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CHAPTER 1 

SUMMARY 

The dynamics o f  s t a r s  as wel l  as dark matter i n  galax ies 

i s  governed pure ly  by mutual g rav i t a t i ona l  i n te rac t i ons .  Over 

t ime scales o f  the order o f  the age of t he  universe 
10 

(- 10 years) b inary  encounters produce a  n e g l i g i b l e  e f f e c t  

on o r b i t s  ca lcu la ted by assuming t h a t  the mass d i s t r i b u t i o n  

o f  the galaxy i s  smooth. The galaxy i s  then we l l  approximated 

as an incompressible f l u i d  i n  6 dimensional phase space t h a t  

moves under the ac t i on  o f  i t s  s e l f  g r a v i t y .  This s e l f  

cons is tent  dynamics i s  described by the  c o l l i s i o n l e s s  

Boltzmann equation (CBE). Galaxies are usua l l y  modelled as 

s ta t ionary  ( o r  s ta t j ona ry  i n  a  r o t a t i n g  frame) so lu t i ons  o f  

the CBE. Stat ionary so lu t ions  are r e l a t i v e l y  we l l  understood 

(see eg. Binney and Tremaine 1987)  and i n  f a c t  there  i s  a  

r i c h  va r i e t y  o f  such galaxy models. However, problems 

concerning the format ion o f  galaxies and i n t e r a c t i o n s  between 

them invo lve understanding the behaviour o f  t ime dependent 

so lu t ions  o f  the CBE. 

The work reported i n  t h i s  thes is  concerns some exact 

o s c i l l a t i n g  so lu t ions  o f  the CBE. Time dependent so lu t i ons  

have long been conjectured t o  re lax  t o  a steady s ta te .  The 

re laxa t i on  i s  broadly confirmed by numerical experiments 

(see eg. van Albada 1982)  but  t heo re t i ca l  understanding has 

been l im i t ed .  An e a r l y  attempt by Lynden-Bell (1967 )  was 

based on maximising an entropy f unc t i on  sub jec t  t o  

conservat ion o f  f i n e  grained phase space densi ty .  Th is  l e d  t o  



novel s t a t i s t i c s .  More recen t l y ,  the r o l e  o f  t h e  cons t ra i n t  

coming from L i o u v i l l e ' s  theorem has been emphasised by 

Tremaine e t .  a l .  (1986) - see a lso  Mathur (1988). The 

s t a t i s t i c a l  arguments o f  Lynden-Bell requ i re  v i o l e n t  and 

random r e d i s t r i b u t i o n  o f  elements i n  phase space. Even the 

weaker cons t ra in ts  o f  Tremaine e t .  a l .  were found on c loser  

examination t o  invo lve a  p laus ib l e  but  nonrigorous assumption 

o f  repeated coarse g ra in ing  (Kandrup 1987, Dejonghe 1987, 

Sridhar 1987). I t  i s  c l e a r l y  o f  i n t e r e s t  and relevance t o  

c l a r i f y  the  r o l e  o f  exact and approximate i n v a r i a n t s  i n  the 

t ime dependent behaviour o f  c o l l i s i o n l e s s  s e l f  g r a v i t a t i n g  

systems. 

Chapter 2 inc ludes a b r i e f  sketch o f  some re levan t  

background mater ia l  about galaxy dynamics and a d iscussion o f  

the t ime dependent behaviour o f  c o l l i s i o n l e s s  s t e l l a r  

systems. The general s t ra tegy  o f  using exact i n v a r i a n t s  ( f o r  

t ime dependent harmonic p o t e n t i a l s )  t o  const ruc t  exact,  t ime 

dependent, s e l f  cons is tent  so lu t ions  o f  the CBE i s  discussed 

here. The method i s  i l l u s t r a t e d  by cons t ruc t ing  the 

homologous o s c i l l a t i o n  mode o f  a  homogeneous s l ab  o f  s t a r s  

discovered by Kalnajs (1973). 

Chapter 3 i s  a  de ta i l ed  account o f  un i form dens i ty  

spher ical  and spheroidal models both o f  which e x h i b i t  

undamped osc i1 la t ions .  The equations governing the 

o s c i l i a t i o n s  are given below wi thout  de r i va t i on  t o  i l l u s t r a t e  

the general s t ruc tu re .  These equations were w r i t t e n  down by 



Chandrasekhar & E lbe r t  (1972) and Som Sunder & Kochhar (1986) 

f o r  the case o f  spheres and spheroids respec t i ve ly  based on 

the tensor v i r i a l  theorem and an ansatz f o r  the  k i n e t i c  

energy tensor.  However the present work goes much f u r t h e r  i n  

prov id ing the underly ing phase space d i s t r i b u t i o n  w i thou t  

which the  existence o f  undamped o s c i l l a t i o n  could n o t  be 

regarded as proved. 

Spheres. The radius ( R ) obeys 

where Ct i s  a  constant. So a11 s p a t i a l l y  bound so lu t i ons  

are t ime per iod ic .  

