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Comment on ‘‘Immirzi parameter in quantum general relativity’’
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~Received 29 August 2000; published 30 July 2001!

The Immirzi parameter is a free parameter which appears in the physical predictions of loop quantum gravity
and is sometimes viewed as a quantization ambiguity. Interpretations have been offered for the Immirzi
ambiguity, but there does not appear to be a clear understanding or even a consensus about its origin and
significance. We show that a previously discussed example containing a ‘‘finite dimensional analogue’’ of the
Immirzi ambiguity is fallacious, in the sense that the ambiguity in this example is not intrinsic to the system,
but introduced artificially by compactifying the configuration space.
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A popular approach@1# to the problem of quantizing grav
ity is loop quantum gravity~LQG!. LQG is an offshoot of a
program, initiated by Ashtekar@2,3# in the mid 1980s, advo-
cating the use of connection variables rather than metr
variables in canonical gravity. Ashtekar’s approach is ess
tially nonperturbative in spirit and independent of bac
ground structures in space-time. Ashtekar’s variables c
sisted of a densitized triad and a complexSU(2) connection.
These variables were arrived at by performing a canon
transformation on the extended phase space~EPS! of general
relativity. They resulted in a dramatic simplification of th
constraints of general relativity. These original Ashtekar va
ables were complex, which resulted in problems with ‘‘re
ity conditions.’’

In 1994, Barbero@4# pointed out that a small variation o
Ashtekar’s canonical transformation resulted in areal con-
nection formulation of gravity. The form of the constraints
Barbero’s Hamiltonian formulation is not as simple as
Ashtekar’s original formulation, but this is a price one
willing to pay to avoid ‘‘reality conditions.’’ Current work in
LQG is based on the real Hamiltonian formulation due
Barbero@4#.

It was pointed out by Immirzi@5# that Barbero’s transfor-
mation could be slightly generalized. A 1-parameter fam
~depending on the real parameterb, the ‘‘Immirzi param-
eter’’! of canonical transformations was possible, all
which had equal claim to validity as Barbero’s original tran
formation. Classically, the Immirzi parameter, which appe
as a free parameter in a canonical transformation, has
physical significance and disappears from all physical p
dictions. However, as Immirzi@5# pointed out, the physica
predictions of LQG do depend on the Immirzi parameterb
appears@6# in the spectrum of the area operator and also
the final expression for black hole entropy as calculated fr
LQG. Theb dependence in both these cases is not a ‘‘sm
correction to ab independent term, but an overall multiply
ing factor.

Sinceb appears in the spectrum of the area operato
LQG, it is generally accepted@7–12# that it sets the scale o
quantum gravity: the fundamental length in LQG isnot the
Planck length, butAb times the Planck length. In@7# an
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analogy is drawn between the basic unit of electric charg
a loop quantization of Maxwell theory and the fundamen
length of LQG. Rovelli and Thiemann@8# criticize and dis-
miss a number of interpretations which have been offered
the Immirzi ambiguity~IA ! and then suggest that it corre
sponds to a classical canonical transformation that canno
unitarily implemented. Ashtekaret al. @6# compute the en-
tropy of a Schwarzschild black hole in the framework
LQG and find that the entropy is proportional to the ar
with a constant that depends on the Immirzi parameter. F
particular choice ofb, this agrees with the Bekenstein
Hawking entropy of a Schwartzschild black hole. With th
samechoice ofb, one also finds agreement for charged bla
holes. Gambiniet al. @9# draw parallels between the Immirz
parameter and theu parameter in QCD. Krasnov@11# offers
an argument involving angular momentum bounds on ro
ing black holes and concludes that the Immirzi parame
must be fixed to unity. This disagrees, however, with t
value needed by Ashtekaret al. @6# to match the Bekenstein
Hawking value. Rainer@12# attempts to explain betwee
these two distinct values by noticing that the classical limi
tricky. It is clear that some argument is needed to determ
the Immirzi parameter so that further predictions of t
theory can be made and tested.

The appearance of the unphysical parameterb in physical
predictions of LQG is not easy to understand. A theorist is
course, at liberty to perform any canonical transformat
she chooses, but one might have hoped that the phys
predictions of the theory would not depend on the whims
the theorist. The fact that the predictions of the theory
affected by the theorist’s choice is something that needs to
understood. How does one understand the Immirzi amb
ity? Are there other systems which also display this beh
ior? The prevailing attitude towards the ‘‘Immirzi ambigu
ity’’ is that it is a quantization ambiguity. Quantizatio
ambiguities are not unknown in physics, an example be
the u vacua of QCD. The quantum theory contains a n
parameteru, which is absent in the classical theory and h
to be fixed by experiment. This quantization ambiguity
now well understood as arising from the multiple connect
ness of the configuration space. Similar quantization am
guities arise for a particle on a circle.

