
CHAPTER 2 

INTRODUCTION 

2.1 B r i e f  account o f  the s t r u c t u r e  o f  t y p i c a l  ga lax ies  

The ex t raga lac t i c  ob jec ts  t h a t  can be seen i n  any wide 

angle photograph of the sky are a l l  galaxies. I n  regions o f  

h igh galaxy densi ty  upto ha l f  the number o f  a1 1  ga lax ies  are 

l e n t i c u l a r  galax ies (SOs), about 40% are e l l i p t i c a l  ga lax ies  

and only about 10% are s p i r a l  galaxies. The o ther  10% are 

c l a s s i f i e d  as i r r e g u l a r  galaxies. I n  low dens i t y  regions 

near ly  80% o f  a l l  galaxies are s p i r a l s  and about 10% are 

e l l i p t i c a l s  and less  than 10% are SOs. Below we b r i e f l y  

describe these d i f f e r e n t  types o f  galaxies. For a d e t a i l e d  

review of the  s t ruc tu re  of galax ies see Kormendy (1982). 

Sp i ra l  galax ies have a  prominent s t e l l a r  d i sc  which 

includes young s ta rs ,  gas and dust arranged i n  t he  form of 

s p i r a l  arms. The s p i r a l  arms are s i t e s  o f  s t a r  format ion and 

they vary i n  s i ze  and s t ruc tu re  from galaxy t o  galaxy. 

Matter i n  the d isc  seems t o  move i n  c i r c l e s  about the cent re  

o f  the galaxy. A remarkable feature  i s  t h a t  t he  c i r c u l a r  

speed i s  near ly  independent o f  distance from the cent re  

(except near the centre where the speed drops t o  zero) .  

Typical  r o t a t i o n  speeds are between 200 km/sec and 300 km/sec 

and the r o t a t i o n  speed remains constant even a t  d is tances f a r  

beyond the  edge o f  the ( o p t i c a l l y )  v i s i b l e  p a r t s  o f  t he  

galaxy. Th is  f a c t  i s  convent ional ly  in te rp re ted  t o  imply t h e  

presence o f  l a rge  amounts o f  matter (dark mat te r )  whose 

presence i s  f e l t  through i t s  g rav i t a t i ona l  i n t e r a c t i o n  w i t h  



v i s i b l e  matter. S p i r a l s  a lso  have o l d  s t a r s  which are 

usua l ly  found i n  a ha lo  surrounding the d isc .  The bulges o f  

s p i r a l s  are dominated by these o l d  s tars .  Our Galaxy and our 

famous neighbourM31 are t y p i c a l  sp i ra l s .  We g ive below a 

few proper t ies  o f  our Galaxy. 

10 
Disc Mass - 6 X 10 Ma 

Gas Mass - I x / o ' O M ~  
I I 

Mass i n  dark matter - 4.5 8 10 Ma 
Disc scale length (charac te r i s ing  

exponent ia l ly  decaying surface dens i t y )  3 * 5  k , 5 ~  

Radius o f  Sun's o r b i t  about 
the Galac t ic  cent re  -- 805 k p c  

Ci rcu la r  speed - 220 km/sec 
33 21 

where IMo=1*9qx/O9and I ~ P C  = 3.086 x 10 c m .  

E l l i p t i c a l  ga lax ies  are apparently smooth and 

feature less  conta in ing o l d  s t a r s  but very l i t t l e  gas o r  dust.  

Since we see only the pro jec ted surface br ightness,  i t  i s  no t  
* 

possib le t o  determine d i r e c t l y  whether they are axisymmetric 

o r  t r i a x i a l .  Their  r o t a t i o n  speeds are low and even h i g h l y  

f l a t t ened  e l l i p t i c a l s  balance s e l f  g r a v i t y  by an iso t rop ic  

pressure (Binney 1976, I l l jngwor th  1977). These systems are 

"hot"  and the d ispers ion o f  pecu l ia r  v e l o c i t i e s  i s  o f  the 

order o f  a few hundreds o f  km/sec. The r e l a t i v e  s i m p l i c i t y  

o f  s t r uc tu re  makes e l  1  i p t i c a l s  idea l  l abo ra to r i es  f o r  

studying the dynamics o f  a  la rge number o f  s t a r s  d ivorced 

from the  compl icat ions introduced by gas dynamics ( t h i s  does 

no t  imply t h a t  gas dynamics was unimportant i n  t h e  format ion 

8 



process f o r  which both d i ss ipa t i ona l  and d i s s i p a t i v e  

scenarios have been explored) .  The sur face br ightness 

p r o f i l e  o f  an e l l i p t i c a l  galaxy f a l l s  o f f  smoothly w i t h  

increasing distance from the centre and i t i s  o f t e n  

impossible t o  detec t  the  "edge" o f  the galaxy. Most 

e l l i p t i c a l s  have surface br ightness p r o f i l e s  t h a t  are wel l  

'/9 f i t  by the de Vaucouleurs ( o r  R ) law 

where I = surface br ightness 

R = radius 

k = constant 

Len t i cu la r  ga lax ies  (SOs) have smooth, fea tu re less  

d iscs  t h a t  conta in no gas, young s ta r s  o r  s p i r a l  arms. 