Spheroids. The equations governing the o s c i l l a t i o n s  are 

where o( and are constants. y i s  the  a x i s  o f  symmetry 

and X i s  the other  ax is .  U = ax is  r a t i o  = and ~ $ ( y ) i s  

i the  res to r i ng  fo rce  along the  ax i s  o f  symmetry. I t  i s  shown 

t h a t  (1.2) can be pu t  i n  Hamiltonian form. Surface o f  

sec t ion  studies reveal pe r iod ic ,  quas iper iod ic  and chaot ic  

so lu t ions .  We conjecture t h a t  some o f  these models 

(espec ia l l y  the spheres) are stable.  This imp l i es  t h a t  

nearby so lu t ions  which do no t  have p rec i se l y  un i form dens i t y  



remain i n  the  v i c i n i t y  o f  t he  uniform densi ty  so lu t i ons .  

I n  Appendix A we present some models of p e r i o d i c a l l y  

o s c i l l a t i n g  spher ical  systems w i t h  nonuniform dens i t y .  These 

are made o f  p a r t i c l e s  moving i n  nonintersect ing o s c i l l a t i n g  

she l l s .  An i n t e r e s t i n g  fea tu re  ' i s  t h a t  Jeans' theorem i s  no t  

e x p l i c i t l y  used i n  b u i l d i n g  these models. I n  f a c t ,  the  

constants o f  motion used are  no t  g lobal  i n  phase space, but  

are v a l i d  on ly  f o r  the s p e c i f i c  o r b i t s  which are  populated. 

I n  Chapter 4 we const ruc t  a genera l i sa t ion  o f  

Freeman's (1966) a n a l y t i c  bars. We c a l l  these Generalised 

Freeman Discs (GFDs). I n  add i t i on  t o  r o t a t i o n  ( a  property 

o f  Freeman's bars)  the GFDs are character ised by changes i n  

s i ze  and shape. The coupl ing between r o t a t i o n  and 

o s c i l l a t i o n  a l lows f o r  t ime vary ing r o t a t i o n  speeds. A GFD 

i s  described by a t ime dependent 4 x 4 r e a l ,  p o s i t i v e  

d e f i n i t e  symmetric matr ix  whose elements are e s s e n t i a l l y  the 

covariances o f  the fou r  phase space var iab les  averaged over 

the whole systems. Se l f  consistency gives a non l inear  mat r i x  

equation governing the t ime e v o l u t i o n o f  aGFD. Appendix B 

serves as an extended footnote  t o  Chapter 4, w i t h  d e t a i l s  

t h a t  might impede the main argument. I n  Appendix C we study 

the general nature o f  the mat r i x  equation. I t i s  shown there  

t h a t  the equations descr ibe a Hamiltonian dynamical system. 

Hence, i n  common w i t h  the  e a r l i e r  models, the GFDs a l so  show 

nonrelaxing behaviour. Appendix D presents a novel numerical 

scheme f o r  so l v i ng  the mat r i x  equation. The c h i e f  fea tu re  o f  

t h i s  scheme i s  t h a t  i t i s  symplectic (and hence 



nondiss ipat ive)  t o  machine accuracy. 

The only general approach t o  the problems o f  galaxy - 
galaxy i n te rac t i ons  appears t o  be la rge sca le  numerical 

s imulat ion.  However, some l i m i t i n g  cases have received 

ana l y t i ca l  study ( f o r  references see the review by A l l a d i n  

and Narasimhan 1982) .  I n  Chapter 5 we show t h a t  the 

formalism developed t o  descr ibe i so la ted  GFDs can be extended 

' t o  inc lude the e f f e c t  o f  t i d a l  forces due t o  a per turber  

moving i n  the plane o f  the  d isc .  The only approximation made 

i s  the lowest order t i d a l  approximation descr ib ing the 

i n te rac t i on .  The ma t r i x  equation f o r  t he  GFD p lus  the 

equations o f  motion f o r  t he  per turber  ( 4  f o r  a p o i n t  mass 

per turber )  completely descr ibe the i n t e r a c t i o n  model. So we 

are able t o  f o l l ow  the  s e l f  consistent  response o f  the GFD 

wi thout  any f u r t h e r  approximations ( l i k e  impulsive o r  

ad iaba t i c ) .  As a s p e c i f i c  example, we compute the  response o f  

a Kalnajs d isc  ( co ro ta t i ng ,  nonrotat ing as we l l  as counter 

r o t a t i n g )  t o  a massive p o i n t  mass per turber  moving i n  the 

plane o f  the d isc  on var ious hyperbol ic  t r a j e c t o r i e s .  The 

f r a c t i o n a l  energy gained by the d isc  (which, due t o  

i n te rac t i ons  has become a GFD) i s  p l o t t e d  as a f unc t i on  o f  

the encounter t imescale. Deviat ions from the  p red i c t i ons  o f  

the impulse p lus  d i s t a n t  encounter approximation are 

s i g n i f i c a n t .  I n t e r e s t i n g  nonmonotonic behaviour o f  energy 

and angular momentum t r a n s f e r  along the sequence o f  

encounters i s  found. It i s  suggested t h a t  the sho r t  t ime 

behaviour o f  these i dea l i sed  systems which determines energy 



and angular momentum t r a n s f e r  would a lso  carry  over t o  more 

r e a l i s t i c  cases. O f  course the  resonant e f f e c t s  would tend t o  

be washed out f o r  galaxy models w i t h  a range o f  o r b i t a l  

periods.  


