  



where k 2  = [ ( i - k a ) - R d 4 u  - - .- 4 ~ '  
3 

J 

Using (B .9 )  and (B.10)  i n  ( 8 . 8 )  we get 

( B .  10)  



APPENDIX C 

A HAMILTONIAN BASIS FOR THE CBE 

AND 

AN APPLICATION TO THE DYNAMICS OF A GFD 

Morrison (1980) and Morrison and Greene (1980) have shown 

t h a t  many non d isspa t i ve  f i e l d  equations governing the  

behaviour o f  f l u i d s  and plasmas can be w r i t t e n  i n  Hamil tonian 

form. I n  p a r t i c u l a r  the Vlasov-Poisson equations f o r  

c o l l i s i o n l e s s  plasmas f a l l s  i n  t h i s  c lass  o f  f i e l d  equations. 

Since the  CBE f o r  s t e l l a r  systems i s  i d e n t i c a l  t o  the Vlasov 

equat ion p lus  the Poisson equation w i t h  a s ign  change, the  

Hamil tonian descr ip t ion  c a r r i e s  over. Morrison (1982) and 

L i t t l e j o h n  (1982) present very readable accounts o f  these 

developments. 

The re levant  f i e l d  t h a t  evolves according t o  t he  CBE 

i s  the d i s t r i b u t i o n  func t ion  f . We s h a l l  say t h a t  a 

Hamil tonian s t ruc tu re  f o r  the  CBE has been found i f  i t can be 

w r i t t e n  as 

where , the "Hamiltonian" i s  a f unc t i ona l  o f  f . The 

expression on the r i g h t  hand s ide i s  the  Poisson Bracket (PB) . 

between f and a . The PB i s  any b inary  operat ion between 

two func t i ona l s  g i v i n g  a t h i r d  func t iona l  obeying the  usual 



r u l es  o f  antisymmetry, Le ibn i t z  r u l e  and the  Jacobi i n d e n t i t y  

( f o r  more d e t a i l s  see eg. Arnold 1978). A PB i s  c a l l e d  

s ingu la r  i f  there  e x i s t s  a  func t iona l  t h a t  g ives zero PB w i t h  

a l l  o ther  funct iona ls .  By (C l ) ,  t h i s  means t h a t  the  

func t iona l  i s  conserved under t he  ac t i on  o f  any $-(. 

whatsoever. For the CBE i t  tu rns  o u t  t h a t  the re  are an 

i n f i n i t y  o f  such conserved funct iona ls .  For example, any 

i s  such a  conserved func t iona l .  These, i n  p r i n c i p l e ,  have 

t o  be e l iminated before the PB becomes nondegenerate. 

We g ive a nonrigorous de r i va t i on  o f  the  PB f o r  the CBE 

below. ' L e t  us imagine t h a t  f represents a  la rge  number (Ni 

o f  p o i n t  p a r t i c l e s  each o f  mass equal t o  1 /N.  Le t  the 

p o s i t i o n  o f  the t)* p a r t i c l e  i n  (6-dimensional) phase space 

be denoted by  

and l e t  

denote an a r b i t r a r y  p o i n t  i n  phase space. Then 



where 

For two f unc t i ons  

t he  PB i s  

where fl i s  t he  6 x  6 ma t r i x  

The f ac to r  N appears i n " (  )'bf equat ion  (C7) because 
b N a (momenfuw)' ( V C ~ O L I  t i t )  . When 6 and are  symmetric i n  

t h e i r  arguments, they may be thought o f  as f u n c t i o n a l s  of f 
and we may w r i t e  6 7 Lf] and F = 32 [fl. Funct ional  2 

d e r i v a t i v e s  are  def ined by t he  f u n c t i o n a l  Tay lor  s e r i e s  

Therefore ( w i t h  3 b] s e t  t o  zero) 



Simi la r  r e s u l t s  a re  t r u e  f o r $ .  Using ((210) i n  (C7) we get  

I /  

The expression in'\[ ] i s  the ordinary PB between 

which are  functions on s ing le  p a r t i c l e  (6-D) phase space. 
63 

On t h i s  phase space we take {z, VJ =I . Therefore 

This agrees w i th  Morrison (1982) .  