I r r e g u l a r  galax ies are low luminos i ty ,  gas r i c h  

systems. Many near neighbours o f  our Galaxy are i r r e g u l a r s ,  

the most famous o f  them being the Large and Small Megallanic 

Clouds. 

2.2 Dynamics o f  i s o l a t e d  ga lax ies  

The s t ruc tu re  and dynamics o f  a galaxy i s  determined 

mainly by g r a v i t a t i o n a l  i n te rac t i ons  between i t s  

const i tuents .  Gas and dust con t r ibu te  t o  on ly  about 10% o f  a 

galaxy's v i s i b l e  mass. So we expect t h a t  they w i l l  have on ly  

a small e f f e c t  on the dynamics o f  "hot "  systems l i k e  

e l l - i p t i c a l  The s t e l l a r  content o f  ga lax ies  i s  

dominated by low mass s t a r s  whose l i f e t i m e s  are about as long 

as the age o f  the galax ies.  E l l i p t i c a l s  con ta in  o l d  ( low 



mass) s ta rs ,  so s t e l l a r  evo lu t ion  has p r a c t i c a l l y  no e f f e c t  

on the dynamics and s ta r s  may be t reated as idea l i zed  p o i n t  

masses i n t e r a c t i n g  w i t h  each other  and w i t h  the o ther  

const i tuents  through an inverse square a t t r a c t i v e  force.  

Sp i ra ls  on the other  hand have young s ta rs  as w e l l .  When 

these blow up as supernovae, s t a r  formation may be t r iggered  

and thus s t e l l a r  evo lu t ion  might p lay some r o l e  i n  the 

dynamics. Gas i n  s p i r a l s  has small pecu l ia r  v e l o c i t i e s  and i s  

hence g r a v i t a t i o n a l l y  responsive. The e f f e c t  on i n s t a b i l i t i e s  

i n  the d i sc  need no t  be smal l .  Sp i ra ls  a lso  have la rge 

amounts o f  dark matter whose composition i s  as ye t  unknown. 

By and la rge,  the i n te rna l  dynamics o f  a  galaxy i s  dominated 

by i t s  s t e l l a r  content and dark matter when present i n  
I I 

s izab le  amounts. On an average a  galaxy has - 10 s ta rs .  

For e s s e n t i a l l y  every proposed form o f  dark matter  simple 

estimates p r e d i c t  t h a t  over times o f  the order  o f  the age o f  
10 

the Universe (-- 10 years),  b inary ( s ta r - s ta r ,  dark matter - 

dark matter and s t a r  - dark matter)  i n te rac t i ons  have small 

e f f e c t  on o r b i t s  ca lcu la ted by assuming t h a t  the mass dens i ty  

d i s t r i b u t i o n  i n  the galaxy i s  smooth. 

Bearing a l l  t h i s  i n  mind, an idea l i sed  bu t  useful 

model o f  a  galaxy i s  a  f l u i d  i n  6 dimensional phase space 

described a t  any i ns tan t  o f  t ime by a  d i s t r i b u t i o n  f unc t i on  
3 3 f ( E ~ Y ~ ~ )  where f ( ~ , ~ , t ) d x d ~ i s  the  mass o f  the  galaxy 

3 3 
contained i n  phase volume d x d v .  This phase f l u i d  moves 

under the ac t i on  o f  s e l f  g rav i t y .  Since b inary  (and h igher 

order)  c o l l i s i o n s  are absent, the equations o f  motion f o r  any 



p o i n t  ( 6 , ) i n  phase space are 

where p(x ,t) i s  the g r a v i t a t i o n a l  p o t e n t i a l  a t  5 ( a t  t ime 
3 3 

t ) .  By L i o u v i l l e ' s  theorem phasevolumes ( d x d v i n t e g r a t e d  

over any 6 dimensional reg ion o f  phase space) are conserved. 

This impl ies  t h a t  f i s  conserved along the  t r a j e c t o r y  o f  any 

p o i n t  i n  phase space. This s e l f  cons is tent  dynamics i s  

described by the c o l l i s i o n l e s s  Boltzmann equat ion - CBE - 
which resembles the Vlasov-Poisson equations used commonly i n  

plasma physics: 

where i s  s e l f  cons i s ten t l y  determined by Poisson's 

equation 

( i s  Newton's g r a v i t a t i o n a l  constant) .  

