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Heat Conduction in a One-Dimensional Gas of Elastically Colliding Particles of Unequal Masses
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We study the nonequilibrium state of heat conduction in a one-dimensional system of hard point par-
ticles of unequal masses interacting through elastic collisions. A BBGKY-type formulation is presented
and some exact results are obtained from it. Extensive numerical simulations for the two-mass problem
indicate that, even for arbitrarily small mass differences, a nontrivial steady state is obtained. This state
exhibits local thermal equilibrium and has a temperature profile as predicted by kinetic theory. The tem-
perature jumps typically seen in such studies are shown to be finite-size effects. The thermal conductivity
appears to have a very slow divergence with system size, different from that seen in most other systems.
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The problem of finding a one-dimensional system of
interacting particles, evolving through Newtonian dynam-
ics, in which Fourier’s law of heat conduction holds, has
attracted considerable interest in recent years [1]. One
of the first studies in the field was the work of Rieder
et al. [2], who obtained the exact nonequilibrium steady
state (NESS) of a chain of coupled harmonic oscillators.
They found a constant temperature profile in the system
and a heat current that was independent of system size.
This result was not too surprising, considering that the
harmonic chain is integrable and there is no scattering of
phonons. Since then, a large number of studies have looked
at the effects of introducing impurities, nonlinearity, and
external potentials [3–8]. The specific question asked in
most of these studies is the following. Defining the ther-
mal conductivity K of a system through the linear response
formula j � 2K�T �=T , where j is the current and T the
local temperature, is there a one-dimensional model which
gives a finite K? Contrary to initial expectations, it was
found that adding impurities and/or nonlinearity into a sys-
tem did not result in finite K . The first model in which a fi-
nite K was found was the so-called ding-a-ling model [4] in
which alternate particles on the line are bound to harmonic
springs and the other particles move freely between pairs
of the bound particles. Numerical studies of several other
models have also given finite conductivity [9]. A common
feature in these models is the presence of external poten-
tials which lead to momentum nonconservation. Recently,
it has been proven rigorously [10] that the conductivity as
given by the Green-Kubo formula always diverges in one-
dimensional momentum conserving systems with finite
pressure. Two recent studies [11] have reported finite con-
ductivity in momentum-conserving systems with vanishing
pressure.

While the proof of anomalous conductivity in
momentum-conserving systems has been a significant
progress, there remain many issues that still need to be
addressed. First of all, the proof uses the Kubo formula
and this is not fully satisfactory since the validity of the
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Kubo formula, even in the limit of arbitrarily small tem-
perature gradients, has never been established rigorously.
It may be noted that any derivation of the Kubo formula
for thermal conductivity essentially makes the following
assumptions: (i) the NESS is in local thermal equilibrium
(LTE), (ii) that Fourier’s law is valid, and (iii) regression
of equilibrium fluctuations occur in the same way as
nonequilibrium processes [12]. These assumptions are
physically motivated but may not be true in all cases. Sec-
ond, we note that, while the focus of most of the work on
heat conduction has been addressed to obtaining Fourier’s
law, the more general problem is one of understanding
the nonequilibrium energy current carrying state of a
many-body system. For example, one important question
is the existence or otherwise of LTE in the steady state.
Thus, one would like to know if it is possible to define
a slowly varying temperature field which determines all
other local properties in the system. This point has not
attracted much attention, even though it is quite crucial
even for stating Fourier’s law and using results of linear
response theory. Naively, one might expect that, if thermal
currents in the system vanish in the thermodynamic limit,
then LTE should hold but this has been shown not to be
true always [13]. Another interesting question is the deter-
mination of the temperature profile itself. These questions
are clearly of interest and can be asked independently
of whether or not Fourier’s law holds. Finally, we note
that numerical studies of heat conduction are problematic
for several reasons. One needs a long time numerical
solution of nonlinear differential equations which is time
consuming and not very accurate. This, in addition to long
equilibration times typically occurring in such systems,
restricts one to small system sizes. Also, the treatment of
boundary related problems, such as that of temperature
jumps, is not straightforward. Hence, it has often been
difficult to arrive at correct conclusions from numerical
studies and it is desirable to have more accurate studies.

