Lecture I1
Diffraction of light

principles of geometrical optics indi-
cate that the propagation of light is
influenced by the presence of obstacles
in its path in a manner determined by
the form and properties of the obstacles.
A polished metallic sphere, for instance,
would reflect the light falling upon it and
hence would cast a shadow. More com-
plicated would be the effects due to a
transparent obstacle, e.g, a drop of
water, as both the reflections and refrac-
tions at its surface would have to be
considered. The determination of the
resulting light intensity everywhere in
the field in a case of this kind is a problem in the theory of diffraction. It is evident
that the indications of geometrical optics must be supplemented by those of the
wave-theory, in view of the possibility of interference arising between rays of light
which cross each other after traversing different paths. In the case of the metallic
sphere, for instance, the entire field outside the region of shadow should exhibit
interferences between the incident and reflected rays. Similarly in the case of the
liquid drop, the interferences between the direct and refracted rays would, in
addition, need to be considered. The question also arises whether the conclusions
derived from ray optics remain valid in all circumstances. In the particular case of
the metallic sphere, for instance, the geometric shadow is sensibly perfect in the
vicinity of the sphere, but at a sufficient distance behind it, observation reveals the
presence of a bright spot of light at the centre of the shadow. How is this fact to be
reconciled with the concepts of ray optics?

It is evident that the study of diffraction raises a fundamental issue, namely, the
relationship between the ray and wave concepts of light. An adequate discussion
of diffraction phenomena necessarily includes a consideration of these two
aspects of optical theory and a reconciliation between them. The geometric
approach provided by ray optics has the merit of simplicity and enables us to
obtain an intuitive grasp of the phenomena. Hence, instead of considering
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diffraction phenomena as falling solely within the scope of wave-optics and as
indicative of a failure of geometrical optics, it is a much more satisfactory
procedure to bring diffraction within the scope of ray optics by appropriately
framing our fundamental concepts. How this may be done is illustrated by the
optical effects produced by a corrugated surface which we shall now consider in

some detail.

Refraction of light by a corrugated surface: The phenomena which we shall now
consider may be experimentally studied with a ripple tank, utilizing the fact that
the surface of a liquid agitated by a linear system of ripples of definite frequency
and wavelength is a corrugated surface. A narrow slit illuminated by a mercury
lamp and followed by a collimating lens may be used as the source of light. The
beam after passing through the liquid surface or after reflection by it is viewed
through a telescope focussed for parallel rays. We may consider here a parallel
beam of light which passes vertically upwards through a ripple tank containing

Figure 32. Rays emerging from ripple tank.

water. Figure 32 represents the geometric courses of the rays of light on
emergence from the liquid. The rays would be divergent over the concave areas
and convergent over the convex areas of the surface, but at a sufficiently great
distance would be divergent throughout. These elementary considerations of ray
optics describe correctly the effects observed in the immediate vicinity of the
surface. But at points sufficiently removed from the surface, they no longer
represent the facts correctly.

We may ask ourselves, why is the geometric theory valid near the surface of the
liquid and why does it apparently fail at points sufficiently far removed from it?
The answer to these questions must be found in the fact that the disturbance on
emergence from the liquid surface is no longer a simple train of plane waves. As
remarked earlier in our discussion on the interference of light, the principle of
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rectilinear propagation of light and the principle of interference do not in any way
contradict each other. But if apparent contradictions are to be avoided, it is
necessary that we should recognise only waves of constant type on the one hand,
and the rays normal to them on the other, as the proper basis for the description
of the optical field. In our present problem, for instance, we should analyse the
disturbance on emergence from the liquid surface into its component plane
waves. The subsequent movement of such plane waves along their respective
normals would furnish a description of the optical effects which is equally correct
from the wave and the ray points of view and which is valid for every part of the
field, both near and far from the surface of the liquid.

