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ABSTRACT
We have obtained the power spectral description of the density and opacity Ñuctuations of the cold

H I gas in the Galaxy toward Cas A and Cygnus A. We have employed a method of deconvolution,
based on CLEAN, to estimate the true power spectrum of optical depth of cold H I gas from the
observed distribution, taking into account the Ðnite extent of the background source and the incomplete
sampling of optical depth over the extent of the source. We investigate the nature of the underlying
spectrum of density Ñuctuations in the cold H I gas which would be consistent with that of the observed
H I optical depth Ñuctuations. These power spectra for the Perseus arm toward Cas A and for the outer
arm toward Cygnus A have a slope of 2.75 ^ 0.25 (3 p error). The slope in the case of the Local arm
toward Cygnus A is 2.5 and is signiÐcantly shallower in comparison. The linear scales probed here range
from 0.01 to 3 pc. We discuss the implications of our results, the non-Kolmogorov nature of the spec-
trum, and the observed H I opacity variations on small transverse scales.
Subject headings : ISM: structure È methods : data analysis È radio lines : ISM È

techniques : image processing È techniques : interferometric È turbulence

1. INTRODUCTION

The cold atomic gas in the Galaxy has been observed for
over 40 years in the 21 cm H I line. These early single-dish
and interferometric observations established the presence of
cold atomic gas in the Galaxy, possibly in the form of dis-
crete ““ clouds ÏÏ in pressure equilibrium with the warm
neutral medium (Clark, Radhakrishnan, & Wilson 1962 ;
Clark 1965 ; Radhakrishnan et al. 1972 ; Field, Goldsmith,
& Habing 1969 ; Field 1973). These H I clouds, with an
estimated mean spin temperature of D 80 K and a mean
density of D 30 cm~3, were thought to be a few parsecs in
size. This simple picture of the cold gas has changed signiÐ-
cantly during the last two decades due to high-resolution 21
cm line absorption measurements of the Galaxy made using
aperture synthesis telescopes (Greisen 1973 ; Lockhart &
Goss 1978 ; Bregman et al. 1983 ; Schwarz et al. 1986, 1995).
Fine structures in the atomic hydrogen gas have been
observed over a wide range, in length scales down to about
0.1 pc (Crovisier, Dickey, & Kazes 1985 ; Kalberla, Schwarz,
& Goss 1985 ; Bieging, Goss, & Wilcots 1991 ; Roberts et al.
1993 ; Schwarz et al. 1995). Some lines of sight which have
also been explored through VLBI and multiepoch pulsar
observations have revealed signiÐcant opacity variations in
the atomic gas on transverse scales down to D 10 AU
(Dieter, Welch, & Romney 1976 ; Diamond et al. 1989 ;
Deshpande et al. 1992 ; Frail et al. 1994 ; Davis, Diamond, &
Goss 1996 ; Heiles 1997 ; Faison et al. 1998). The observed
opacity variations had raised concerns regarding the origin,
lifetime, and pressure equilibrium with the rest of the inter-
stellar medium of the small-scale structure presumed to
cause them. Related issues in this context are coherent
length scales of the underlying structures, the role of turbu-
lence in producing these, and the power contained in such
structures as opposed to that in large-scale structures.

Some of these issues are best addressed through a power
spectrum analysis of the H I density Ñuctuations at the

relevant range of scales. For the warm H I gas observed in
emission, this is rather straightforward since the observed
21 cm line intensity is directly proportional to the column
density of the H I gas. Thus, the observed line visibilities as a
function of spatial frequency deÐne the power spectrum of
the H I density Ñuctuations. For scales of 50È200 pc, this has
been carried out by Green (1993), and a useful analytical
formulation related to such measurements is discussed by
Lazarian (1995). The measurement of H I absorption dis-
tribution, on the other hand, cannot be directly interpreted
in terms of the power spectrum of the H I density Ñuctua-
tions, as the H I absorption depends on the integral along
the sight line of the ratio of the number density to the spin
temperature of the H I gas. Thus, the translation of the
observed optical depth Ñuctuations to those in H I density
necessarily involves an assumption about the dependence of
the density on temperature (e.g., pressure equilibrium would
imply constancy of the product of density and temperature).
Direct interpretations of the H I absorption measurements
are made difficult by the e†ects due to the Ðnite extent and
the shape of the background source.