Galaxies are usua l l y  modelled as s ta t i ona ry  so lu t i ons  

o f  the  CBE ( bf = 0 )  and models o f  r o t a t i n g  ga lax ies  are  
bt 

assumed t o  be s ta t i ona ry  i n  the r o t a t i n g  frame. It i s  

d i f f i c u l t  t o  t e s t  the assumption o f  s t a t i o n a r i t y ,  It i s  made 



f o r  s i m p l i c i t y  and convenience because ( i )  the re  i s  

theoret ica l /numer ical  evidence for  r e l axa t i on  t o  a s ta t i ona ry  

s t a t e  (see Sect ion 2.3 below) ( i i )  a  s ta t i ona ry  model has 

fewer parameters and i t  i s  l o g i c a l  t o  t r y  these f i r s t .  

I t i s  no t  d i f f i c u l t  t o  b u i l d  s ta t i ona ry  galaxy models. 

I n  f a c t  there  are so many d i f f e r e n t  models ( i . e .  d i f f e r e n t  

( V ) ,  one wonders i f  there  i s  not  some phys ica l  p r i n c i p l e  

t h a t  r e s t r i c t s  choice. The reason f o r  t he  wide v a r i e t y  of 

s ta t ionary  models i s  simple. Since the CBE i s  e s s e n t i a l l y  

df  - = 0, any f t h a t  i s  an a r b i t r a r y  f unc t i on  o f  the 
dt 

constants o f  motion w i l l  solve (1.1a). To be s e l f  

consistent ,  the  assumed constants o f  motion should be 

consistent  w i t h  the p o t e n t i a l  determined by ( 1.1 b . Of 

course, f should be everywhere p o s i t i v e  and g ive  f i n i t e  

mass, energy e t c .  This p r i n c i p l e  i s  c a l l e d  Jeans' theorem 

and i t  i s  the  most commonly used method o f  cons t ruc t ing  

galaxy models. 

For example, f = 0 imp l ies  t h a t  JP i s  independent of 

2 dt 
t ime. Then E = L  

" + y  (energy per u n i t  mass of a p a r t i c l e )  
C 

i s  constant along p a r t i c l e  t r a j e c t o r i e s .  Any $ ( E )  solves 

( 1 1 a ) .  cp i t s e l f  i s  now determined by 

This nonl inear equat ion together w i t h  the boundary cond i t i on  

-+ 0 as T 3 a, determines . It i s  i n t e r e s t i n g  t o  

note t h a t  the on ly  f i n i t e  mass so lu t ions  are  the  sphe r i ca l l y  



symmetric ones. 

The d i s t r i b u t i o n  f unc t i on  provides t he  most de ta i l ed  

descr ip t ion  o f  the galaxy. We can get  a grosser descr ip t ion  

by tak ing  moments o f  the  CBE i n  v e l o c i t y  space. This g ives 

us equations resembling the  con t i nu i t y  equation, the Euler 

equation e t c .  o f  f l u i d  dynamics and hence they are c a l l e d  

s t e l l a r  hydrodynamical equations ( o r  Jeans' equat ions).  The 

main t r oub le  w i t h  t h i s  approach i s  t h a t  i n  the absence o f  

c o l l i s i o n s ,  the pressure tensor i s  not  i s o t r o p i c  and i n f a c t  

there  i s  usua l ly  no equat ion o f  s ta te .  The hei rarchy o f  

equations o f  motion f o r  h igher and higher v e l o c i t y  space 

moments does no t  c lose and one i s  forced t o  deal w i t h  the CBE 

i n  i t s  p r i s t i n e  form. 

An approach t h a t  i s  more macroscopic leads t o  

i n t e r e s t i n g  p red ic t ions .  Th is  i s  the V i r i a l  Theorem (VT) f o r  

s t e l  1 a r  systems 

3 
where the second moment o f  I n e r t i a  I = S f r a d x ,  T = t o t a l  

k i n e t i c  energy and W = t o t a l  po ten t i a l  energy. I n  t h i s  form 

the VT i s  a dynamical statement about the o v e r a l l  dynamics. 

When the galaxy i s  i n  a steady s ta te  ( V i r i a l  equ i l i b r i um) ,  we 

have ( 2 )  = 0 where ( } i s  a t ime average. Hence 
2 

2(7) +(W)=U. With T ~ ~ ~ ~ '  and W--a where H = mass 
R 

of the galaxy, 6 = t y p i c a l  v e l o c i t y  d ispers ion  and 

R =  measure o f  radius, we have 



This i s  a  s t r i k i n g  f ea tu re  o f  s e l f  g r a v i t a t i n g  systems t h a t  

i s  independent o f  d e t a i l s .  When deal ing w i t h  neu t ra l  gases 

i n  the laboratory,  we may spec i f y  the temperature, mass and 

volume of the gas as independent quan t i t i es .  But f o r  a 

s t e l l a r  system i n  V i r i a l  equ i l i b r i um these are  no t  

independent quan t i t i es .  They are re l a ted  t o  one another 

through ( 2 . 3 ) .  C o l l i s i o n s  ( o r  encounters) between s t a r s  

take the system through a  sequence o f  s ta tes  ( i n  the 

"precol lapse" phase) each o f  which i s  i n  V i r i a l  equ i l i b r ium.  