We have already seen (figure 2) that two plane wave-trains superposed on each
other result in a stratification of the amplitude and phase of the disturbance in the
field. The spacing 2D of such stratifications measured in a plane bisecting the
angle between the wave-fronts is given by the formula 2D sin y = A. This relation
may be readily generalised. The superposition of sets of wave-trains travelling in
various directions lying in a common plane and making angles y, with some fixed
direction in it, the relation 2D siny, = ni being satisfied, (n =0, + 1, + 2, etc.),
would result in the most general type of disturbance in which the amplitude and
phase vary periodically in the plane normal to the fixed direction. Hence, putting
2D = A*, where i* is the wavelength of the ripples, we may represent the light
emerging from the liquid surface by such a set of plane waves travelling along the
directions ¥, given by the formula A* siny, =n4, (n =0, £ 1, £+ 2, etc.). Accord-
ingly, when the light is viewed through a telescope focussed for infinity, a set of
monochromatic images of the original light source would be observed on either
side of the original direction of the light beam. The directions and intensities of
these images would correspond to the plane waves into which the disturbance
emerging from the liquid surface has been analysed. It will be noticed that the
formula is the well known one for the diffraction spectra due to a grating, but it
has been obtained here directly from fundamental concepts, without introducing
the principle of Huyghens.

Figure 2 gives us other useful indications regardmg the geometnc character of
the optical effects to be expected in our problem. Consider the pair of wave-trains
proceeding along the directions y , .. As shown by the figure, the space periods of
the resultant disturbance perpendicular to the fixed direction and parallel to it are
respectively A/siny, and A/cos . Hence, the resultants of the wave-trains i/,
Yy ¥in ¥y etc, have space periods oo, 4%, 1*/2, 4*/3, etc., along any plane
normal to the fixed direction, thus being in strict harmonic relationship. Along
the fixed direction, however, the “wavelengths” of the resultants are 4, A/cos y/,,
AJcos fr,, A/cos 4, etc. As these lengths are not identical the resultant disturbance
would fluctuate as we proceed away from the liquid surface along the light beam.
It can be readily shown that the disturbance would undergo a periodic cycle of
changes, repeating itself completely when we advance a distance 24*2/4 or any
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multiple of it, away from the surface. This is verified on putting pi=
(p —n?)i/cos y,, where p is an integer, and using the approximation
cosy, = (1 —y2/2) = (1 — n?22/22%?).

We obtain immediately pA = 24*2/4. In other words, the result of superposing the
waves ¥, on Y, would repeat itself once when we advance a distance 24*%/4,
while that of superposinig ¥ , ,on ¥, would repeat itself n times within the same
range. The appearance of the light field would, therefore, show fluctuations of a
complex periodic character as we move away from the liquid surface, the spacing
of the whole cycle being 21*?/4.

An expression is readily found for the amplitudes of the plane wave-trains into
which the disturbance emerging from the liquid surface is analysed. The light
vector in the emergent wave when the surface of the liquid is plane may be taken
proportional to

sin(2nvt — 2nz/4) =sin Q.
The retardation of phase produced at a given epoch by ripples of amplitude ‘@’
progressing along the y-axis is
2na{p — 1)/A-cos 2my/A*. ’
We shall denote this for brevity by v-cos ¢. Accordingly, the expression for the
light vector as modified by the presence of the ripples is proportional to sin
(Q — vcos ¢). This may be expanded and written in the form
Jo(0)sin @ = J,(0)[cos (Q + ¢) + cos (Q — ¢)]
—J,(v)[sin(Q + 2¢) + sin (Q — 2¢)]
+ J3(v)[cos(Q + 3¢) + cos (Q — 3¢)]
+ J(v)[sin(Q + 4¢) + sin (@ — 4¢)], etc.
It is easily verified that the terms sin 0, cos(Q + ), sin (Q + 2¢), etc., represent
plane waves travelling along the directions we have already indicated as Y, , ,,
¥, etc. The intensities of these waves are accordingly proportional to J3(v),
J%(v), J3(v), etc. As extensive tables of the Bessel functions are available, these
quantities may be readily found for any assigned value of v. It may be remarked
that, as is to be expected,
J3w) + 2J3(v) + 2J3(v) + 2J3) +...... =1,
so that the incident energy is merely redistributed amongst the different spectra.