However, the Immirzi ambiguity does not appear to orig
nate in the multiple connectedness of the configurat
©2001 The American Physical Society01-1
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COMMENTS PHYSICAL REVIEW D 64 048501
space. In order to fully understand the ambiguity, it would
nice ~if possible! to exhibit finite dimensional analogue sy
tems which also suffer from the same ambiguity. Rovelli a
Thiemann@8# have made such an effort. They study a nu
ber of finite dimensional systems to see if they exhibit
analogue of the Immirzi ambiguity. For the simple harmon
oscillator and for the particle on a circle, they find that the
is no ambiguity. They then go on to consider another mo
which, according to them, does have ‘‘Immirzi’’ ambiguity

We will show that this example of Rovelli and Thieman
is fallacious: their original system can be quantized with
ambiguity. The ambiguity is introduced ‘‘by hand’’ b
changing the original configuration space in ab dependent
manner. Thus their ‘‘quantization prodedure’’ does n
quantize the original system at all, but quantizes a o
parameter family of distinct systems. We now describe
example of Rovelli and Thiemann~in slightly different nota-
tion!. Consider a free particle inR3 whose position vector is
rW and whose momentum ispW . The phase space of the syste
is R6, the cotangent bundle overR3. We impose the con-
straint that the angular momentum of the particle vanish
JWªrW3pW 50. The Hamiltonian of the system isH5pW .pW /2.
These data define the system and we can proceed to qua
it. Our Hilbert space is the space of square integra
functions onR3. The constraintJW50 ensures that the al
lowed wave functionsc(rW) are, in fact, spherically symmet
ric. c depends only onr 5urWu and not onrW. This means that
only s waves are allowed. On such states the Hamiltonia
pr

2/2. This describes a particle on the half lineR1 with a
measure given byr 2. The Hilbert space is the space of fun
tions c(r ) which satisfy*r 2drc* (r )c(r ),`. With appro-
priate regularity conditions onc(r ) at the origin,pr is a
Hermitian operator and the Hamiltonian has a continu
spectrum.

What Rovelli and Thiemann@8# do is to introduce new
variables:

AW :5brW1
] f ~p!

]pW
~1!

EW :5pW /b ~2!

using a canonical transformation that depends explicitly
b, the analogue of the Immirzi parameter. Using the anal
with gravity they defineg, an element ofSU(2), by the
formula

gªexp~ iAW •tW !, ~3!

wheretW are theSU(2) generators. They then declare the
Hilbert space to be the space of square integrable funct
on SU(2), L2

„SU(2)… and find that the spectrum of th
Hamiltonian is discrete and that it depends onb.

In declaring the Hilbert space to beL2
„SU(2)…, one

has lost contact with the original system@13#. Functions
on SU(2) are functions ofr with a periodicity of 4p/b.
04850
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Thus, what Rovelli and Thiemann quantize is a syst
with a different configuration space which has been deriv
from the orginal one by making identifications in ther
coordinate with period 4p/b. This leads to a discrete
spectrum for the Hamiltonian~since the configuration
space is compact!, which depends onb ~since the size
of the configuration space depends onb). However this
does not constitute an example of the Immirzi ambigui
All one has done is to define a new one-parameter fam
of systems~particles on circles with circumference 4p/b)
and quantize them. This has nothing to do with quantiz
the original system. Thus we conclude that the exam
given by Rovelli and Thiemann is not a finite dim
ensional example of the Immirzi ambiguity. The Immirzi am
biguity of Loop quantum gravity is not illuminated by thi
example.

To summarize, our objection to the example of Rove
and Thiemann@8# is that the displayed ambiguity is con
trived and artificial. The sole motivation for quantizing th
simple system with artificially introduced compactificatio
appears to be to bring out an analogy with the Immirzi a
biguity. Rather than illuminate the Immirzi ambiguity, th
example could in fact raise suspicions that the Immirzi a
biguity too is a similarly contrived and artificial phenomeno
resulting from arbitrary compactifications on the configu
tion space.

In recent papers@15,16# it has been suggested that co
nection based approaches to quantum gravity should lea
deal with non-compact gauge groups. In fact the view ad
cated in@15,16# would resolve the Immirzi ambiguity in fa
vor of 6 i . ~These values are unacceptable to Barber
Hamiltonian formulation and LQG, because the resulti
connection variable is not real.! Even if one rejects the view
advocated in@15# and works with a real compact gaug
group as in LQG, it does seem clear that the Immirzi am
guity poorly understood. For example, is the Immirzi am
guity is a genuinely field theoretic phenomenon, needing
infinite number of degrees of freedom to manifest itself?
do finite dimensional systems exihibit similar behavior? N
convincing finite dimensional analogue of the IA has be
exihibited to date. If no such examples are found, one m
be forced to conclude that the IA is either absent in LQG,
a genuinely field theoretic phenomenon. It would be e
tremely interesting to settle this question. In another cont
~QCD and not quantum gravity! there is at least one examp
where a field theoretic phenomenon (u vacua! has a simple
finite dimensional analogue. Quantization on a multiply co
nected space~such as a circle! has ambiguities similar to the
field theoretic ambiguities. In this case, the finite dime
sional example is illuminating because the ambiguity is
ally there and not just put in ‘‘by hand.’’

From reading the literature one gets the impression
the IA in LQG has been understood in the finite dimensio
example of Rovelli and Thiemann@8#. It appears however
that the finite dimensional example can be justified only
analogy with the field theoretic situation. Since the fie
theoretic ambiguity is not understood, there may be a dan
1-2
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COMMENTS PHYSICAL REVIEW D 64 048501
of circular reasoning: one justifies the field theoretic am
guity by using the finite dimensional example and vice ver

We would like to suggest that the theorist is at liberty
make any canonical transformation she chooses, but it
reasonable constraint on the calculational scheme she
that the physical predictions of the theory should not dep
on such choices. Indeed, in a recent work by Alexand
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@14# using path integral quantization, the Immirzi ambigui
does not appear, unlike in the LQG approach. It would
interesting to understand why there is such a difference
tween these approaches.

It is a pleasure to thank Richard Epp, B. R. Iyer, Sukan
Sinha and Madhavan Varadarajan for discussions.
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