More recently, the opacity variations in the cold atomic
gas have been imaged using bright supernova remnants as
background continuum sources (Bieging, Goss, & Wilcots
1991 ; Roberts et al. 1993 ; Schwarz et al. 1995). Some of
these observations provide a unique opportunity to study
the opacity distributions over a large range of spatial scales.
In this paper, we attempt to derive an underlying power
spectrum from the H I opacity distribution observed in the
direction of two bright radio sources, Cas A and Cygnus A.
The power spectrum of the opacity distribution over about
2 orders of magnitude in spatial scales (as from the Cas A
data) is found to follow a power law. The optical depth
images used in the current analysis are discussed in ° 2. The
power spectrum analysis and application of CLEAN for
high dynamic range spectral estimation are discussed in ° 3.
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This CLEAN procedure, to recover the true spectrum from
the observed spectrum, takes into account the extent and
shape of the background source. In ° 4, the estimated power
spectra of the cold H I gas in the Galaxy toward Cas A are
presented. In this section, we also present the structure func-
tion of the observed optical depth distribution in the
Galaxy toward the direction of both sources. The possible
relation between the opacity spectrum and the underlying
spectrum of H I density Ñuctuations is examined in ° 4.1.
The implications of the derived power spectra of the cold
gas for the interstellar medium are discussed in ° 5.

2. OPTICAL DEPTH IMAGES

The distribution of cold H I gas in the Galaxy toward the
supernova remnant Cassiopeia A (lD 111¡, b D [2¡) was
observed by Bieging et al. (1991, hereafter BGW) using the
Very Large Array (VLA) of the National Radio Astronomy
Observatory. They present optical depth images at an
angular resolution of 7A and a spectral resolution of 0.6 km
s~1. Cas A is at a distance of D 3 kpc from the Sun and is
believed to be in, or beyond, the Perseus spiral arm. The

optical depth image cube presented by BGW covers a veloc-
ity range from D [30 to [56 km s~1 The H I(V LSR).absorption in this velocity range is caused by the interstellar
gas in the Perseus spiral arm. An optical depth image in one
of the velocity channels (at \ [38.8 km s~1) from thisV LSRcube is reproduced in Figure 1. The morphology of the
absorbing gas at an adopted distance of D 2 kpc to the
Perseus arm (spatial resolution D 0.07 pc) is dominated by
Ðlaments, loops, and arcs.

Recently, we used the VLA to observe the distribution of
cold gas in the Galaxy toward the direction of the powerful
extragalactic radio source Cygnus A (l D 75¡, b D 5¡). The
observations were carried out with the VLA in the B con-
Ðguration (maximum baseline D 11 km) on 1999 December
26 and 27. A bandwidth of 1.56 MHz was used with 256
channels and Hanning smoothing, resulting in a spectral
resolution of 1.29 km s~1. The synthesized beam was ]3A.8

at a position angle of Bandpass calibration was3A.6 [2¡.8.
achieved by frequency switching on Cygnus A. The chan-
nels from the Ñat portion of the spectrum and free from line
absorption were used to estimate continuum visibilities.

FIG. 1.ÈH I optical depth image at a km s~1 toward Cas A from BGW. This VLA image has an angular resolution of 7A with a samplingV LSR\ [38.8
interval of The optical depth gray scale ranges from 0.5 (white) to 5 (black). The contours are in units of 0.1 from 0.1 to 1, and in units of 1 from 1 to 5 in1A.6.
optical depth. The synthesized beam is shown in the bottom right-hand corner. The velocity resolution of this image is 0.6 km s~1.
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Spectral line visibilities in each of the relevant spectral
channels were obtained by removing the estimated contin-
uum contribution to the visibilities. The images constituting
a spectral image cube, as well as the continuum image, were
constructed and CLEANed. The rms noise in each of the
spectral channels and in the continuum image was 0.1 Jy
beam~1, limited by dynamic range. The optical depths (q)
were estimated in the standard way at all positions where

the line intensity and the continuum intensity were greater
than 5 times the rms value in the respective images. Some
examples of optical depth images produced this way are
shown in Figures 2 and 3. The double-lobed morphology is
simply a reÑection of the radio continuum morphology of
Cygnus A. The optical depth images in Figures 2 and 3
provide examples of the distribution of cold atomic gas in
the Local and the outer spiral arms, respectively. The