Experimental verification of theory: The behaviour of the Bessel function when
the order and the argument are varied is well known.! The changes in the

*See, for instance, Jahnke~Emde, Tables of Functions, Second Edition, 1933, Section XVIIL.
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configuration of the diffraction pattern with increasing values of v can, therefore,
be readily visualised. When v is zero, we have only the central component. As v
increases, the first orders begin to appear and increase in intensity while the
intensity of the central component steadily falls off. The second order spectra then
begin to appear. With further increase of v, a stage is reached when the first order
spectra are very conspicuous, the second order spectra fairly strong and the third
orders begin to appear, while the central component has nearly vanished. For still
larger values of v, the second orders are stronger than the first, while the central
component has reappeared and the third orders are in fair strength. Further
changes of the same general nature occur for larger values of v, the spectra
fluctuating in intensity, and the higher orders gaining at the expense of the lower
ones.
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Figure 33. Relative intensities of spectra due to corrugated wave.

The relative intensities of the spectra for various values of v from O to 8 are
represented in figure 33 which is taken from a paper by Raman and Nath,*
dealing with the somewhat analogous case of a beam of light which has passed
through a liquid column carrying ultrasonic waves. As will be seen from the
figure, spectra of increasingly higher orders continue to appear as v becomes
larger and take up the greater part of the energy, though some of the spectra of
lower orders still have fair intensities. The fluctuations in the intensity of any
particular order with varying v, and of the spectra of different orders with
constant v are both characteristic features of the case. The disappearance of
particular spectra corresponds to the zeroes of the Bessel function of the orders
concerned and furnish a sharp criterion for the value of the maximum phase-
retardation which is operative. It is worthy of remark that the increase in the
number of spectra and consequent enlargement of the angular width of the
pattern with the increasihg amplitude of the ripples, as shown by figure 33,
roughly correspond with the increasing divergence of the rays on emergence from

*CV Raman and N S Nagendra Nath, Proc. Indian Acad. Sci., 1935, A2, 406.
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Figures 34 and 35. Diflraction of light by ripples on water.

the liquid surface which is indicated in figure 32. Figures 34 and 35 reproduce a
series of photographs* obtained with a ripple tank and exhibit a beautiful
concordance with the theoretical results. It should be remarked that these
pictures were obtained with progressive ripples, the boundaries of the tank being
too far away to give a disturbing reflection. Theory indicates that the diffraction
pattern by stationary ripples would be of a different character. This is readily
understood, because the relative intensities of the different orders of spectra
depend on the maximum retardation of phase produced by the ripples. This is a
constant quantity for a progressive motion, but varies periodically with time for a
stationary oscillation of the liquid surface. In the latter case, the diffraction
pattern as recorded on the photographic plate would be a time average in which
the special features depending on the particular value of v would have been
almost completely smoothed out. It is noteworthy that in either case, the
diffraction patterns can be seen without stroboscopic aid. Indeed, stroboscopic
illumination would make no difference in the diffraction pattern as observed with
progressive ripples. With a stationary ripple pattern, however, the diffraction
pattern seen would change with the phase at which the flashes of ilumination are

*D S Subbaramiah, Proc. Indian Acad. Sci., 1937, A6, 333.
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given. By altering this phase, it should be possible to follow the changes in the
structure of the pattern corresponding to all the values of v from zero upwards to
the maximum.