In this paper we study heat conduction in a system
of hard elastic particles of unequal masses moving on a
© 2001 The American Physical Society
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one-dimensional line. The only interaction between the
particles is through elastic collisions. This model was first
considered by Casati [14] as a possible candidate for ob-
taining Fourier’s law, but the numerical results were in-
sufficient to draw any definite conclusions. More recently,
this model has been studied by Hatano [7], who obtained a
diverging conductivity. The equal-mass case with dissipa-
tion was studied by Du et al. [8] who obtained a rather
surprising NESS which implied a breakdown of usual
hydrodynamics.

Here we present extensive and accurate numerical
work on this model and also an analytic formulation
of the Bogoliubov-Born-Green-Kirkwood-Yvon– type
(BBGKY-type). Our aim has been to give a more detailed
characterization of the NESS than has been previously
done. The present model is particularly suitable for this
purpose for two reasons: (i) Simulations of this model do
not require a numerical solution of nonlinear differential
equations and it is possible to obtain very accurate results;
(ii) analytically the BBGKY hierarchy has a compara-
tively simpler structure and some exact statements can
be made. The most interesting result obtained is that the
steady states for the case of equal masses and the case
with arbitrarily small mass differences are completely
different. In the thermodynamic limit, the latter case
exhibits LTE and the temperature profile approaches a
form predicted by kinetic theory for a one-dimensional
gas. This is surprising since kinetic theory predicts a finite
conductivity with a T1�2 dependence on temperature. On
the other hand, our model is momentum conserving and
the proof for diverging Kubo conductivity holds. In our
finite size studies, we find a slow divergence of K (�La

with a , 0.2). Our work clarifies some of the problems
related to boundary effects. The jumps in temperature at
the boundaries are shown to be finite-size effects which
are studied systematically.

Definition of model.—We consider N point particles
numbered i � 1, . . . , N moving in a one-dimensional box
extending from 0 to L. The mass, position, and velocity
of the ith particle are denoted by mi , xi , and ui . The only
interaction between particles is through elastic collisions.
After a collision between particle i and �i 1 1�, the new
velocities are obtained from momentum and energy con-
servation and given by the linear equations:

u0
i �

mi 2 mi11

mi 1 mi11
ui 1

2mi11

mi 1 mi11
ui11 ,

u0
i11 �

2mi

mi 1 mi11
ui 2

mi 2 mi11

mi 1 mi11
ui11 .

(1)

Between collisions, the particles travel with constant
velocity. The coupling to heat baths is implemented by
using Maxwell boundary conditions. Thus, whenever a
particle of mass m collides with a wall at temperature
T , it is reflected back with a velocity chosen from the
distribution P�u� � �mjuj�T � exp�2mu2��2T ��. The
temperatures at the two ends are taken to be T1 and T2.

The case when all particles have equal masses can be
solved easily and behaves similar to the ordered harmonic
case [2]. The “temperature” profile is flat (with the valuep

T1T2 ), current is independent of system size, and there is
no LTE. The equal-mass problem is integrable and essen-
tially reduces to a single-particle problem and so the results
are not surprising. As soon as the masses are made differ-
ent, the system becomes nonintegrable and is expected to
have good ergodicity properties [15], and, correspondingly,
the NESS should be very different.