So t h i s  equ i l i b r ium i s  t o  be thought o f  as a  long l i v e d  meta 

s tab le  s ta te .  A11 s ta t i ona ry  so lu t ions  o f  the CBE are 

equ i l i b r i um s ta tes  o f  the system i n  t h i s  meta s tab le  sense. 

For a  recent d iscussion o f  these issues and the e f f e c t  o f  

c o l l i s i o n s ,  see Padmanabhan (1990). Binney and Tremaine 

(1987) - hereaf ter  BT - provide an exce l l en t  account o f  many 

o f  the issues t rea ted  ra ther  ske t ch i l y  here ( t h e  reader i s  

r e fe r red  t o  BT f o r  a  more de ta i l ed  account o f  these and a  l o t  

more besides). We now go on t o  discuss some issues concerning 

the t ime dependent behaviour o f  c o l l i s i o n l e s s  s t e l l a r  systems. 

.2.3 The re1 axat ion con jec ture  

Galaxy format ion i s  a  d i f f i c u l t  problem, undoubtedly 

i nvo l v i ng  gas dynamics and r a d i a t i v e  processes. A s impler ,  

i dea l i zed  problem has there fo re  a t t r a c t e d  a t t en t i on ;  can a 

system o f  a  la rge number o f  p o i n t  masses i n t e r a c t i n g  



g rav i t a t i ona l  1 y w i t h  each o ther  form ob jec t s  resembl i n g  

galaxies? We mentioned e a r l i e r  t h a t  over t ime scales o f  the  

order o f  the age o f  the universe, the dynamics o f  a la rge  

number o f  s ta r s  (po in t  masses) i s  described accurate ly  by the  

CBE. The question then i s  about the behaviour o f  t ime 

dependent so lu t ions  o f  the CBE. 

I t has been conjectured (Lynden-Bell 1967 )  t h a t  over a 

few crossing times (crossing t ime = t ime taken f o r  a t y p i c a l  

s t a r  t o  t r a v e l  a distance equal t o  the s i z e  o f  the  system) 

the s t e l l a r  system would reach a coarse grained steady s t a t e  

i n  phase space. Coarse g ra in ing  i s  essen t ia l  because the CBE 

(which governs evo lu t ion )  i s  a reve rs ib l e  equation. So 

s t r i c t  equ i l i b r i um i s  impossible t o  reach and i t  i s  c l e a r  

t h a t  steady s ta te  can be reached by the system on ly  i n  a 

coarse grained sense, wh i le  there i s  a c t i v i t y  on f i n e r  

scales. 

Lynden-Bell 's p i c t u r e  o f  the process may be summarised 

as fo l lows.  While the s t e l l a r  system i s  i n  a t ime dependent 

s ta te ,  the g rav i t a t i ona l  f o r ce  experienced by a s t a r  i s  a l so  

t ime dependent leading t o  r a p i d  changes i n  i t s  energy. Thus 

energy i s  r ed i s t r i bu ted  among the s ta rs .  The s t a r s  i n  t h e i r  

courses move w i t h  d i f f e r e n t  per iods and so get o u t  o f  phase 

w i t h  each other i n  a few crossing times. Any s t r u c t u r e  

depending on coherence i n  o r b i t a l  phases such as a g loba l  

o s c i l l a t i o n  i s  damped w i t h i n  a few crossing t imes. Lynden- 

B e l l  c a l l e d  t h i s  process v i o l e n t  r e l axa t i on  because i t occurs 

so much more rap id l y  than c o l l i s i o n a l  re laxa t ion .  Perhaps 

15 



t h i s  term i s  best  reserved f o r  t he  spec i f i c  f i n a l  

d i s t r i b u t i o n  derived by Lynden-Bell, keeping " c o l l i s i o n l e s s  

re1 axat ion"  f o r  the general process. This con jec ture  o f  

r e l axa t i on  has been v e r i f i e d  subsequently by numerical 

experiments (see eg. van Albada 1982). 

The f i n a l  (steady) s t a t e  produced by c o l l i s i o n a l  

r e l axa t i on  ( f o r  example, i n  neut ra l  gases) has a Maxwell ian 

d i s t r i b u t i o n  o f  v e l o c i t i e s  and the d i s t r i b u t i o n  f unc t i oc  i s  

unique. What i s  the corresponding end s t a t c  o f  c o l l i s i o n l e s s  

re1 axation? 

Lynden-Bell (1967) attempted t o  p r e d i c t  the end s t a t e  

through statistics; arguments analogous t o  those given f o r  

the Maxwell-Boltzmann d i s t r i b u t i o n  f o r  neu t ra l  gases. If the  

: .elaxat ion process i s  v i o l e n t  enough (he argued), the f i n a l  

d i s t r i b u t i o n  func t ion  i s  the  one possessing maximum entropy 

constrained only by mass and energy conservat ion and the f a c t  

t h a t  no two d i f f e r e n t  phase elements can occupy the same 

p o s i t i o n  i n  phase space a t  the same t ime ( f o l l o w s  from 

L i o u v i l l e ' s  theorem on conservat ion o f  phase volumes). 