As the corrugation of the liquid surface produces changes of phase but no
appreciable changes of amplitude in the light beam on its emergence, a
microscope focussed on the surface would fail to give any indication of the
existence of the ripples. When the plane of observation is moved away from the
surface, however, alternations of light intensity would develop, which may be
observed with stroboscopic aid for progressive ripples, and without such aid fora
stationary ripple pattern. In the latter case, what we observe is an average
intensity effect. The spacing of the pattern seen would therefore be 1*/2, while for
progressive ripples, the spacing would have the full value A*. As remarked earlier,
the nature of the pattern would vary in a cyclic manner with the movement of the
plane of observation. The spacing of the complete cycle is 24*%/A for a progressive
wave, but if we ignore a lateral displacement of the pattern and consider only its
general appearance, the period of the cycle would be one half of this, namely,
2*2/A. If, therefore, the plane of observation coincides with the liquid surface or is
removed from it by a distance A*2/4 or a multiple thereof, the ripples would be
unobservable, while at intermediate positions, complex patterns would be seen
the nature of which depends on the amplitude of the ripples. For stationary
patterns seen without stroboscopic aid, the wavelength for the average intensity
effect is effectively halved, so that the period of the cycle is only A*2/24. The
general theory of visibility of periodic structures including the case of ultrasonic
waves of optical gratings for which 2* » 1 has been given by Nagendra Nath.

L

Fresnel and Fraunhofer patterns: An application of the principle that the ray-
optical and wave-optical descriptions of a light-field should be completely
equivalent enables us to find the effect of restricting the aperture of a beam of light
in any manner. To illustrate the essential features of the problem, we consider the
comparatively simple case of the passage .of light through a plane diffraction
grating made up of parallel strips of equal width which are alternately
transparent and opaque. Exactly as in the case of a corrugated refracting surface
discussed earlier, we analyse the disturbance emerging from the grating into sets
of plane waves travelling in various directions, starting from the disturbance at its
surface as determined by its assumed properties.

The waves incident normally on the plane grating are represented by the
expression Asin2xa(vt — z/2). At the plane of the grating (z = 0), this reduces to
Asin2nvt, and we assume that this is also the disturbance emerging from the
transparent strips, while over the opaque strips the disturbance vanishes. The
light-field thus described is periodic over the surface of the grating with

*N S Nagendra Nath, Proc. Indian Acad. Sci., 1936, A4, 262.
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wavelength A* and may be therefore represented by its Fourier expansion

1 ) in2 A*
sAsin2mve+ ) 2Asin vatw.
2 s=1.305,... s

We now reintroduce the co-ordinate z, and write the emerging disturbance in the
form

A -
1A sin2n(vt —z/A)+ ), —cos2n(vt — z/A F sy/A*).
2 s=1,3,5,...5%

The first term represents the undeviated plane waves of diminished strength

emerging from the grating, while the others represent a series of diffraction

spectra in which the even orders are missing. These spectra appear with equal

amplitudes but with opposite phases in directions equally inclined to the primary

beam on either side of it. The amplitudes of the diffracted plane waves are

inversely proportional to the order of the spectrum, in other words, to the sine of
the angle of diffraction. Considering the situation at the edges b =0, + A*, + 24*,

etc., on the surface of the screen, we notice that the diffracted plane waves traverse

each of these edges in various directions but in identical phases. The diffracted.
disturbances may therefore be regarded as made up of sets of cylindrical waves

diverging normally from these edges with an amplitude inversely proportional to

the sine of the angle of diffraction. A similar situation also presents itself as the

intermediate edges y = + A*/2, + 31*/2, etc, except that the phases are now

reversed. It follows that the cylindrical diffracted waves diverging from an edge

have opposite phases according as they appear on the illuminated or the dark side

of it. The diffraction spectra emerging from the grating may be considered as the

result of the interferences of these cylindrical waves. On this view, the non-

appearance of the spectra of even order is a consequence of the cylindrical waves
from the equidistant edges being alternately in opposite phases.