FIG. 2.ÈH I optical depth image of the Local arm toward Cygnus A produced from the VLA observations described in this paper. The top right-hand
corner indicates the The bottom left-hand corner of the Ðrst panel shows the synthesized beam. The optical depth gray scale ranges from 0 (white) to 0.4V LSR.(black). The contours are in units of 0.01 from 0.01 to 0.1, and in units of 0.05 from 0.1 to 0.5 in optical depth. The angular resolution of corresponds toD 3A.7
a linear resolution D 0.01 pc for an assumed distance of 0.5 kpc to the Local arm. The sampling interval in these images is 1A, and the velocity resolution is
1.29 km s~1.

FIG. 3.ÈH I optical depth image of the outer arm toward Cygnus A obtained from the VLA. The contours are as in Fig. 2. The angular resolution of
corresponds to a linear size D 0.27 pc for an assumed distance of 15 kpc to the outer arm.D 3A.7
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FIG. 4.ÈUpper and lower frames show the H I optical depth spectra
toward the northwest and the southeast peaks of Cygnus A, respectively.
Note the large optical depth values corresponding to the Local 0 km(V LSRs~1), and the outer [85 km s~1) arms. In contrast, the Perseus arm(V LSRshows a weak H I absorption (q\ 0.05) at [50 km s~1.V LSR

spatial resolutions of these images correspond to D 0.01 pc
and 0.3 pc at the Local and the outer arms, respectively. The
assumed distances to the Local and the outer arms are 0.5,
and 15 kpc, respectively. There is very little H I absorption
(peak optical depth \0.05) in the Perseus arm toward
Cygnus A (Fig. 4). Consequently, except toward the two
brightest positions in the two lobes of Cygnus A, the optical
depth of the Perseus arm remains unmeasured toward most
of the area covered by the two lobes. These images are not
displayed. For the same reason, we also do not use the
Perseus arm optical depth images toward Cygnus A in the
structure function analysis discussed in ° 4.

3. POWER SPECTRUM ANALYSIS

For the Ðrst time, the optical depth images in the Cas A
direction provide possibilities of studying the distribution of
cold H I over a usefully wide range of spatial scales simulta-
neously. Given the extent and the resolution of these
images, a detailed estimate of the power spectrum of the
opacity distribution over nearly two decades in spatial
scales is possible. In this section, we attempt such an esti-
mate and present details of our analysis.

In an ideal situation, where a fully sampled opacity dis-
tribution is available over an extent of and with ahmaxsampling interval *h, it is possible to simply Fourier trans-
form the distribution and estimate the power spectrum over
a frequency range to 1/(2*h). In reality, the opacity1/hmaxdistribution is not fully sampled (see Fig. 1), making it diffi-
cult to estimate the true power spectrum directly. As is clear
from the distribution in Figure 1, the incomplete sampling
is primarily due to the Ðnite extent of the background
source, Cas A. In principle, a smaller section of the image
where sampling is complete can be chosen ; however,
reduced resolution in the spectrum then results. Unfor-
tunately, some incompleteness exists in most of the optical

depth images within the source extent where the continuum
background or the line intensity is too weak to allow a
reliable estimation of the optical depth. If the optical depth
at the unsampled locations in the image is assigned zero
value, the Fourier transform of the image gives a spectrum
that is a convolution of the true spectrum with the Fourier
transform of the measurement mask or the sampling spec-
trum. The measurement mask is deÐned by ones and zeros
at the locations that are sampled and unsampled, respec-
tively. This convolution can signiÐcantly modify the spec-
trum, thus making the nature of the true spectrum less
apparent. Some form of deconvolution operation is there-
fore required to recover the true spectrum, particularly
when high dynamic range estimation is a primary consider-
ation (as would be while studying steep power-law spectra).