Lynden-Bell 's d i s t r i b u t i o n  f unc t i on  resembles the  

d i s t r i b u t i o n  func t ion  o f  p a r t i c l e s  obeying the Fermi-Dirac 

s t a t i s t i c s .  When s e l f  consistency i s  imposed, the system 

tu rns  ou t  t o  have i n f i n i t e  mass and energy. 

The b e l i e f  now i s  t h a t  wh i le  Lynden-Bell 's phys ica l  

p i c t u r e  o f  phase mix ing and energy r e d i s t r i b u t i o n  i s  co r rec t ,  

r e l axa t i on  i s  j u s t  n o t  v i o l e n t  enough (" incomplete 



relaxation"). The system seems to have more memory of its 

initial state than just the mass, energy and microscopic 

phase volumes. For example, N-body simulations of the 

evolution of an initially cold clumpy distribution of stars 

produce a relaxed state with a surface density profile that 

is well fit by the R' law (van Albada 1982, Mc Glynn 1984, 

Villumsen 1984). The collapse is as violent as can be 

imagined because initially the system has very little kinetic 

energy. For gentler collapses (Smith and Miller 1986, Quinn 

et al. 1986, Frenk et al. 1985) the relaxed systems seem to 

have flat rotation curves typical of spiral galaxies. 

Perhaps maximising entropy a la Lynden-Bell with more 

constraints might explain the violent collapses. 

More recent1 y , Tremai ne, Henon and Lynden-Be1 1 ( 1986 ) 

- here after THL - have suggested some constraints that any 

resonable, relaxing collisionless system should obey. They 

begin by defining a generalized entropy called by them an H- 

function: 

where C (5) is any convex function of f . 

)-f is conserved by the CBE. So at first sight the function 



looks useless. I f  a system relaxes, s t r uc tu res  (produced i n  

the course o f  evo lu t ion )  on f i n e  scales should be unimportant 

and one expects t h a t  repeated coarse g ra in ing  ( in terspersed 

w i t h  t ime evo lu t ion)  should no t  r e a l l y  a f f e c t  the  process o f  

re laxa t ion .  THL prove the f o l  lowing. Suppose t h a t  a t  t = 0 

the system was i n  such an ordered s t a t e  t h a t  the f i n e  gra ined 

( f  ) and coarse grained ( $ 1  d i s t r i b u t i o n  func t ions  are equal 

t o  each other .  ( fg = f averaged over some s u i t a b l e  c e l l s  i n  

phase space; f obeys t he  CBE whi le f does no t ) .  Then a t  t = 0 

~t l a t e r  times. ~[f,(t)]  ~[f(tJ] 

Since dkf[f] = O  we have 

Therefore the H - func t i on  has i t s  lowest value a t  t = 0 . 
During v i o l e n t  <re laxat ion,  the system becomes more and more 

'*mixedm' and ~[f,-] i n c reasesw i th  mixing. THL prove an 

i n t e r e s t i n g  theorem ( t h e  Mixing theorem). They def ine 

which i s  the  phase space volume where fS>? : 0 (9) i s  def ined 

by 

e(17) = 1 -P- 
L. - 0  + 3 2 s "  



They a lso  def ine 

where MA) i s  the t o t a l  mass o f  the system w i t h  -f > 
C 

E l  im inat ing P , M can be expressed as a  f unc t i on  o f  V . 
Theorem: For two d i s t r i b u t i o n  funct ions f i  and f 

A 

f o r  a l l  V . 

dH While THL haven't  q u i t e  shown t h a t  - 0 the 
dt 

mixing theorem i s  a  usefu l  i nequa l i t y .  I f  one knows from 

some theory of galaxy format ion t h a t  such-and-such an i n i t i a l  

s t a t e  i s  a  natura l  one, we can then decide i f  th is- and- th is  

f i n a l  s t a t e  i s  less  o r  more mixed by computing M(v). I f  the 

candidate f o r  the f i n a l  s t a t e  tu rns  out  t o  be less  mixed i t  

can be ru led  out  as a  poss ib le  relaxed galaxy. 

2.4 The dynamics o f  t ime dependent so lu t i ons  

While per iphera l  progress has been made, the d e t a i l s  

o f  the re laxa t ion  process are s t i l l  unclear.  No one has 

produced (an exact o r  even an approximate) a n a l y t i c  s o l u t i o n  

o f  the CBE t h a t  demonstrates re laxa t ion .  What 1  i t t l e  

understanding e x i s t s  comes from numerical s imula t ions and 

Lynden-Bell 's o r i g i n a l  p i c t u r e .  We g ive below Lynden-Bell 's 

o r i g i n a l  example showing phase mix ing i n  a  t ime independent 

anharmonic po ten t i a l  ( Y ( x ) )  i n  one s p a t i a l  dimension. 