The result which thus emerges, namely, that the boundary between light and
shadow at the edge of a screen is a source of diffracted radiation having opposite
phases on its two sides, evidently does not depend on the particular disposition of
the edges in the case considered nor on their being infinitely extended or straight.
It is indeed valid generally, for edges of finite length as also for curved edges.
Further, the assumption that the alternate strips are completely opaque is also
not essential, since a sudden transition of any kind—in amplitude or phase or
both—on the two sides of a boundary of arbitrary form in a light-field would give
rise to similar effects. The recognition of these consequences of optical theory is
the key to an understanding of the diffraction phenomena which arise from the
passage of light through apertures or its obscuration by obstacles of arbitrary
form and nature. They enable us to describe these phenomena in geometric terms
related to the form of the apertures or obstacles. Further, they lead us naturally to
an understanding of the more recondite aspects of diffraction theory, including
especially the influence of the material and thickness of the screens, and the
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configuration of the edges (viz.,, whether they are sharp, wedge-shaped or
rounded-off) on the observed phenomena.

A procedure closely analogous to that described above may be adopted to find
the effect of passage of light through a single slit. We start by assuming a series of
parallel slits of width a at regular intervals 1* and then pass to the limit when
A* = o0. As in the case considered above, a Fourier expansion gives the result of
the passage of the light through such a grating in the form of a series. It is readily
shown that this may be written in the form

24a | 1 sin(nasin 6,/4)
7 [2’“,-1%....( V' rasing,n) ]

where 1* sinf, = sA. As A* tends to oo, the diffraction spectra appear in more
closely contiguous directions, and their number being great, we may neglect the
first term in comparison with the rest. On squaring, we obtain an expression of
the familiar type for the intensity in the diffraction pattern given by a rectilinear
slit. A’ similar expression is also obtained if we consider the diflraction pattern as
the result of the interference of the cylindrical waves having opposite phases
emitted by the two edges.

The validity of the treatment of diffraction problems outlined above is
naturally subject to certain restrictions and in particular, depends greatly on the
exactness with which the configuration and properties of any actual screen
reproduce those assumed for the purpose of the Fourier analysis. It is evident also
that the results of the analysis would progressively tend to deviate from the facts
as the size of the structures considered approaches the wavelength of light. For,
we would then actually have a terminated sequence of spectra and not an infinite
sequence as assumed. These difficulties become much more acute when we
consider cases in which the light is incident very obliquely on the screens or
apertures.

Instead of analysing the disturbance emerging from an aperture into sets of
infinitely extended plane waves, we may follow a different procedure and express
it as the summation of sets of spherical waves having their origins continuously
distributed over the area of the aperture. This, in fact, is the familiar approach to
diffraction theory based on the principle of Huygens due to Fresnel which is
generally adopted in treatises on optics. In this treatment, the intensity at any
point in the light-field is expressed as a surface integral taken over the illuminated
area of the aperture and then evaluated. Apart from its historic interest and its
usefulness in certain cases for purposes of computation, it is evident that this
classic procedure has not much to recommend it from a physical point of view. It
postulates secondary sources of radiation at points of space where there are no
real sources and no material particles which can serve as secondary sources.
Indeed, if we examine the matter closely, we find, on carrying out the summation
of the effects of the postulated secondary sources, that they disappear from the
picture, leaving only secondary radiations having their origins on the boundary
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of the aperture. That this is the case will be shown a little later when we consider
the problem of diffraction by apertures or obstacles with curvilinear boundaries.

Diffraction by an equilateral aperture: The fundamental role played by the
boundaries of an aperture in determining the physical and geometric characters
of its diffraction pattern may be suitably illustrated by a simple case, namely, that
of an aperture bounded by three sharp straight edges in the form of an equilateral
triangle.