3.1. Application of CL EAN for High-Dynamic-Range
Spectral Estimation

The situation in obtaining the true spectrum from the
modiÐed or dirty spectrum is analogous to that of obtaining
a clean image from a dirty image routinely encountered in
synthesis imaging (Ryle & Hewish 1960). There, the dirty
image obtained from a telescope is the convolution of the
clean image with the point spread function (PSF) of the
telescope, and the dirty image needs to be deconvolved with
the PSF in order to obtain the true (or clean) image. The
deconvolution attains even more importance when the tele-
scope is an unÐlled aperture. In such a situation, a tech-
nique called CLEAN 1974) is commonly used to(Ho� gbom
obtain high dynamic range images. In the present situation,
the dirty spectrum is to be deconvolved using the spectrum
of the mask in order to obtain the true spectrum. The appli-
cation of CLEAN in the power spectral analysis of nonuni-
formly sampled pulsar timing data was developed by
Deshpande, Allesandro, & McCulloch (1996). In that case, a
one-dimensional CLEAN was developed. In the present
context, a two-dimensional variant of this application is
used. Details of the application of CLEAN in the context of
power spectral analysis can be obtained from Deshpande et
al. (1996). Only a brief summary of the procedure used in
the present context will be given here.

The two-dimensional q image (e.g., Fig. 1), which is
223 ] 223 pixels, is padded with zeros to obtain a
512 ] 512 image. A mask of the same dimensions is also
prepared. This padding helps in improving the sampling by
a factor of D 2 in the spectral domain, which improves the
performance of CLEAN qualitatively, although at the
expense of additional computation. Both the image and the
mask in the image domain are Fourier transformed to
obtain the image spectrum and the mask spectrum in the
spatial frequency domain, respectively. The spectra so
obtained are Hermitian symmetric (as are visibilities and
unlike the images in the case of synthesis imaging), and the
CLEAN algorithm was modiÐed to account for this modiÐ-
cation : (1) During each iteration of CLEAN, while search-
ing for the maximum in the spectrum, only the amplitudes
were considered. But, while removing CLEAN components,
the complex nature (amplitude and phase) is taken into
account, and (2) the search for the maximum was made only
over one-half of the image spectrum. Subsequently, subtrac-
tion of a scaled version of the mask spectrum was per-
formed over both halves of the image spectrum after
accounting for the Hermitian-symmetric contribution. This
procedure ensures the Hermitian symmetry in the CLEAN
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spectrum. The CLEAN complex components are restored
with a half-cycle cosine of half-power width close to the
original spectral resolution which is added to the residuals.
The square of the amplitude of the resultant CLEAN
complex spectrum is then used to estimate the power spec-
trum. Finally, an azimuthally averaged one-dimensional
power spectrum is obtained from such a two-dimensional
CLEAN power spectrum to improve the spectral deÐnition ;
of course any information on anisotropy is lost. This pro-
cedure was applied to a series of optical depth images corre-
sponding to individual velocity channels as well as those
integrated over wider velocity ranges. Given the continuous
nature of the spectra, one may legitimately question the
applicability of the CLEAN deconvolution procedure
(Schwarz 1978), since CLEAN assumes a generally empty
domain with only well-separated narrow spectral com-
ponents in the true spectrum. Interestingly, the often
encountered steep power-law spectra (power P q~a, where
q is the spatial frequency) are red in nature ; i.e., a is positive.
When viewed on a linear scale, such spectra would be highly
peaked around zero frequency and relatively empty else-
where, providing a favorable situation for CLEAN.