BBGKY-type equations.— In principle, a complete
solution of the heat conduction problem could be obtained
from the steady-state solution of the master equation for
evolution of the N-point distribution equation r��xl , ul�, t�.
In practice, this is difficult and a simpler approach is to
work with the so-called BBGKY hierarchy which deals
with reduced distribution functions [16]. Let us first make
the following definitions: rl�x, u, t� � 	d�x 2 xl� 3

d�u 2 ul�
, rl,l11�x1, u1; x2, u2� � 	d�x1 2 xl� 3

d�u1 2 ul�d�x2 2 xl11�d�u2 2 ul11�
, where 	A
 �R
r��xl , ul�, t�A��xl , ul��

Q
l dxl dul . Further, we define

pl,l11�x, u1, u2� as the number of collisions per unit time
occurring at x between the lth and �l 1 1�th particles with
respective velocities u1 and u2. Clearly, pl,l11�x, u1, u2� �
rl,l11�x, u1; x, u2� �u1 2 u2�u�u1 2 u2�. In terms of
these, the BBGKY-type equations relating one-point
functions to two-point functions are
≠rl�x, u, t��≠t 1 u≠rl�x, u, t��≠x �
Z

pl21,l�x, u1, u2�d�u0
2 2 u� du1 du2 2

Z
pl21,l�x, u1, u� du1

1
Z

pl,l11�x, u1, u2�d�u0
1 2 u� du1 du2 2

Z
pl,l11�x, u, u2� du2 . (2)
These equations hold for x fi 0, L. At the boundaries,
the distribution functions satisfy appropriate boundary
conditions.

The physical observables that we will be interested
in are the particle density n�x, t�, the energy density
e�x, t�, and the energy current density j�x, t�. These
can be expressed in terms of the one-point functions
rl�x, u, t�. Thus, we have n�x, t� � 	
P

l d�x 2 xl�
 �P
l

R
rl�x, u, t� du; e�x, t� � 	

P
l�mlu

2
l �2�d�x 2 xl�
 �P

l�ml�2�
R

u2rl�x, u, t� du; and j�x, t� � 	
P

l�mlu
3
l �2� 3

d�x 2 xl�
 �
P

l�ml�2�
R

u3rl�x, u, t� du. The tempera-
ture field T �x� is defined as T �x, t� � 2e�x, t��n�x, t�.
Our first result is the following exact current conservation
equation: ≠e�x, t��≠t 1 ≠j�x, t��≠x � 0. This result
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is easily obtained by multiplying Eq. (2) by mlu2�2,
integrating over u, and summing over all l. There is a
pairwise cancellation of all terms on the right-hand side.
Similarly, by multiplying Eq. (2) by mlu�2, integrating
and summing gives the following, in the steady state:
≠e�x��≠x � 0. Thus, for any choice of masses �ml�, the
energy density in the steady state is constant in space.
Physically, this follows from the constancy of pressure.
However, this does not imply a constant temperature
profile since the temperature also depends on the number
density n�x�.

From the fact that the dynamics [Eq. (1)] is invariant
under a constant scaling of the masses, it follows that
the temperature profile does not change under mi ! nmi .
Also from the boundary conditions, it is easily shown that
T �nT1, nT2, x� � nT �T1, T2, x�. From now on, we shall
consider the dimer case where we consider only particles
of two different masses m1 and m2 placed alternately on
the line. Because of the above scaling properties, the only
independent variables are the ratios, m2�m1 and T2�T1,
and N . We will henceforth consider the case m1 � 1,
m2 � m, T1 � 2, and T2 � 8.

Numerical results.— In our simulations, we compute
time averages of various quantities in the steady state. The
system is evolved by computing successive collision times
and updating velocities using the collision rules Eq. (1).
The only errors are those due to roundoff. We have verified
that the simulations reproduce all known exact results both
for the equal and the unequal mass cases.

In our simulations we vary d � m 2 1 and N . The
mass values d � 0.078, 0.11, 0.22, and 0.44 were studied
for particle numbers N � 41, 81, 161, 321, 641, and 1281.
The size of the boxes was changed so that in all cases the
average density of particles was fixed at 2. The number of
collisions over which the averaging is done was between
109 1010. In all cases, we checked that increasing the time
of averaging by a factor of 10 did not significantly change
the data.