Suppose t h a t  a t  t = 0 , there  i s  a  d i s t r i b u t i o n  o f  a s e t  o f  

mutual ly  non in terac t ing p a r t i c l e s  as shown i n  f i g u r e  2. la .  



The d i s t r i b u t i o n  func t ion  takes value 1 i n  the shaded reg i  

and zero outside. g, and rz are curves o f  constant energy 
1 

equal t o  E l  and EL. The energy o f  any p a r t i c l e  E = + y  
i s  conserved under evo lu t ion .  As t ime goes on, phase mix ing,  

wh i le  conserving phase area occupied by t he  p a r t i c l e s ,  

s t re tches out  the d i s t r i b u t i o n  because f o r  an anharmonic 

p o t e n t i a l ,  the per iod o f  o s c i l l a t i o n s  va r ies  w i t h  energy. 

A f t e r  many (mean) o s c i l l a t i o n  t imes, the d i s t r i b u t i o n  

f unc t i on  presumably looks l i k e  what i s  shown i n  f i g u r e  2 . l b .  

FIGURE 2.1 b 

A t  l a t e r  times the d i s t r i b u t i o n  becomes more and more wound 

up. I f  we coarse g ra in  (average over su i t ab le  f i xed  areas i n  

the X - V  plane) the d i s t r i b u t i o n  f unc t i on  would seem t o  have 

reached a constant value ( l e s s  than u n i t y )  everywhere i n  the  

annulus ( f i g u r e  2 . 1 ~ ) .  



FIGURE 2.7~ 

Simi la r  mixing occurs dur ing v i o l e n t  re laxa t ion .  Time 

dependence o f  the p o t e n t i a l ,  .as noted e a r l i e r  r e d i s t r i b u t e s  

p a r t i c l e  energies. The r o l e  o f  s e l f  consistency i s  unclear.  

Not a11 so lu t i ons  o f  the CBE re l ax  t o  a steady s ta te .  

Numerical s imulat ions do t u r n  up cases t h a t  show long l i v e d  

o s c i l l a t i o n s  (see eg. Henon 1968, Wilk inson and James 1982, 

Gerhard 1983). Recently Louis and Gerhard (1988) have 

numerical l y  constructed a spherical  1 y symmetric galaxy model 

t h a t  has small bu t  nonl inear rad ia l  o s c i l l a t i o n s .  

One dimensional ( I D )  s e l f  g r a v i t a t i n g  systems have f o r  

years been used t o  study c o l l i s i o n l e s s  re laxa t ion .  The 

system may be thought o f  as N plane p a r a l l e l  sheets 

i n t e r a c t i n g  w i t h  each o ther  g r a v i t a t i o n a l l y .  The sheets are  

constrained t o  move along the d i r e c t i o n  o f  t h e i r  common 

normal and they can pass through each o ther .  The i n t e r a c t i o n  

p o t e n t i a l  between two sheets i s  propor t iona l  t o  the  d is tance 

between them. Since t h i s  po ten t i a l  i s  so much smoother than 
I 

the  corresponding 3-0 case ( y - ' T ) ,  we expect c o l l i s o n s  t o  

be operat ive on ly  on very long t ime scales (see Reid1 and 



M i l l e r  1988 and references t he re in ) .  So the  CBE should be a 

good descr ip t ion  i n  1-D too. I n  sec t ion  2.7 we describe a 

nonl inear homologous mode discovered by Kalnajs.  Here we 

s h a l l  discuss an i n t e r e s t i n g  numerical experiment performed 

by Reid1 and M i l l e r  (1988). They pu t  100 p a r t i c l e s  i n t o  a 

"dumbell" l i k e  i n i t i a l  con f igu ra t ion  which i s  schematical ly 

shown i n  f i g u r e  2.2. 

FIGURE 2.2 

The blobs began chasing each other  i n  phase space and 

continued doing so f o r  600 crossing t imes. The blobs 

underwent very l i t t l e  s t r u c t u r a l  change. Nityananda 

( p r i v a t e  communication) has suggested t h a t  t h i s  i s  the same 

as the "phase lock ing"  phenomenon (we l l  known i n  d r i ven  

nonl inear o s c i l l a t o r s )  i n  which the amplitude and phase o f  a 

p a r t i c l e  vary but  never get  out  o f  hand. Anharmonicity and 

t ime dependence seem t o  cancel each o ther .  This phenomenon 

i s  perhaps re la ted  t o  r e s u l t s  obtained by Henon (1968) f o r  

spher ica l  she l l s .  It i s  a lso  the p r i n c i p l e  behind the  

const ruc t ion o f  Louis and Gerhard's model (1988). 