The azimuthally averaged mask spectrum corresponding
to the image in Figure 1 is a featureless power law (power
P q~a, where q is the spatial frequency) with a slope (or
power-law index) of 2.9 (\a). This spectrum can be under-
stood by noting that the optical depth image in Figure 1
deÐnes an approximately circular area (the morphology of
the background source Cas A) as the sampled distribution.
The Fourier transform of a uniformly weighted perfect cir-
cular patch is an Airy pattern, i.e., a Bessel function of I
order divided by q. For large values of its argument (q), the
square of the Airy pattern decreases as q~3. Hence, the
observed power-law slope of the mask spectrum is not sur-
prising. As an example of the improvement brought about
by the CLEAN procedure, Figure 5 shows the azimuthally
averaged versions of the dirty spectrum (i.e., pre-CLEAN,
dashed line) and the clean spectrum (i.e., CLEANed and
restored, solid line) for the images similar to that in Figure 1.
In both cases the power spectra from 11 channels in the
velocity range [41.4 to [34.9 km s~1 were averaged to
improve the spectral deÐnition, since the individual noisy
spectra are similar. There are two distinct di†erences
between the two spectra. First, the true spectrum has a knee
at corresponding to the size of the syn-log(q/qmax)D[0.5
thesized beam D 7A. The power spectrum drops sharply
beyond these frequencies. This bowl is Ðlled in by the
leakage of power from lower frequencies in the dirty spec-
trum. Second, the slope of the true spectrum is 2.75 while
that of the dirty spectrum is 2.4 [both the slopes calculated
between [0.5 and [1.5 in The dirty spectrumlog(q/qmax)].is expected to be Ñatter than the CLEAN spectrum since the
latter has been convolved with the mask spectrum leading
to a mixing (spread) of power from smaller to larger spatial
frequencies.

It may be noted that although the processing described
so far involves two-dimensional images/spectra, the results
are presented as azimuthally averaged versions. This
averaging improves the deÐnition of the spectra in a mono-
tonically increasing fashion toward higher spatial fre-
quencies consistent with the increasing number of
independent samples available for the averaging. Thus, the
uncertainties are relatively high toward the lower spatial
frequency end of the spectrum, which is therefore excluded

FIG. 5.ÈDemonstration of the CLEAN procedure in power spectra.
The x-ordinate is logarithm of the spatial frequency in units of the limiting
frequency The limiting frequency is half of the sampling frequency.(qmax).The sampling interval in the Cas A optical depth images used here is 1A.6.
The top curve (dashed line) is a dirty power spectrum obtained after averag-
ing the power spectra of 11 channels in the velocity range \ [41.4V LSRkm s~1 to [34.9 km s~1. The bottom curve (solid line) is the true power
spectrum obtained after CLEANing. Note the appearance of the ““ knee ÏÏ in
this spectrum at D [0.5. This e†ect is due to the Ðnite size (7A)log(q/qmax)of the synthesized beam. The slopes of the dirty and true spectra are 2.4
and 2.75, respectively, estimated over the x-range [0.5 to [1.5.

from any quantitative estimation (e.g., slope). At the other
end, the shape of the bowl is a result of the steepening of the
spectrum due to beam smoothing and a Ñattening of the
spectrum as the contribution due to the uncertainties in the
estimation of optical depth becomes signiÐcant. Consider-
ation of these two e†ects deÐnes the range of spatial fre-
quencies over which the spectral characteristics can be
estimated reliably. The CLEAN spectrum viewed over this
range is describable by a simple power law of the form q~a,
where q is the spatial frequency and a is the power-law
index.

4. POWER SPECTRA FROM CAS A AND CYGNUS A

The spatial power spectra of optical depth distribution
toward Cas A are shown in Figure 6. These spectra rep-
resent average description over the velocity intervals [51.6
to [45.2 km s~1 and [41.4 to [34.9 km s~1 separately.
These velocity ranges correspond to the Perseus arm and
arise from a distance of 2 kpc. In Figure 6 there are three
spectra, obtained as follows :

1. Case A.ÈA power spectrum is obtained for each of the
11 velocity channels in the chosen velocity range (e.g.,
[51.6 to [45.2 km s~1). The resultant 11 power spectra
were found to be similar in slope and di†ering in the spec-
tral density consistent with the optical depth variations in
the images used. They were combined with uniform weigh-
ting, giving an average description of opacity distribution
viewed over a narrow channel (width 0.6 km s~1 in the
present case). In Figure 6 there are two spectra obtained in
this fashion corresponding to the two velocity ranges [51.6
to [45.2 km s~1 (dot-dashed line) and [41.4 to [34.9 km
s~1 (solid line). These two spectra are less noisy (owing to
the averaging over 11 channels) and follow each other well
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FIG. 6.ÈSpatial power spectra of optical depth distribution toward Cas
A. The spectrum indicated by the solid line is obtained as in case A (° 4)
and corresponds to the velocity range [41.4 to [34.9 km s~1. The spec-
trum indicated by the dot-dashed line also corresponds to case A, but to
the velocity range [51.6 to [45.2 km s~1. The third spectrum (dashed
line) is obtained as in case B (see ° 4) and corresponds to the velocity range
[41.4 to [34.9 km s~1. All the three spectra have a slope of 2.75 ^ 0.25 (3
p error) over the range of [0.5 to [1.5. However, the case Blog(q/qmax)spectrum has 3 times higher power than the case A spectrum over this
range of log(q/qmax).