Given f , the  t o t a l  energy o f  the  s t e l  l a r  system i s  



/ - where - 

To now see t h a t  the  CBE can be w r i t t e n  i n  Hami l ton ian  form, 

l e t  us de f i ne  a  func t iona l  

Then 

Using (C13) and (C15) i n  ('211) we have 

Therefore (dropping the  nought i n  the  s u b s c r i p t )  



We show below t h a t  the  r e s t r i c t i o n  o f  t he  PB de f ined  

i n  ( C 1 1 )  t o  t he  space o f  func t ions  desc r ib ing  GFDs 

g ives  us a  PB on the  1 0  dimensional space o f  the  ma t r i x  P . 
Le t  r be the  space o f  a l l  r e a l  symmetric 4 x 4 matr ices.  P 
(which i n  a d d i t i o n  i s  p o s i t i v e  d e f i n i t e )  belongs t o  r .  For 

any H 6 , we def ine a f u n c t i o n  on f 

The r i g h t  hand s i de  i s  p ropor t i ona l  t o  7-7- (PH).  I gno r i ng  

o v e r a l l  constants we de f i ne  

TWO such func t ions  %   and C ( P )  are  a l s o  f u n c t i o n a l s  on t h e  

space o f  f unc t i ons  o f  the  form ( C 1 8 ) .  The i r  PB i s  

Again i gno r i ng  an o v e r a l l  constant  we d e f i n e  



where 

We now show t h a t  the  equation o f  motion f o r  f (equat ion 

can be w r i t t e n  i n  Hamiltonian form. We note t h a t  K i s  of 

the  form 

Therefore 

F; = wH P - P H w  

Le t  us de f ine  10 rea l  symmetric 4 x 4 matr ices indexed by an' 

unordered pa i  r of superscr ipts  (a ,  b) : 

These se lec t  the  elements Pd from P: 



M u l t i p l y i n g  ((223) by and t ak i ng  t h e  t r a c e  we get  

which from (C20) and (C25) now reads 

The equat ions o f  mdtion f o r  the  GFD are  now i n  Hami l ton ian 

form. The PB between P& and Pd i s  e a s i l y  ca l cu l a t ed  t o  be 

These are  i d e n t i c a l  t o  the  basic  L i e  bracket  r e l a t i o n s  f o r  

t h e  elements o f  t he  L i e  Algebra o f  t he  group Sp(4,R). We 

der i ved  ( ~ 2 7 ' )  by d e f i n i n g  a  Morr ison type PB f o r  f unc t i ons  

(on r ) o f  t he  spec ia l  form ( (219) .  Having got  t h e  

fundamental PB i n  (C27), PBs between more general  f unc t i ons  

on f can be ca lcu la ted  us ing t he  usual  r u l e s  f o r  

manipulat ing PBs. 

From (C27) i t  i s  c l ea r  t h a t  the P& are  n o t  canonical  

va r iab les .  Hence (C26) i s  i n  nonstandard form. Also the  PI3 

i s  degenerate. Th is  f o l l ows  from the  ex is tence o f  f unc t i ons  

on r t h a t  a re  conserved f o r  %. whatsoever ( i n  group 

theory  language, a  f u n c t i o n  on t he  L i e  Algebra t h a t  commutes 

w i t h  every o the r  f u n c t i o n  i s  c a l l e d  a  Casimir  f u n c t i o n ) .  We 



can const ruc t  conserved funct ions most e a s i l y  by s tudy ing t he  

p roper t ies  o f  the evo lu t ion  equations f o r  P w r i t t e n  i n  the 

" f i n i t e  form". 

For completeness t he  de r i va t i on  o f  several  usefu l  p roper t ies  

o f  Pw and i t s  eigenvalues i s  given below (a l so  see Arnold 

1978). 