In Fig. 1, we plot the steady state temperature profiles at
different system sizes for d � 0.22. The temperature has a
smooth and continuously varying profile. There is a jump
at the boundaries which decreases as the system size is
increased and is expected to vanish in the thermodynamic
limit when the current also becomes vanishingly small.
We find that this is true for any nonzero d. For smaller
d, one needs to go to larger system sizes to get the same
temperature profile. In fact, for small d and large N the
temperature profile depends on d and N only through the
scaling combination d2N. This is illustrated in Fig. 2,
where we plot data corresponding to five different values
of d, each with a different N , chosen such that d2N is the
same. Note that, for d � 0, the temperature profile (which
is flat and given by T �

p
T1T2 ) and the energy current are

both independent of system size; thus, d � 0 is a singular
point, while the steady state in the limit d ! 0, N ! `

with d2N constant is quite different and nontrivial.
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FIG. 1. Temperature profiles for d � 0.22 are plotted for sys-
tem sizes N � 21 (indicated by �), 41, 81, 161, 321, 641,
and 1281 �1�. The solid line is the prediction of kinetic the-
ory. In the inset, we have plotted Tsc � N0.67�T�x� 2 Tk�x�
[see Eq. (3)] with the data for N � 161, 321, 641, and 1281.

For a fixed value of d, as we increase N the tempera-
ture profile approaches a limiting form. Quite amazingly,
this limiting form seems to be exactly one that would be
predicted by kinetic theory. We recall that kinetic theory
for a one-dimensional gas predicts Fourier behavior with
K � T1�2 [17] and, hence, a nonlinear temperature profile
Tk�x� � �T3�2

1 �1 2 x�L� 1 T
3�2
2 x�L�2�3. This has been

plotted in Fig. 1. We find that the following scaling form
gives a reasonable collapse of our data:

T �x, N , d� � Tk�x� 1
1

�d2N�g
g�x� . (3)
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FIG. 2. Temperature profiles obtained with five different sets
of values for d and N with d2N constant.
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FIG. 3. Plot of j versus L for d � 0.22. The straight line
shown corresponds to the decay j � 1�L0.83.

The inset of Fig. 1 shows the collapse of data for d � 0.22
obtained using the above scaling form with g � 0.67.

We now look at the L dependence of K . In Fig. 3 we
plot j versus L for d � 0.22. It is clear from the data
that K ��Lj� has a slow divergence given by K � La

with a , 0.2. We note that this is significantly different
from the system size dependence of K � L0.4 found by
Hatano in the same model [7] and also in other momentum-
conserving systems such as the Fermi-Pasta-Ulam system
and the diatomic Toda [5,7].

Finally, we have checked for LTE: To do so we com-
pute the steady state expectation u�4��x� � 	

P
l mlu

4
l d�x 2

xl�
. If there was LTE, this quantity would be determined
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FIG. 4. Plot of u�4� as determined from a direct time averaging
(NeqAv) and from the local temperature (EqAv) for two system
sizes. For the bigger system, the curves almost coincide.
by the local temperature T �x�. In Fig. 4, we plot u�4��x�,
as determined directly by taking time averages and also the
value predicted from the local temperature T �x�. We see
that at large system sizes LTE is indeed achieved. We also
find that, for smaller values of d, one needs to go to larger
system sizes to get LTE.

In summary, we have studied heat conduction in the un-
equal mass problem which appears to be the simplest non-
trivial deterministic system, in one dimension, for which a
very detailed investigation of the NESS can be made. Our
study shows that a meaningful hydrodynamic description
of the steady state is possible even in a situation where
(presumably) K ! ` in the thermodynamic limit. It is
clear that further studies of this model can throw much
light on the difficult problem of transition from the mi-
croscopic to macroscopic description in the context of
nonequilibrium phenomena.
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