in the range of [1.5 to [0.5. It is not surprisinglog(q/qmax)that the agreement of the power spectra in these two veloc-
ity ranges is excellent given the same range of spatial scales
covered.

2. Case B.ÈThe optical depth images over 11 velocity
channels of a chosen velocity range ([41.4 to [34.9 km
s~1) were Ðrst averaged to obtain one image for which a
power spectrum was estimated. A given pixel in the average
image was blanked when the average could not be per-
formed over all the 11 velocity channels (i.e., when one or
more of the channel images had the corresponding pixel
blanked). This reduces, however, the total number of valid
pixels in the resultant image. This e†ect was minimized for
the velocity range [41.4 to [34.9 km s~1. This spectrum is
shown in Figure 6 as a dashed line and is easily recognized
as the noisiest of the three spectra shown. The slopes esti-
mated over the of [0.5 and [1.5 for alllog(q/qmax)range
the three spectra are equal within the noise, with a power-
law slope of 2.75 ^ 0.25 (3 p error). The average power in
the case B spectrum (dashed line) over this range in

is about a factor of 3 higher than the two case Alog(q/qmax)spectra. The implications of this enhanced power will be
discussed in ° 5.

A similar analysis was also attempted for the data in the
direction of Cygnus A. However, given the very limited
sampling in this case, a structure function should provide a
more useful description of the opacity distribution than an
azimuthally averaged spectrum, even after CLEANing.
Hence, we have obtained the structure function for the
observed optical depth distribution toward Cygnus A and
compared this with the Cas A results. The structure func-
tion of the optical depth is deÐned as Dq(r)\ S[q(x) [
q(x [ r)]2T, where q(x) is the optical depth at point x, and
the estimation is based on only those points in the image

where the optical depth estimates are considered to be reli-
able. It can be shown that for a distribution having a power-
law spectrum ( P q~a), the structure function will also be a
power law (P r2b, where r P 1/q), such that a \ 2 ] 2b (Lee
& Jokipii 1975).

In Figure 7, the square root of the structure function (i.e.,
the rms Ñuctuation) of the optical depth distribution in the
Perseus arm toward Cas A (crosses) is compared with those
in the Local (circles) and outer arms (squares) toward
Cygnus A. The spatial scales indicated are appropriate to
the assumed distances of the absorbing H I gas. The e†ect of
the beam smoothing is apparent toward the smaller spatial
scales (over about half an order of magnitude) in each of the
structure functions. Toward the larger spatial scales, the
estimation su†ers from an inherent limitation in having a
limited number of independent realizations of the large-
scale variations that are required to obtain a true average
estimate. The gap seen in the structure function correspond-
ing to the outer arm of Cygnus A results from inadequate
statistics consistent with the absence of optical depth esti-
mates over a large fraction of the northwest lobe (see Fig. 3).
Even with these limitations, the reliably estimated sections
of the structure functions indicate that the slopes of two of
the three determinations (the Perseus arm and the outer
arm) are consistent (b D 0.4). In addition, this value of b is
consistent with the power law index (a \ 2.75) for the gas in
the Perseus arm (Fig. 6). The slope in the case of the Local
arm is signiÐcantly shallower (b D 0.25). In addition, the
Ñuctuations in the opacity (and its mean value) are an order
of magnitude higher for the gas associated with the Perseus
arm of Cas A, as compared to the outer arm H I in the
direction of Cygnus A. The vertical heights from the Galac-
tic plane of the H I gas observed in these two cases are
di†erent, namely, D 70 pc for the gas in the Perseus arm
toward Cas A and D 1300 pc for the gas in the outer arm
toward Cygnus A. However, it is unclear how much of the