(i ) The eigenvalues o f  PW are constants o f  motion 

Proof: An eigenvalue, obeys / A+ L - e&/  = 0 
t' 

Therefore A &  = A, a (C30) 

We have a lso  shown t h a t  the e n t i r e  c h a r a c t e r i s t i c  equat ion 

(C29) i s  conserved. Wr i t i ng  (C29) as 

we note t h a t  a, , 9, , q3 and 4 are a lso  constants. 4 

(ii) I f  A i s  an eigenvalue so i s  - ) \  

Proof:  / x i - P w /  '0 + [ ( X Z  - - P W ) ~ I  = o  



j 1 A + = 0 Since W " S  - 2  

Hence on ly  the terms w i t h  even powers o f  A ( d,and a 3 )  i n  

(C31) are nonzero. These coe f f i c ien ts  are sums o f  products 

o f  the eigenvalues and they are re l a ted  t o  the t races o f  

var ious powers o f  PL3 . SO we can w r i t e  our Casimirs as 

Since (C29) i s  o f  degree 4 ,  higher powers o f  PW can be 

expressed i n  terms o f  lower powers (by the  Cayley-Hami.lton 

theorem - we thank C.S.Shukre f o r  p o i n t i n g  t h i s  o u t ' t o  us) .  

So two independent Casimirs are and gZ which are 

conserved f o r  any Therefore the evo lu t i on  o f  P i s  
- 

r e s t r i c t e d  t o  an 8 dimensional submanifold o f  r . We could 

have an t i c ipa ted  the existence o f  two conserved quan t i t i es  

from the  existence o f  two Poincare i n v a r i a n t s  f o r  the  

Hamil tonian evo lu t i on  on the ( x ,  9, V,, Vy ) space. For 

evo lu t i on  under the ac t ion  o f  generic p o t e n t i a l s  Poincare 

i nva r i an t s  o ther  than the phase volume do no t  g ive  global 

conserved q u a n t i t i e s  on r - harmonic p o t e n t i a l s  are 

except ional .  The Poincare i nva r i an t s  f o r  a GFD are the  volume 

occupied by the  GFD i n  phase space and the 2-area o f  the 

maximum plane sec t ion  through the GFD. 



( i  i i ) The eigenvalues o f  PW are pure imaginary. We g ive a  

nonrigorous proof  o f  t h i s .  Let  us consider the l i n e a r  

dynamical system 

7 
This conserves 5 = 2 w Pw 2. It i s  easy t o  see t h a t  when 

P i s  p o s i t i v e  d e f i n i t e w p ~ i s  negat ive d e f i n i t e .  So the 
7 

l e v e l  surfaces o f  5 are compact imply ing t h a t  "t 2 remains 

bounded. We know t h a t  i f  h i s  an e i  genval ue o f  Pw , so are 
* 

A*, - and -A . I f  i s  not pure imaginary two o f  these 

f o u r  w i l l  have p o s i t i v e  rea l  pa r t s  imply ing t h a t  f o r  some 
7- 

i n i t i a l  2 , z% w i l l  grow wi thout  bound. 

So the eigenvalues o f  are o f  the form 

a ) , ,  , ( d # , % ,  thenondegeneratecase)  

o r  o f  the form 

b,  i o (  1 - A N  ( D( , the degenerate case) 

The 8  dimensional surfaces on which t he  P s are constrained 

can be l abe l l ed  e i t h e r  by ( b ( ,  P ) or  by ( & , r  ) .  
2 

The imp l i ca t i on  f o r  the dynamics o f  GFDs - even when they are 

t i d a l l y  perturbed - i s  t h a t  two con f igu ra t ions  which have 

d i f f e r e n t  ( 0( , p ) o r  ( E  , &') cannot be deformed i n t o  one 

another through symplect ic means. 

Our s t a r t i n g  p o i n t  i n  the above ana lys is  was the PB 

s t r u c t u r e  o f  Morr ison and Greene. I n  f a c t  we could have 

s t a r t e d  w i t h  (C28) w i thout  worrying about the  under ly ing 



app l i ca t ions  t o  ga lac t i c  dynamics. I n  some recent  work i n  

quantum mechanics and parax ia l  o p t i c s  p roper t ies  o f  equations 

which are re l a ted  t o  ((228) are studied (see eg.Mukunda e t  

a l .  and references t he re in  f o r  a  d i f f e r e n t  perspect ive) .  