The sub jec t  o f  galaxy i n te rac t i ons  has grown i n  

importance owing t o  recent  observat ional developments. On 



the  t heo re t i ca l  s ide t h e  problem involves model l ing the  t ime 

dependent behaviour o f  two o r  more i n t e r a c t i n g  co1 l i s i on less  

s t e l l a r  systems ( i f  gas i s  ignored).  The on ly  genera1 

approach t o  t h i s  d i f f i c u l t  problem i s  la rge  scale numerical 

s imu la t ion  (see eg. the  impressive s imulat ions of Barnes 

(1989)).  L im i t i ng  cases have been t rea ted  a n a l y t i c a l l y .  For 

example ( i )  the passage o f  a small galaxy through the  ha lo  

o f  a much la rger  (and more massive) system per turbs  the  

l a rge r  system. The back react ion on the  smal ler galaxy 

produces a drag ("dynamical f r i c t i o n " ) .  Chandrasekhar's 

(1942) formula f o r  the dynamical f r i c t i o n  i s  very o f t e n  used. 

( i i )  When the t ime scale o f  encounter between two ga lax ies  

i s  s i g n i f i c a n t l y  smal ler  than the t ime sca le  f o r  s t e l l a r  

motions i n  the i nd i v i dua l  galax ies,  the  impulse approximation 

(Sp i t ze r  1958) has been used. I n  chapter 5 we der i ve  the 

consequences o f  the impulse approximation i n  some d e t a i l  f o r  

a s p e c i f i c  model. Th is  i s  pre l iminary  t o  going beyond the 

impulse approximation i n  t h i s  case. 

The general approach taken i n  t h i s  t h e s i s  i s  described 

i n  the  next  sect ion. 

2.5 General Strategy 

I n  t h i s  t h e s i s  we s h a l l  use constants o f  motion i n  

some specia l  t ime dependent po ten t i a l s  t o  const ruc t  exact 

t ime dependent so lu t i ons  o f  the CBE. I n  f a c t  t h i s  i s  a 

s t ra igh t fo rward  genera l i za t ion  o f  the  use o f  Jeans' theorem 

t o  const ruc t  s ta t i ona ry  models. A l l  t he  t i m e  dependent 

models constructed here share the property t h a t  a t  any 



i n s t a n t  o f  t ime the r e a l  space densi ty  i s  uni form over some 

( i n  general e l l i p s o i d a l )  region o f  space and zero outs ide.  

Le t  us imagine t h a t  the  shape and s i ze  o f  the region changes 

w i t h  t ime. Then, the g rav i t a t i ona l  fo rce  w i t h i n  the region 

i s  l i n e a r  i n  the s p a t i a l  coordinates, though t ime dependent. 

The equations o f  motion o f  any p a r t i c l e  i n  the e l l i p s o i d a l  

region are there fore  l i n e a r .  Under these cond i t ions t ime 

dependent quadrat ic forms i n  the coordinates and momenta can 

be found which are constants o f  the motion. The phase space 

d i s t r i b u t i o n  f unc t i on  ( f )  i s  then chosen t o  be a  f unc t i on  o f  

these and solves the CBE by Jeans' theorem. The func t iona l  

form o f  f i s  so chosen t h a t  i n teg ra t i ng  over v e l o c i t i e s  

g ives uniform dens i ty  e l l i p s o i d s .  Se l f  consistency governs 

the  evo lu t ion  o f  the models and introduces non l i nea r i t y  i n t o  

the equations governing the  evo lu t ion .  Below we s h a l l  der ive  

an i nva r i an t  f o r  a  t ime dependent harmonic o s c i l l a t o r  i n  one 

dimension o r i g i n a l l y  due t o  Lewis ( 1 9 6 8 ) .  Then we use t h i s  

t o  construct  a  t ime dependent model i n  one s p a t i a l  dimension. 

Th is  tu rns  out  t o  be the homolgous o s c i l l a t i o n  mode o f  a 

homogeneous s t e l l a r  system s t r a t i f i e d  i n  plane p a r a l l e l  

l ayers  discovered by Kalnajs ( 1 9 7 3 )  us ing a  d i f f e r e n t  method. 



2.6 The Lewis I n v a r i a n t  f o r  t he  1-D o s c i l l a t o r  

The equations o f  motion f o r  t he  t ime dependent 

harmonic o s c i l l a t o r  i n  one dimension are 

The l i n e a r i t y  o f  the equations (2.4) guarantees the existence 

o f  a quadrat ic i n v a r i a n t  which we w r i t e  as 

where A ,  8 and C are t ime dependent c o e f f i c i e n t s  

Requir ing 1 = 0 gives us 

We s h a l l  be using 1 t o  cons t ruc t  a t ime dependent model o f  a  



c o i l  i s i on less  s t e l l a r  system. So we need t o  choose A ,  6, C 

such t h a t  i s  p o s i t i v e  d e f i n i t e  ( i f  i s  i n d e f i n i t e ,  l i n e s  