FIG. 7.ÈStructure function toward Cas A and Cygnus A. The square
root of the structure function (i.e., the rms value) of the optical depth
distribution in the Perseus arm toward Cas A (crosses) is compared with
those toward Cygnus A in the Local ( circles) and the outer (squares) arms.
The spatial scales correspond to the assumed distances of 0.5, 2, and 15 kpc
for the Local, the Perseus, and the outer arms, respectively. See ° 4 for
further details.
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di†erences seen in the structure functions corresponding to
these arms are attributable to the di†erences in the heights
from the Galactic plane of the absorbing H I gas in these
two arms.

4.1. Implications for the Distribution of H I Density and for
Pressure Equilibrium

The derived (CLEAN) power spectra shown in Figure 6
represent the spatial power spectrum of the opticalpq(k),
depth distribution. The optical depth, q, is related to the
column density and (density weighted harmonic) mean(NH)
spin temperature of the H I gas as The(T

s
) qPNH/T

s
.

column density of H I is related to the volume density (nH)
as where l is the line of sight path length of the H INH\nHl,
gas. The pressure of the H I gas (P) viewed locally is related
to the volume density and kinetic temperature as PP(T

k
)

assuming it to be a perfect gas. For the cold gas in thenHT
k
,

Galaxy, If the di†erent density regions are inT
s
B T

k
.

pressure equilibrium (i.e., with each other, thennH P 1/T
k
)

this implies that qP In general, if the equation of statenH2 .
for the cold H I gas is given by then the opticalT

k
P nHc ,

depth will be proportional to Pressure equilibriumnH1~c.
corresponds to c\ [1. It is not straightforward to predict
the power-law index of the density spectrum based on that
of the observed optical depth. However, it is possible to
explore the relation between these two through suitable
Monte Carlo simulations involving an assumed power-law
spectrum of density and a value of c. Our attempts to do so
have indicated that the slope of the computed power spec-
trum of opacity is nearly the same as that of the assumed
slope of the three-dimensional power spectrum for the H I

density. The two slopes di†er marginally if, in the assumed
density distribution, the density Ñuctuations far exceeded
the mean density. Otherwise, the resultant slope showed no
dependence on the assumed value of c, indicating that the
assumption of pressure equilibrium is reasonable. This
independence of the slope on the assumed value of c is not
surprising since any nonlinear dependence of q on nHimplied by the equation of state reduces to the(qP nH1~c)
Ðrst order to a dominant linear dependence [dqP

if the Ñuctuation in density is small com-(1[ c)dnH)] (dnH)
pared to the mean density Hence, the nature of the(Sn

H
T).

observed spectrum of q distribution must closely describe
the corresponding spectrum of the H I density.

5. DISCUSSION

As can be seen in Figure 6, the spectrum obtained in case
B (spectrum of the optical depth averaged over several
velocity channels) has about a factor of 3 higher power than
the case A spectrum (average of the spectra of several veloc-
ity channels). This di†erence indicates that there is partial
correlation in structures as a function of velocity. The
spectra are normalized suitably, such that if the structures
were fully correlated across N channels, we would observe
an increase in power by a factor of N. Hence, the observed
increase by a factor of 3 in power indicates a correlation
scale of D 2 km s~1 in velocity. This correlation scale in
velocity is expected since the typical value of turbulence for
the cold H I gas in the Galaxy is D 4 km s~1
(Radhakrishnan et al. 1972).

The power spectrum of density Ñuctuations in the cold
atomic gas toward Cas A has a slope of D 2.75. Adopting a
distance of 2 kpc for this absorbing gas, the linear scales
probed ranged between 0.07 and 3 pc, corresponding to the

resolution (7A) and the size of Cas A (D5@), respectively.
Compared to these transverse scales, the longitudinal (or
the line of sight) scales corresponding to each of the chan-
nels (i.e., velocity resolution) must be signiÐcantly larger.
Otherwise, the power spectrum obtained from the inte-
grated image (case B) should have a di†erent (steeper) slope
compared to that for a single-channel image (case A).
However, as has been demonstrated in Figure 6, there is no
signiÐcant di†erence in the two slopes. Thus, the opacity
image in a single channel corresponds to a longitudinally
integrated version of the underlying three-dimensional
opacity distribution. Combining this result with the dis-
cussion in ° 4, the power spectrum represents the three-
dimensional power spectrum of density Ñuctuations in the
cold atomic gas over linear scales of 0.07È3 pc. The H I