The light from a point source passing normally through such an aperture
placed at a distance from it and after diverging further falls on a photographic
plate; the pattern thus recorded with short exposures is reproduced as figure 36
and with large exposure as figure 37. Figure 38 is a greatly enlarged reproduc-
tion of the pattern recorded when an image of the light source as seen through the
aperture is brought to a focus on the photographic plate by a convex lens. On
comparing figure 36 and figure 38, we notice that the former exhibits trigonal and
the latter hexagonal symmetry. The complete dissimilarity of the Fresnel and
Fraunhofer patterns which these pictures suggest is negatived by a comparative
study of figures 37 and 38. We then realise that the fainter outlying parts of the
Fresnel pattern which are recorded on a strongly-exposed plate present marked
similarities with the features observed in the Fraunhofer patterns.

The Fresnel pattern illustrated in figure 36 and figure 37 may be completely
described by the statement that in the strongly illuminated triangular area,

Figure 36. Fresnel pattern of equilateral aperture (weakly exposed photograph).
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Figure 38. Fraunhofer pattern of equilateral aperture.

spherical waves of light passing directly through the aperture are superposed
upon and interfere with the cylindrical waves diverging from each of its three
edges, while in the fainter outlying regions, these cylindrical waves appear
by themselves. The interference of the cylindrical waves from each edge
with the primary spherical waves gives the bands of alternating intensity which
are noticed running parallel to the same edge. Outside the central illuminated
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area, an area of hexagonal shape is noticed where the cylindrical waves from all
the three edges are seen superimposed. Further out still, we have a star-shaped
hexagonal pattern where they appear superimposed in pairs; still further out, they
appear individually as streamers. Running parallel to the edges of these faintly
illuminated areas, we observe bands of alternating intensity which are most
prominent in the vicinity of the vertices of the triangle; in this neighbourhood,
they take the form of hyperbolic curves having their asymptotes normal to the
sides of the triangle.

The Fraunhofer pattern illustrated in figure 38 may be described as the result
of the collapse and disappearance of the central illuminated area in figure 37,
consequent on the lens bringing the spherical waves which pass through the
aperture to a geometric focus. In other words, the Fraunhofer pattern is due
exclusively to the radiations from the edges of the aperture. Where the radiations
from all the three edges are effectively superposed, we have the central hexagonal
area of the pattern. Surrounding this, features are visible which are due to the
cylindrical waves being superposed on each other in pairs and giving observable
interferences. Further out still, the effect of each edge is observed by itself in the
arms of the six-rayed star which forms the most conspicuous feature of the
pattern. The rays of this star arise from the cylindrical waves diverging on either
side of each edge; owing to the astigmatism of these waves, the broad streaks to
which they give rise in figure 37 have contracted laterally (but not longitudinally)
into the narrow streaks seen in figure 38. The fainter bands running parallel to the
rays of the star are essentially similar in their origin to the bands running normal
to the edges seen in the Fresnel pattern. They arise from the interference with each
other of the cylindrical waves from different parts of the same edge. Along the
central line of each ray of the star, the whole of the corresponding edge is
effectively in the same phase. But when we move away from the central line, the
radiations from differént parts of the edge no longer agree in phase. We may then
replace the line source parallel to the edge by point sources of diffracted radiation,
one at each end; these give the interferences running parallel to the rays of the star.
The Fraunhofer pattern may indeed with justice be described as arising from the
interferences of radiations from three point sources placed respectively at the
three vertices of the triangle. The amplitudes and phases of these radiations
depend in a characteristic manner upon the angle of diffraction, thereby
influencing the general appearance of the pattern to a notable extent.

Diffraction caustics and foci: We shall now proceed to consider the special
phenomena exhibited by apertures and obstacles with curvilinear boundaries. It
is useful in the first place to remark upon the relationship between the effects
produced by an opaque obstacle and by an aperture in an opaque screen when
they have the same form and situation relatively to the source of light. The
illuminated areas being complementary, the sum of the effects in the two cases
would everywhere be the same, being that due to the source itself. Accordingly, if













































































































