o f  constant i n  the X - V  plane a t  any i n s t a n t  o f  t ime  are 

i n f i n i t e  i n  ex tent  and hence unsui table f o r  b u i l d i n g  s t e l l a r  
2 

systems). Pos i t i ve  def in i teness o f  Z requi res  AC - 8 ) 0 . 
I t  i s  s t ra ight forward t o  v e r i f y  from ( 2 . 7 )  t h a t  ( ~ c - 8 . ~ )  i s  

a  constant. Let  us choose 

Using (2.8) and (2.7a) i n  (2.7b) we get  

This can be w r i t t e n  i n  a  neater form i n  the  va r i ab le  5 , 
2 

where A = f : 

Therefore, the i n v a r i a n t  1 can be w r i t t e n  as 

where q(-t;) i s  any s o l u t i o n  o f  (2.10). 

We note t h a t  Z i s  a  genera l iza t ion o f  the ad iaba t i c  

i n v a r i a n t  f o r  a harmonic o s c i l l a t o r .  To see t h i s ,  we observe 

t h a t  i f  bZ(t) i s  a  s lowly  vary ing f u n c t i o n  o f  t ime, h igher  



der i va t i ves  o f  f can be ignored and $(&) can i t s e l f  be 

approximated as W- '12 . Using t h i s  approximation f o r  5 
i n  (2.11 ) and dropping the terms conta in ing $ , we get  

which i s  the we l l  known ad iabat ic  i n v a r i a n t  f o r  a  harmonic 

o s c i l l a t o r .  Goldste in 's  (1980) t e x t  book on Class ica l  

Mechanics has an a l t e r n a t i v e  d e r i v a t i o n  o f  the Lewis 

I nva r i an t .  This de r i va t i on  i s  analogous t o  Gauss' t r i c k  f o r  
) 

eva luat ing d e f i n i t e  i n t e g r a l s  named a f t e r  him - embed the 

given problem i n  a  higher dimension and e x p l o i t  symmetry. 

Although it i s  no t  mentioned i n  the t e x t  book, the  d e r i v a t i o n  

a lso  shows t h a t  the Lewis i n v a r i a n t  i s  the square o f  the 

Wronskian which, o f  course, i s  conserved f o r  the l i n e a r  

second order system i n  ( 2 . 4 ) .  We thank Pro f .  M.V.Ber-ry f o r  

po in t i ng  t h i s  out .  

2.7 Kalnajs '  homologous mode 

I n  1-Dl the CBE describes the evo lu t i on  o f  a system o f  

plane para1 l e l  sheets each o f  which i s  i n f i n i t e  i n  extent .  

The sheets are al lowed movement on ly  along the d i r e c t i o n  o f  

t h e i r  common normal. A l l  equ i l i b r i um d i s t r i b u t i o n  func t ions  

i n  1-D are funct ions o f  energy alone s ince i n  1-0, energy i s  

the only i n t e g r a l  o f  motion. The d i s t r i b u t i o n  f unc t i on  f o r  

an e q u i l i b r i u m .  mode1 w i t h  uni form dens i t y  w i t h i n  some 

i n t e r v a l  and zero outs ide i s  



where K , E, are  constants and 

We can construct the t ime dependent model by replacing E by 

the  ~ e w i s  I n v a r i a n t  ( 2 . 1 1  1, 1< and E ,  by some other  constants 

K '  and I q r e s p e c t i v e l y :  

The densi ty  

The p o t e n t i a l  i n  the region 1x1 < F d z * r  i s  

where a%[&) i s  determined from poi ssonk equation: 



We r e c a l l  t h a t  f i s  any so lu t i on  o f  (2.10) w i t h  LdS(t)  given 

by (2.17). Therefore 

From (2.15) we see t h a t  f (&)is p ropor t iona l  t o  the s i z e  o f  

the model. Equation (2.18) describes the o s c i l l a t i o n s  o f  the 

s i z e  o f  the uni form densi ty  region and we can see immediately 

t h a t  a l l  so lu t i ons  are per iod ic  func t ions  o f  t ime. We thus 

have a  one parameter fami l y  o f  o s c i l l a t i n g  models ( w i t h  given 

t o t a l  mass and energy) where the parameter may be taken as 
2. 

the f i r s t  i n t e g r a l  o f  (2.18). I n  the l i m i t  d j w w e  recover 

co ld  homologous col lapse o f  a  system o f  plane para1 l e l  
A- 213 0.  

sheets. When f = 730 and the system i s  i n  

equ i l i b r ium.  From (2.9) we see t h a t  the o r b i t a l  angular 

frequency o f  i nd i v i dua l  sheets i s  w, = . From (2.10) 

we can e a s i l y  compute the angular frequency o f  small 

o s c i l l a t i o n s  o f  the model about the equ i l i b r i um s t a t e  as 