emission analysis (Green 1993) provided a similar slope
over the larger scales of 50È200 pc. Assuming no changes in
the slope of the power spectrum between these two ranges, a
constant slope is implied over 3 orders of magnitude in
linear scales. It is noteworthy that the estimated slope of
2.75 for the power spectrum di†ers signiÐcantly from the
Kolmogorov slope (11/3 \ 3.67) expected for the three-
dimensional power spectrum of a turbulence-dominated
incompressible Ñuid.

In a recent paper, Lazarian & Pogosyan (2000) draw
attention to the modiÐcation of the H I density spectrum
due to the velocity Ðeld. They point out that the velocity
range needs to be thick in order to obtain the true density
power spectrum. They estimate a power-law index close to
the Kolmogorov value for the power spectrum of density
using the H I emission data of the Galaxy (Green 1993) and
of the Small Magellanic Cloud (Stanimirovic et al. 1999).
Being aware of this complication, we have obtained the
power spectra before (case A) and after (case B) averaging in
velocity (° 4). Within the errors of estimation, the two slopes
agree (Fig. 6), indicating that the e†ect of averaging over
velocity is not a substantial e†ect.

It may not be surprising that the slope of the power
spectrum of density Ñuctuations in the cold atomic gas in
the Galaxy is di†erent from the Kolmogorov slope con-
sidering that (a) the H I gas in the interstellar medium is
compressible, and (b) the Kolmogorov index is expected if
the energy input into the interstellar medium at some large
scale cascades down to small scales through a turbulence
mechanism. However, the exact nature and the scales at
which the energy is input and its cascade to smaller scales
are determined by a range of processes in the interstellar
medium such as the supernovae and stellar winds. Although
a qualitative discussion of many such aspects is available
(Lazarian 1995), the quantitative implications of these pro-
cesses on the slope of the power spectrum is quite uncertain.

Another important implication of the derived power
spectral description is to the long-standing puzzle of the
observed opacity variations on small transverse scales
down to tens of AU. These opacity variations have been
interpreted in the past as evidence for widespread small-
scale structure in the H I distribution, with volume densities
orders of magnitude higher than those implied by the
parsec-scale component. It has been recently emphasized
(Deshpande 2000) that there is a need to recognize the
nature of the actual quantity measured at small scales ;
almost all scales contribute to the measured opacity di†er-
ences at small scales. Furthermore, if the power spectrum
with a slope of 2.75 estimated for the Cas A Perseus arm



234 DESHPANDE, DWARAKANATH, & GOSS

data is extrapolated to these small scales, optical depth
variations with an rms of 0.1 can be expected on scales of
D 100 AU (Deshpande 2000). The recent H I absorption
measurements using the Very Long Baseline Array and the
Very Large Array indicate that Ðve out of the seven sources
observed show opacity variations consistent with this
extrapolation (Faison et al. 1998 ; Faison & Goss 2000).
However, 3C 138 and 3C 147 show optical depth Ñuctua-
tions an order of magnitude larger over linear sizes of 10È20
AU indicating real two-dimensional structures in H I

opacity, but note that the associated spectra appear much
shallower than in the Cas A case.

Our investigations in two di†erent directions (Cas A and
Cygnus A) have shown both similarities and di†erences in

the derived descriptions in terms of slopes and powers
associated with the power spectra (and structure functions)
of the H I distribution. For a relatively complete picture to
emerge, it is desirable that such studies are carried out in
di†erent directions in the Galaxy.

The analysis software used here was based largely on a
package developed by J. Rajagopal with one of us (A.A.D.).
We would like to thank R. Nityananda and V. Radhakrish-
nan for useful discussions and comments on the manuscript.
National Radio Astronomy Observatory is a facility of the
National Science Foundation operated under cooperative
agreement by Associated Universities, Inc.
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