This approach emphasises the group theory aspect wherein 

(C28) i s  viewed as the ac t i on  o f  the group Sp(4,R) - i n  

general Sp(2n,R) - on i t s  L i e  Algebra. A theorem due t o  

K i r i l l o v ,  Kostant and Souriau (see eg. Chu 1974) guarantees 

the existence o f  a  symplectic s t r uc tu re  i n  more general 

cases. 

I t  i s  i n t e r e s t i n g  t h a t  the  two constants O< 

and /b associated w i t h  the osci  1  l a t i n g  spheroids o f  chapter 3  

can be simply in te rp re ted  i n  the framework given here. The 

motion o f  p a r t i c l e s  along the z ax is  o f  the spheroid i s  

governed by a  t ime dependent o s c i l l a t o r  equation, and the 

pro jec ted "area 7 o f  the model i n  t he  I - V t  plane i s  

conserved. There i s  a  s i m i l a r  conserved quan t i t y  associated 

w i t h  the x - V ,  ( o r  3 - V Y  ) plane. For a  t ime independent 
2 

osc i  1  l a t o r  t h i s  phase area i s  c l e a r l y  p ropor t iona l  t o  R, CL 

where fl, i s  the  frequency and a the maximum amp1 i t ude .  Once 

these two constants are computed f o r  a  given s t a t i c  model, 

they r e t a i n  the  same values f o r  any o s c i l l a t i n g  model der ived 

from the s t a t i c  one by Hamiltonian evo lu t i on  i n  phase space. 

A look a t  equation (3.45) shows t h a t  i s  e s s e n t i a l l y  one o f  

these i n v a r i a n t  areas and d i s  t h e i r  r a t i o .  



APPENDIX D 

NUMERICAL SCHEME USED FOR GFDs 

We o u t l i n e  t he  basic  fea tures  o f  t he  numerical  scheme 

used t o  so lve  (4 .22)  s e l f  cons i s t en t l y .  We r e c a l l  t h a t  

where 

K = (D.2) 

ff i s  t he  2 x 2 ma t r i x  g iven by ( 4 . 2 7 )  and ( 4 . 3 5 ) .  

depends on , , cL , p2% and t h i s '  i s  what makes (D. 1 ) 

non l i nea r  and s e l f  cons is ten t .  When (D. 1 ) i s  t o  be solved 

numer ica l l y ,  one has t o  use a  f i n i t e  d i f f e r e n c e  scheme. We 

use the  " f i n i t e "  ve rs ion  o f  the e v o l u t i o n  equat ions as g iven 

ins tead o f  w r i t i n g  down a  naive f i n i t e  d i f f e r e n c e  

approximat ion t o  (D. 1 ) i t s e l f .  The advantage o f  evo lv ing  P 
by (D.3)  i s  t h a t  symplect ic  p rope r t i e s  ( l i k e  conservat ion o f  

a re  au tomat i ca l l y  preserved upto  mach i ne 

accuracy. S i s  t h a t  symplect ic  ma t r i x  t h a t  takes ?? (t,) t o  



This i s  j u s t  the evo lu t ion  equation ( i n  f i n i t e  d i f f e rence  

form) f o r  two coupled harmonic o s c i l l a t i o n s .  A simple leap 

f r o g  scheme ( update coordinates and then momenta w i t h  forces 

computed from the new coordinates) w i  11 guarantee 

preservat ion of the symplect ic nature o f  the equations as 
ttie trme step 

wel-1 as numerical accuracy t o  second order i n  ~ t , ~ .  The 

mat r ix  t h a t  updates coordinates i s  

wh i le  the mat r i x  t h a t  updates momenta i s  

4 4 

We w r i t e  

where the t ime i n t e r v a l  ( t z t , )  has been subdivided i n t o  N 

equal i n t e r v a l s  

Ax, and gVl are updates over times - - 
Z 

At t h i s  i s  requ i red 
Z 2 '  

by any leap f r o g  scheme. Since we are deal ing w i t h  a s e l f  



consistent problem, A!, a t  each stage i s  ca lcu la ted  from the  

present value o f  P . 
The add i t ion  o f  the  t i d a l  f i e l d  of a per turber  j u s t  adds 

terms t o  and the whole scheme out l ined  above goes through. 
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